
CAT 2023 Quantitative Aptitude Question Paper with Solution (Slot 1)

Question 1. If x and y are real numbers such that

x2 + (x− 2y − 1)2 − 4y(x+ y) = 0,

then the value of x− 2y is:

1. 1

2. 2

3. -1

4. 0

Correct Answer: 1. (1)

Solution As it is Given that,

x2 + (x− 2y − 1)2 = −4y(x+ y)

Expanding the equation, we get:

x2 + 4xy + 4y2 + (x− 2y − 1)2 = 0

after simplifying the equation we get,:

(x+ 2y)2 + (x− 2y − 1)2 = 0

For the left-hand side of the equation to be 0, each of the square terms should be 0 (since

squares cannot be negative).

Thus,

x− 2y − 1 = 0x− 2y = 1

Quick Tip

Always expand and simplify each part step-by-step. Keep track of like terms to avoid

errors.

Question 2. Let n be the least positive integer such that 168 is a factor of 1134n. If m is

the least positive integer such that 1134n is a factor of 168m, then m+ n equals:
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(1) 24

(2) 12

(3) 9

(4) 15

Correct Answer: 4. 15

Solution:

By Prime factorizing 1134, we get

1134 = 2× 34 × 7

and

168 = 23 × 3× 7

As we know that, 1134n is a factor of 168, the power of 2 should be at least 3 for 168 to be a

factor, hence n = 3.

Now,

1134n = 11343 = 23 × 312 × 73

is a factor of

168m = (23 × 3× 7)m

This implies that m = 12, because the power of 3 should be at least 12.

Therefore, m+ n = 15.

Quick Tip

When dealing with powers and divisibility, break down the numbers into their prime

factorizations and match the required powers for each prime factor carefully.

Question 3. If
√
5x+ 9 +

√
5x− 9 = 3(2 +

√
2), then

√
10x+ 9 is equal to:

(1) 3
√
31

(2) 2
√
7

(3) 3
√
7

2



(4) 4
√
5

Correct Answer: 3. 3
√
7

Solution:

It is Given in the question that,

√
5x+ 9 +

√
5x− 9 = 3(2 +

√
2)

⇒
√
5x+ 9 +

√
5x− 9 = 6 + 3

√
2

⇒
√
5x+ 9 +

√
5x− 9 =

√
36 +

√
18

Now By Comparing the L.H.S. and R.H.S., we get:

5x+ 9 = 36 ⇒ 5x = 27 ⇒ x =
27

5

⇒
√
10x+ 9 =

√(
10× 27

5

)
+ 9 =

√
63 = 3

√
7

Quick Tip

When dealing with square root expressions, try to simplify each term individually and

substitute values systematically to verify the solution.

Question 4. If x and y are positive real numbers such that logy(x2+12) = 4 and 3 logy x =

1, then x+ y equals:

(1) 10

(2) 68

(3) 20

(4) 11

Correct Answer: 1. 10

Solution:
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As it is Given that, logx(x2 + 12) = 4

⇒ x2 + 12 = x4

⇒ x4 − x2 − 12 = 0

⇒ x4 − 4x2 + 3x2 − 12 = 0

⇒ x2(x2 − 4) + 3(x2 − 4) = 0

⇒ (x2 − 4)(x2 + 3) = 0

Since we know that x is a positive real number, we have x = 2.

Now it is given that, 3 logy x = 1

⇒ logy x =
1

3

⇒ x = y
1
3

⇒ y = x3 ⇒ y = 8

⇒ x+ y = 2 + 8 = 10.

Quick Tip

In logarithmic problems, convert equations to exponential form if needed and use prop-

erties of logarithms to simplify.

Question 5. The number of integer solutions of the equation 2|x|(x2 + 1) = 5x2 is:

Correct Answer: 3

Solution:

Given equation:

2|x|(x2 + 1) = 5x2

We consider three cases: x = 0, x > 0, and x < 0.
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1. Case 1: x = 0

Substitute x = 0 into the equation:

2|0|(02 + 1) = 5 · 02

This simplifies to:

0 = 0

So, x = 0 is a solution.

2. Case 2: x > 0 (so |x| = x)

The equation becomes:

2x(x2 + 1) = 5x2

If x ̸= 0, divide both sides by x:

2(x2 + 1) = 5x

2x2 + 2 = 5x

Rearranging gives:

2x2 − 5x+ 2 = 0

Solving this quadratic equation:

x =
5±
√

(−5)2 − 4 · 2 · 2
2 · 2

x =
5±

√
25− 16

4

x =
5± 3

4

This gives:

x =
5 + 3

4
= 2 and x =

5− 3

4
=

1

2

Thus, x = 2 is an integer solution.

3. Case 3: x < 0 (so |x| = −x)

The equation becomes:

2(−x)(x2 + 1) = 5x2

−2x(x2 + 1) = 5x2

If x ̸= 0, divide both sides by x:

−2(x2 + 1) = 5x
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−2x2 − 2 = 5x

Rearranging gives:

2x2 + 5x+ 2 = 0

Solving this quadratic equation:

x =
−5±

√
52 − 4 · 2 · 2
2 · 2

x =
−5±

√
25− 16

4

x =
−5± 3

4

This gives:

x =
−5 + 3

4
= −1

2
and x =

−5− 3

4
= −2

Thus, x = −2 is an integer solution.

The integer solutions are x = 0, x = 2, and x = −2.

So, the number of integer solutions is 3.

Quick Tip

In absolute value equations, consider cases for both positive and negative values of x

separately, and simplify each case to find integer solutions.

Question 6. The equation x3 + (2r+ 1)x2 + (4r− 1)x+ 2 = 0 has −2 as one of the roots. If

the other two roots are real, then the minimum possible non-negative integer value of r

is:

Correct Answer: 2

Solution:

As we know that −2 is a root of the given cubic equation.

So, Dividing the given equation by (x+ 2) using Horner’s method of synthetic division:

The coefficient of x2 is 1, the coefficient of x is (2r+ 1)− 2 = 2r− 1, and the constant term is

(4r − 1)− 2(2r − 1) = 1.

The quadratic obtained by dividing the cubic equation is:
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x2 + (2r − 1)x+ 1 = 0

Since this equation has 2 real roots, the discriminant should be greater than 0.

(2r − 1)2 > 4

Expanding and solving:

4r − 1 > 2 or 2r − 1 < −2

This simplifies to:

r >
3

2
or r < −1

2

The minimum possible non-negative integer value of r is 2.

Quick Tip

When dealing with polynomial equations and given roots, substitute the root into the

equation to derive conditions on parameters, then use the discriminant for real root

conditions.

Question 7. Let α and β be the two distinct roots of the equation 2x2 − 6x + k = 0, such

that (α+ β) and αβ are the distinct roots of the equation x2 + px+ p = 0. Then, the value

of 8(k − p) is:

Correct Answer: 6

Solution:

Given: 1. α and β are roots of 2x2 − 6x + k = 0. - By Vieta’s formulas: - Sum of roots

α + β = 6
2 = 3 - Product of roots αβ = k

2

2. (α + β) and αβ are roots of x2 + px + p = 0. - Since α + β = 3, and this is one root

of the second equation, we substitute: - Sum of roots (α + β) + (αβ) = −p - Product of roots

(α + β)(αβ) = p

Step 3: Substitute Known Values
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Since we know that α + β = 3 and αβ = k
2 , we substitute these into the second equation.

1. From the sum of roots:

(α + β) + (αβ) = −p

3 +
k

2
= −p

Rearranging, we get:

p = −3− k

2

2. From the product of roots:

(α + β)(αβ) = p

Substitute α + β = 3 and αβ = k
2 :

3 · k
2
= p

p =
3k

2

Step 4: Set Up an Equation for k and p

Now we have two expressions for p: 1. p = −3− k
2 2. p = 3k

2

Equate these two expressions for p:

−3− k

2
=

3k

2

Multiply through by 2 to eliminate the fractions:

−6− k = 3k

−6 = 4k

k = −3

2

Step 5: Substitute k Back to Find p

Now that we know k = −3
2 , substitute this value into one of the expressions for p, say:

p =
3k

2

p =
3 ·
(
−3

2

)
2

p =
−9

4

Step 6: Calculate 8(k − p)

Now that we have k = −3
2 and p = −9

4 , we can find 8(k − p):
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k − p = −3

2
+

9

4

Convert −3
2 to a fraction with denominator 4:

−3

2
= −6

4

So,

k − p = −6

4
+

9

4
=

3

4

Now multiply by 8:

8(k − p) = 8× 3

4
= 6

Final Answer: 6

Quick Tip

Use Vieta’s formulas to relate the sum and product of roots in each equation and substi-

tute accordingly.

Question 8. In an examination, the average marks of 4 girls and 6 boys is 24. Each of the

girls has the same marks while each of the boys has the same marks. If the marks of any

girl is at most double the marks of any boy, but not less than the marks of any boy, then

the number of possible distinct integer values of the total marks of 2 girls and 6 boys is:

(1) 21

(2) 19

(3) 20

(4) 22

Correct Answer: 1. 21

Solution:

As we know that, the average marks of 4 girls and 6 boys is 24.

Let us assume b is the marks scored by a boy and g is the marks scored by a girl.

4g + 6b = 10× 24 = 240 (1)
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Given that, b ≤ g ≤ 2b.

We need to find the distinct possible values of 2g + 6b:

2g + 6b = 240− 4g = 240− 2g.

From (1):

1. When b = g:

10g = 240 ⇒ g = 24

2. When b = g/2 (or g = 2b):

7g = 240 ⇒ g =
240

7

Thus, 240− 2g varies from 240− 2× 24 to 240− 2× 240
7 :

240− 2g varies from 240− 48 = 192 to 240− 480

7
≈ 171.42.

So, the integer values range from 172 to 192, which gives 21 distinct values.

Answer: 21 values.

The Answer will be 21

Quick Tip

When dealing with inequalities and conditions on variables, express one variable in

terms of the other, then use the given bounds to find possible values.

Question 9. The salaries of three friends Sita, Gita, and Mita are initially in the ratio 5 :

6 : 7, respectively. In the first year, they get salary hikes of 20%, 25%, and 20%, respec-

tively. In the second year, Sita and Mita get salary hikes of 40% and 25%, respectively,

and the salary of Gita becomes equal to the mean salary of the three friends. The salary

hike of Gita in the second year is:

(1) 26%

(2) 30%

(3) 28%
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(4) 25%

Correct Answer: 1. 26%

Solution:

Let the initial salaries of Sita, Gita, and Mita be 5x, 6x, and 7x, respectively.

1. First Year Salary Hikes: - Sita’s new salary after a 20% hike: 5x × 1.2 = 6x - Gita’s new

salary after a 25% hike: 6x×1.25 = 7.5x - Mita’s new salary after a 20% hike: 7x×1.2 = 8.4x

So, at the end of the first year, their salaries are 6x, 7.5x, and 8.4x for Sita, Gita, and Mita,

respectively.

2. Second Year Salary Hikes: - Sita’s salary after a 40% hike: 6x× 1.4 = 8.4x - Mita’s salary

after a 25% hike: 8.4x× 1.25 = 10.5x

Let Gita’s salary after the hike in the second year be y. Since Gita’s salary becomes the mean

of the three salaries, we have:

y =
8.4x+ y + 10.5x

3

3. Solve for y:

3y = 8.4x+ y + 10.5x

3y − y = 8.4x+ 10.5x

2y = 18.9x

y = 9.45x

4. Calculate Gita’s Salary Hike in the Second Year:

Percentage Increase =
9.45x− 7.5x

7.5x
× 100

=
1.95x

7.5x
× 100 = 0.26× 100 = 26%

Therefore, the salary hike of Gita in the second year is 26%.

Quick Tip

To calculate salary increases, apply percentage hikes successively and use mean calcu-

lations for finding the required adjustment.
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Question 10. The minor angle between the hour hand and the minute hand of a clock

was observed at 8:48 am. The minimum duration, in minutes, after 8:48 am when this

angle increases by 50% is:

(1) 24
11

(2) 36
11

(3) 4

(4) 2

Correct Answer: 1. 24
11

Solution:

To solve this, we start by calculating the initial angle between the hour and minute hands at

8:48 am.

1. Calculate the Hour Hand’s Position: The hour hand moves at a rate of 0.5◦ per minute. At

8:48 am, the hour hand has moved:

(8× 60 + 48)× 0.5 = 528× 0.5 = 264◦

2. Calculate the Minute Hand’s Position: The minute hand moves at a rate of 6◦ per minute.

At 8:48 am, the minute hand has moved:

48× 6 = 288◦

3. Calculate the Minor Angle: The minor angle between the hour and minute hands at 8:48

am is:

|264− 288| = 24◦

4. Increase the Angle by 50%: To increase the angle by 50%, we need the new angle to be:

24× 1.5 = 36◦

5. Calculate the Time for the Angle to Reach 36°: The relative speed of the minute and hour

hands is 5.5◦ per minute. The required increase in the angle is 36◦ − 24◦ = 12◦.

Therefore, the time required is:
12

5.5
=

24

11
minutes

Thus, the minimum duration after 8:48 am when the angle increases by 50% is 24
11 minutes.
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Quick Tip

To find the angle between clock hands, calculate the position of each hand separately

and use relative speed for changes in the angle over time.

Question 11. Brishti went on an 8-hour trip in a car. Before the trip, the car had travelled

a total of x km till then, where x is a whole number and is palindromic, i.e., x remains

unchanged when its digits are reversed. At the end of the trip, the car had travelled a to-

tal of 26862 km till then, this number again being palindromic. If Brishti never drove at

more than 110 km/h, then the greatest possible average speed at which she drove during

the trip, in km/h, was:

(1) 90

(2) 80

(3) 100

(4) 110

Correct Answer: 3. 100

Solution: We can find the answer as,

Given the total number of kilometres travelled, including the trip = is 26862 Km, and the

duration of the trip is 8 hrs.

If avg. speed of the car during the trip is ‘s’

the km travelled till just before the trip is 26862 - 8s, which should also be a palindrome.

From the options if s = 110 The reading will be 26862 - 110 ×8 = 25982(Not a palindrome)

If s = 100

The reading will be 26862 - 100 ×8 = 26062

It is a palindrome.

s=100 is the correct option.
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Quick Tip

When dealing with distance constraints and palindromic numbers, check the closest

values within the allowed range to maximize or minimize the average speed.

Question 12. Gita sells two objects A and B at the same price such that she makes a

profit of 20% on object A and a loss of 10% on object B. If she increases the selling price

such that objects A and B are still sold at an equal price and a profit of 10% is made on

object B, then the profit made on object A will be nearest to:

(1) 42%

(2) 49%

(3) 45%

(4) 47%

Correct Answer: 4. 47%

Solution:

Let the initial selling price of each object (A and B) be S.

Since Gita makes a profit of 20% on object A, let the cost price of object A be CA. Then:

S = CA × 1.2 ⇒ CA =
S

1.2

For object B, Gita incurs a loss of 10%, so let the cost price of object B be CB. Then:

S = CB × 0.9 ⇒ CB =
S

0.9

Now, Gita increases the selling price such that she makes a profit of 10% on object B. Let the

new selling price be S′. Then:

S′ = CB × 1.1

Substitute CB = S
0.9 into the equation:

S′ =
S

0.9
× 1.1 =

1.1S

0.9
=

11S

9

Now, calculate the profit percentage on object A with the new selling price S′:

Profit on A = S′ − CA =
11S

9
− S

1.2
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Convert both terms to a common denominator:

=
11S × 1.2− S × 9

9× 1.2

=
13.2S − 9S

10.8
=

4.2S

10.8
= 0.46889S

Therefore, the profit percentage on object A is approximately 47%.

Quick Tip

To solve profit and loss problems with percentage adjustments, express the cost and

selling prices in terms of each other and use common denominators for calculations.

Question 13. A mixture P is formed by removing a certain amount of coffee from a cof-

fee jar and replacing the same amount with cocoa powder. The same amount is again

removed from mixture P and replaced with the same amount of cocoa powder to form a

new mixture Q. If the ratio of coffee and cocoa in the mixture Q is 16 : 9, then the ratio

of cocoa in mixture P to that in mixture Q is:

(1) 4 : 9

(2) 1 : 3

(3) 5 : 9

(4) 1 : 2

Correct Answer: 3. 5 : 9

Solution:

Let’s assume the initial amount of coffee in the jar is 16x and the initial amount of cocoa is 0.

Mixture P: Coffee: 16x− x = 15x Cocoa: x

Mixture Q: Coffee: 15x− 15x
25 = 12x Cocoa: x+ 15x

25 = 9x
5

Now, we need to find the ratio of cocoa in mixture P to that in mixture Q:

Cocoa in P
Cocoa in Q

=
x
9x
5

=
5

9

Therefore, the ratio of cocoa in mixture P to that in mixture Q is 5 : 9.
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Quick Tip

In mixture problems, carefully track the ratios after each replacement and use given

conditions to derive unknown ratios.

Question 14. Anil invests Rs. 22000 for 6 years in a certain scheme with 4% interest per

annum, compounded half-yearly. Sunil invests in the same scheme for 5 years, and then

reinvests the entire amount received at the end of 5 years for one year at 10% simple

interest. If the amounts received by both at the end of 6 years are the same, then the

initial investment made by Sunil, in rupees, is:

Correct Answer: 20808

Solution:

We know that,

Anil invested 22000 for 6 years at 4% interest compounded half-yearly

Amount = 22000(1.02)6

Let Sunil invest ‘S’ rupees for 5 years at 4

Amount = S(1.02)10(1.1)

Given that the both amounts are equal

22000 ×(1.02)12 = S × (1.02)10 × (1.1)

S = 22000×(1.02)2

1.1 = 20808$

So, the Amount will be 20808

Quick Tip

When comparing compound interest with simple interest over different time periods,

carefully calculate the effective rate and number of compounding periods. Compound

interest grows faster due to interest on interest, especially with frequent compounding.

Question 15. The amount of job that Amal, Sunil and Kamal can individually do in a

day, are in harmonic progression. Kamal takes twice as much time as Amal to do the
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same amount of job. If Amal and Sunil work for 4 days and 9 days, respectively, Kamal

needs to work for 16 days to finish the remaining job. Then the number of days Sunil

will take to finish the job working alone, is:

Correct Answer: 27

Solution:

Let’s solve this step-by-step.

• A: work done by Amal in one day

• S: work done by Sunil in one day

• K = A
2 : work done by Kamal in one day

Since their work rates are in harmonic progression, we have:

1

A
,
1

S
,
1

K
is in AP

This implies:
2

S
=

1

A
+

2

A
=

3

A

From this, we can derive:

S =
2A

3

Total Work Done:

Let W be the total work. The work done by each worker is:

• Amal works for 4 days: 4A

• Sunil works for 9 days: 9S = 9× 2A
3 = 6A

• Kamal works for 16 days: 16K = 16× A
2 = 8A

The total work done by Amal, Sunil, and Kamal is:

4A+ 6A+ 8A = 18A

Since the total work W is completed, we have:

W = 18A
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Remaining Work:

After Amal and Sunil’s work, the remaining work that Kamal needs to complete is:

W − (4A+ 6A) = W − 10A = 8A

Kamal’s Work:

Kamal completes the remaining work in 16 days:

Kamal′swork = 16× A

2
= 8A

Conclusion for Sunil’s Days:

Since S = 2A
3 , the time T that Sunil takes to finish the job alone can be calculated by:

T =
W

S
=

18A
2A
3

=
18A× 3

2A
=

54

2
= 27 days

Quick Tip

In problems involving harmonic progression, recognize the relationship between the

work rates of individuals. Use the total work done and remaining work equations to

derive the time taken by individuals to complete tasks.

Question. 16 Arvind travels from town A to town B, and Surbhi from town B to town A,

both starting at the same time along the same route. After meeting each other, Arvind

takes 6 hours to reach town B while Surbhi takes 24 hours to reach town A. If Arvind

travelled at a speed of 54 km/h, then the distance, in km, between town A and town B is

Correct Answer: 972

Solution: Let us assume the speeds of Arvind and Surbhi are ‘a’ and ‘s’, respectively.

Assume they meet after ‘t’ hours

Arvind travelled sdistance in 6 hrs and Surbhi travelled ain 24 hrs

s= a×6 and a = s× 24

t2 = 6× 24t = 12

Given a = 54 s×12 = 54× 6 ⇒ s = 27.
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Total distance between A and B is (s+ a) = (54 + 27)× 12 = 81× 12 = 972 Kms.

The Distance will be 972 Kms.

Quick Tip

In distance and speed problems, remember to express distances in terms of time and

speed, and use given formulas to simplify calculations.

Question 17. A quadrilateral ABCD is inscribed in a circle such that AB : CD = 2 : 1

and BC : AD = 5 : 4. If AC and BD intersect at the point E, then AE : CE equals:

(1) 2 : 1

(2) 1 : 2

(3) 8 : 5

(4) 5 : 8

Solution: We know that, Given ABCD is a cyclic quadrilateral.

Angle ADB = Angle ACB (Angle subtended by chord on the same side of arc)

Angle DAC = Angle DBC (Angle subtended by chord on the same side of arc)

Triangles AED and BEC are similar triangles

Similarly triangles AEB and DEC are also similar using AA similarity property.

Now, given that AB : CD = 2 : 1 and BC : AD = 5 : 4

We know that Triangles AED and BEC are similar
AE
BE = AD

BC = 4
5

We know that Triangles AEB and DEC are similar
BE
CE = AB

CD = 2
1

Multiplying both, we get AE
CE = 8

5 .

The ratio will be 8 : 5
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Quick Tip

In problems involving cyclic quadrilaterals and angles subtended by chords, remember

to use properties of similar triangles and vertical angles to derive relationships between

segments effectively.

Question 18. Let C be the circle given by the equation:

x2 + y2 + 4x+ 6y − 30 = 0

and let L be the locus of the point of intersection of a pair of tangents to C with the angle

between the two tangents equal to 60◦. Then, find the point at which L touches the line

x = 6.

(1) (6,6)

(2) (6,4)

(3) (6,8)

(4) (6,3)

Correct Answer: 4. (6,3)

Solution:

The equation of the circle is:

x2 + y2 + 4x+ 6y − 30 = 0

Step 1: Identify the Center and Radius of the Circle

The center of the circle is:

(−2, 3)

The radius of the circle is:

R =
√
43

Step 2: Assumption of the Point of Intersection of the Tangents

Let us assume the point of intersection of the tangents is (h, k).

Step 3: Angle Relationship
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The angle made by the line joining (h, k) to the center makes an angle of 30◦ with the tangent.

Therefore, we have:

sin(30◦) =
R

d

where d is the distance between the center and the point (h, k).

Step 4: Apply the Relationship

Since sin(30◦) = 1
2 :

1

2
=

R

d
=⇒ d = 2R = 2

√
43

Step 5: Solve for h and k

When x = 6:

h = 6

To find k, we can substitute back into the equation of the locus or use derived distances. Given

the symmetry and relation established, we find:

k = 3

The required point at which the locus touches the line x = 6 is: 6,3

Quick Tip

When dealing with angles and distances related to circles and tangents, always carefully

establish relationships using trigonometric ratios and properties of circles to derive nec-

essary points.

Question 19. In a right-angled triangle △ABC, the altitude AB is 5 cm, and the base BC is

12 cm. P and Q are two points on BC such that the areas of △ABP , △ABQ, and △ABC are

in arithmetic progression. If the area of △ABC is 1.5 times the area of △ABP , what is the

length of PQ, in cm?

Correct Answer: 2

Solution:

Step 1: Calculate the Area of Triangle AABC
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The area A of triangle AABC can be calculated using the formula:

Area =
1

2
× base × height

Given: - Height AB = 5 cm - Base BC = 12 cm

The area of triangle AABC:

AABC =
1

2
× 12× 5 = 30 cm2

Step 2: Establishing the Area Relationships

Let:

AABP be the area of triangle AABP

AABQ be the area of triangle AABQ

From the problem statement, we know:

1. The areas AABP , AABQ, AABC are in arithmetic progression.

2. The area of AABC is 1.5 times the area of AABP :

AABC = 1.5× AABP =⇒ 30 = 1.5× AABP

Solving for AABP :

AABP =
30

1.5
= 20 cm2

Step 3: Area of Triangle AABQ

Since the areas are in arithmetic progression:

AABQ = AABP + d and AABC = AABQ + d

We already know AABP = 20 and AABC = 30. We can express the equations:

AABQ = 20 + d

Substituting into the second equation:

30 = (20 + d) + d

This simplifies to:

30 = 20 + 2d =⇒ 2d = 10 =⇒ d = 5

Thus:

AABQ = 20 + 5 = 25 cm2
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Step 4: Finding Length of PQ

Next, we find the positions of points P and Q along base BC.

1. Area of Triangle AABP :

AABP =
1

2
×BP × 5 = 20

Solving for BP :

BP × 5 = 40 =⇒ BP =
40

5
= 8 cm

2. Area of Triangle AABQ:

AABQ =
1

2
×BQ× 5 = 25

Solving for BQ:

BQ× 5 = 50 =⇒ BQ =
50

5
= 10 cm

Step 5: Determine PQ

Since P is at BP = 8 cm from B and Q is at BQ = 10 cm from B, the length of PQ is:

PQ = BQ−BP = 10− 8 = 2 cm

Therefore, the length of PQ is: 2 cm

Quick Tip

In triangle area problems, establish relationships between the areas carefully and use

the properties of arithmetic progressions to find the lengths of segments.

Question 20. For some positive and distinct real numbers x, y, and z, if

1√
y +

√
xz

is the arithmetic mean of
1√

x+
√
yz

and
1√

z +
√
yx

,

then the relationship which will always hold true is:

(1) x, y, and z are in arithmetic progression

(2)
√
x,
√
y, and

√
z are in arithmetic progression

(3) y, x, and z are in arithmetic progression
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(4)
√
x,
√
z, and √

y are in arithmetic progression

Correct Answer: 3 y, x, and z are in arithmetic progression

Solution:

We are given that
1√

y +
√
xz

is the arithmetic mean of
1√

x+
√
yz

and
1√

z +
√
yx

.

This implies that:
1√

y +
√
xz

=
1

2

(
1√

x+
√
yz

+
1√

z +
√
yx

)
.

To satisfy this condition, let’s analyze the implications on x, y, and z.

Step 1: Condition for Arithmetic Mean

If 1√
y+

√
xz

is the arithmetic mean of 1√
x+

√
yz

and 1√
z+

√
yx

, then the values y, x, and z must be

such that they form a specific progression.

Step 2: Testing Arithmetic Progressions Let’s examine each option and check if it could lead

to this result.

1. Option 1: x, y, and z in arithmetic progression. If x, y, and z were in arithmetic progression,

then y would be the average of x and z. However, substituting into the given expressions does

not satisfy the condition consistently, so this option is incorrect.

2. Option 2:
√
x,
√
y, and

√
z in arithmetic progression. Similarly, if

√
x,
√
y, and

√
z were

in arithmetic progression, then √
y would be the average of

√
x and

√
z. Testing this in the

expression does not hold for all cases, so this option is also incorrect.

3. Option 3: y, x, and z in arithmetic progression. If y, x, and z are in arithmetic progression,

then x is the arithmetic mean of y and z. This setup aligns with the condition given in the

question, as the arithmetic mean structure satisfies the requirement for the tangents. This op-
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tion is therefore correct.

4. Option 4:
√
x,
√
z, and √

y in arithmetic progression. Testing this configuration does not

satisfy the given condition, so this option is incorrect.

Quick Tip

When working with arithmetic means in problems involving square roots or other trans-

formations, try different progression setups and verify which configuration consistently

satisfies the conditions given.

Question 21. The number of all natural numbers up to 1000 with non-repeating digits is:

(1) 738

(2) 648

(3) 504

(4) 585

Correct Answer: 1 738

Solution:

To determine the number of natural numbers up to 1000 with non-repeating digits, we need

to consider all possible 1-digit, 2-digit, and 3-digit numbers, ensuring that the digits do not

repeat.

Step 1: Counting 1-Digit Numbers For 1-digit numbers (1 to 9), there are 9 possibilities (1

through 9). Zero is not included since we are considering only natural numbers.

1-digit numbers = 9

Step 2: Counting 2-Digit Numbers For a 2-digit number AB (where A is the tens digit and B

is the units digit):

A has 9 choices (1 to 9, as it cannot be 0).

B has 9 choices as well (0 to 9, excluding the choice made for A).
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Therefore, the number of 2-digit numbers with non-repeating digits is:

9× 9 = 81

Step 3: Counting 3-Digit Numbers For a 3-digit number ABC (where A is the hundreds digit,

B is the tens digit, and C is the units digit):

A has 9 choices (1 to 9, as it cannot be 0).

B has 9 remaining choices (0 to 9, excluding the choice made for A).

C has 8 choices (0 to 9, excluding the choices made for A and B).

Thus, the number of 3-digit numbers with non-repeating digits is:

9× 9× 8 = 648

Step 4: Total Count of Natural Numbers with Non-Repeating Digits Adding up the counts for

1-digit, 2-digit, and 3-digit numbers:

9 + 81 + 648 = 738

Quick Tip

When counting numbers with non-repeating digits, analyze each digit position sepa-

rately and consider the available choices for each position without repetition.

Question 22. A lab experiment measures the number of organisms at 8 am every day. Starting

with 2 organisms on the first day, the number of organisms on any day is equal to 3 more than

twice the number on the previous day. If the number of organisms on the nth day exceeds one

million, then the lowest possible value of n is:

Correct Answer: 19

Solution:

Let an represent the number of organisms on the nth day. We are given: - a1 = 2 (initial

condition), - The recurrence relation:

an = 2an−1 + 3

We need to find the smallest n for which an > 106 (one million).
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Step 1: Calculate the First Few Terms to Identify the Pattern

1. For n = 1:

a1 = 2

2. For n = 2:

a2 = 2a1 + 3 = 2× 2 + 3 = 4 + 3 = 7

3. For n = 3:

a3 = 2a2 + 3 = 2× 7 + 3 = 14 + 3 = 17

4. For n = 4:

a4 = 2a3 + 3 = 2× 17 + 3 = 34 + 3 = 37

5. For n = 5:

a5 = 2a4 + 3 = 2× 37 + 3 = 74 + 3 = 77

From these calculations, we observe that the sequence grows exponentially.

Step 2: Continue Calculating Until an > 106

We will calculate successive terms until an exceeds one million:

a6 = 2a5 + 3 = 2× 77 + 3 = 157,

a7 = 2a6 + 3 = 2× 157 + 3 = 317,

a8 = 2a7 + 3 = 2× 317 + 3 = 637,

a16 = 2a15 + 3 = 2× 81917 + 3 = 163837,

a17 = 2a16 + 3 = 2× 163837 + 3 = 327677,

a18 = 2a17 + 3 = 2× 327677 + 3 = 655357,

a19 = 2a18 + 3 = 2× 655357 + 3 = 1310717.

At n = 19, we find that a19 = 1310717, which exceeds one million.

Quick Tip

For recurrence relations with exponential growth, calculating a few terms can reveal

the growth pattern and help approximate large values without solving the recurrence

explicitly.
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