CBSE Class 12 Mathematics Set 3 (65/1/3) Question Paper with
Solutions

Time Allowed :3 Hour | Maximum Marks :80 | Total Questions :38

General Instructions

Read the following instructions very carefully and strictly follow them:
1. This question paper contains 38 questions. All questions are compulsory.
2. This question paper is divided into five Sections — A, B, C, D and E.

3. In Section A, Questions no. 1 to 18 are multiple choice questions (MCQs)
andquestions number 19 and 20 are Assertion-Reason based questions of 1

markeach.

4. In Section B, Questions no. 21 to 25 are very short answer (VSA) type questions,

carrying 2 marks each.

5. In Section C, Questions no. 26 to 31 are short answer (SA) type

questions,carrying 3 marks each.

6. In Section D, Questions no. 32 to 35 are long answer (LA) type questions

carrying 5 marks each.

7. In Section E, Questions no. 36 to 38 are case study based questions carrying 4

marks each.

8. There is no overall choice. However, an internal choice has been provided in 2
questions in Section B, 3 questions in Section C, 2 questions in Section D and 2

questions in Section E.

9. Use of calculators is not allowed.




SECTION A

This section comprises multiple choice questions (MCQs) of 1 mark each.
1. If v = at,y = ¢, then dy is:

(1) t2

(2) —t?

3) %

4) —

Correct Answer: (4) —=

Solution:

Step 1: Find the derivatives of = and y with respect to . We are given:
r=at and y= %

Differentiate = with respect to ¢:

dx
— =a.
dt
Differentiate y with respect to ¢:
dy  a
da %

Step 2: Compute dy using the chain rule. The relationship between gy, ‘Cl;;, and 4 is:

d

dy _

dx Ccll_f'
Substitute % = —t% and ‘fl—f =a:

dy _ —#

dx a
Simplify:

dy 1

de — t2

Thus, the correct answer is (4) —%.

When solving problems involving parametric equations, compute the derivatives sepa-
d

rately and use gy = gfz . Always check your units and simplify expressions carefully to
dt

avoid errors.




2. The solution of the differential equation g—g = loé; J

is:
(A)logy =z +c

B)ylogy —y=x+c

O logy—y=z+c

D) ylogy+y=ax+c

Correct Answer: (B) ylogy —y =z + c.

Solution:

The given differential equation is:
dy 1
de  logy’

Step 1: Separate variables. Rearrange to express the equation in terms of y and x:
logy dy = dx.
Step 2: Integrate both sides. Integrate the left-hand side using integration by parts:

/logydy:/dx.

For [ logydy, use the integration by parts formula:

/udv:uv—/vdu.

Let u = logy and dv = dy, so du = édy and v = y. Then:

/logydy—ylogy—/ydy—ylogy—erCh

where (' is the constant of integration.

/d:p:x+C’2.

Step 3: Combine results. Equating both sides:

For the right-hand side:

ylogy —y=x+ C,

where C = Cy — (.
Hence, the solution is:

ylogy—y=a+C.
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The correct answer is (B) ylogy —y = = + c.

For equations with logarithmic terms, consider separation of variables and use integra-

tion by parts for terms like [ logy dy. Simplify systematically to derive the solution.

3. The vector with terminal point A (2, -3, 5) and initial point B (3, -4, 7) is:
(A)i— )+ 2k

B) i+ +2k
(C) —i — j — 2k
(D) —i +; — 2k

Correct Answer: (D) —i + j — 2k.
Solution:
The formula for the vector from an initial point B(z1,y1, z1) to a terminal point A(xs, y2, 22)
1s:

AB = (22 — 21)i + (y2 — 11)j + (22 — 21)k.
Substitute A(2,—3,5) and B(3, —4,7):

AB = (2= 3)i+ (=3 —(-4))j + (56— k.
Simplify each component:

AB = —i+j — 2k.

Hence, the correct answer is:

(D) —1+ ) — 2k.

Quick Tip

To find the vector from one point to another, subtract the corresponding coordinates of
the initial point from the terminal point. The resulting components give the vector in

terms of 4, j, and k.

4. The distance of point P(a,b, c) from the y-axis is:
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(A) b

(B) v

(©) VaZ+ 2

(D) a2 + 2

Correct Answer: (C) Va2 + 2.
Solution:

Approach: Using projection perpendicular to the y-axis.

The y-axis extends in the direction of b, meaning the coordinates a and ¢ define the
perpendicular projection of the point P(a, b, ¢) onto the xz-plane. Hence, the distance of the
point P(a, b, ¢) from the y-axis is the magnitude of the projection onto the zz-plane, which

can be calculated using the Euclidean distance:
Distance from the y-axis = /a2 + 2.

Hence, the correct answer is:

(C)Va?+ 2.

For calculating the distance from any axis, consider the coordinates in the perpendicular

plane. Use the Pythagoras theorem on those coordinates to find the shortest distance.

5. The number of corner points of the feasible region determined by constraints
x>0,y >0,x+y>4is:

(A) 0O

B)1

©)2

(D) 3

Correct Answer: (C) 2.

Solution:

The constraints are as follows:



These can be interpreted geometrically: 1. x > 0: The region lies to the right of the y-axis. 2.
y > 0: The region lies above the z-axis. 3. x + y > 4: The line passes through points (4, 0)
and (0,4), with the region lying above this line.

Approach: Using intersection points to find corners. The feasible region is formed by the
intersection of the above constraints in the first quadrant. The corner points can be calculated

as follows: - Intersection of z > 0 and = + y = 4: Substitute x = 0 into = + y = 4:
y=4 = (0,4).

- Intersection of y > 0 and x + y = 4: Substitute y = 0 into = + y = 4:
r=4 = (4,0).

The corner points of the feasible region are (4,0) and (0, 4).
Hence, the number of corner points is:

(C)2.

To find corner points of a feasible region, calculate intersections of the lines or inequal-

ities that form the boundaries, particularly at their extreme values.

6. If matrices A and B are of order 1 x 3 and 3 x 1 respectively, then the order of A'B’ is:
(A)1x1

B)3x1

C)1x3

(D)3 x3

Correct Answer: (D) 3 x 3.

Solution:

Step 1: Understanding the transpose operation. The transpose of a matrix changes its
dimensions as follows: - For matrix A of order 1 x 3, A’ will have order 3 x 1. - For matrix B
of order 3 x 1, B’ will have order 1 x 3.

Step 2: Determining the order of A’B’. The product of two matrices A’ and B’ is defined if



the number of columns of A’ equals the number of rows of B’.
A’ has order (3 x 1), B’ has order (1 x 3).

Thus, the product A’ B’ is defined and will have the order of the number of rows of A’ and the

number of columns of B’:

Order of A'B’ = 3 x 3.

Hence, the correct answer is:

(D)3 x 3.

The order of a matrix product AB is determined by the rows of A and the columns of

B. Always check the dimensions carefully, especially after transposing matrices.

7. A relation R defined on a set of human beings as

R = {(z,y) : « is 5 cm shorter than y} is:

(1) Reflexive only

(2) Reflexive and transitive

(3) Symmetric and transitive

(4) Neither transitive, nor symmetric, nor reflexive

Correct Answer: (4) Neither transitive, nor symmetric, nor reflexive.

Solution:

Approach: Analyze the relation properties using definitions.

- Reflexive: A relation R is reflexive if (z,2) € R for all z. In this case,  cannot be 5 cm
shorter than itself. Thus, R is not reflexive.

- Symmetric: A relation R is symmetric if (z,y) € R implies (y,x) € R. If z is 5 cm shorter
than y, y cannot simultaneously be 5 cm shorter than x. Thus, R is not symmetric.

- Transitive: A relation R is transitive if (z,y) € R and (y, z) € R imply (z, z) € R. However,
if z 1s 5 cm shorter than y, and y is 5 cm shorter than z, then x is 10 cm shorter than z.
Hence, R is not transitive.

Therefore, the relation R is neither reflexive, symmetric, nor transitive.



Hence, the correct answer is:

(4) Neither transitive, nor symmetric, nor reflexive.

For any relation, verify reflexive, symmetric, and transitive properties by testing the

definitions systematically against given conditions.

8. If a matrix has 36 elements, the number of possible orders it can have, is:

(1) 13

(2)3

3)5

49

Correct Answer: (4) 9.

Solution:

Approach: Find the factor pairs of 36.

If a matrix has 36 elements, then the product of the number of rows (m) and the number of
columns (n) must equal 36:

m X n = 306.

To find the number of possible orders, determine all factor pairs of 36:
1x36,2x18,3%x12,4%x9,6x6,9x4,12x3,18x2, 36 x 1.

These factor pairs represent all possible combinations of rows and columns for a matrix with
36 elements. Counting these pairs, we find there are 9 possible orders.
Hence, the correct answer is:

(4)9.

To find the possible orders of a matrix given the number of elements, calculate all pairs

of positive integers whose product equals the total number of elements.




9. Which of the following statements is true for the function:

2?2 +3, ifz#0,
flz) =
1, if x = 0.

(1) f(z) i1s continuous and differentiable Vz € R.

(2) f(z) is continuous Vz € R.

(3) f(x) is continuous and differentiable Vo € R — {0}.

(4) f(z) is discontinuous at infinitely many points.

Correct Answer: (3) f(x) is continuous and differentiable vz € R — {0}.

Solution:

Step 1: Check continuity at + = 0. For continuity, the left-hand limit, right-hand limit, and

function value must be equal.

lim f(z) = lim (2% 4 3) = 3.
z—0

20
However, f(0) = 1. Since lim,_,o f(z) # f(0), the function is not continuous at z = 0.
Step 2: Check differentiability at = = 0. Differentiability requires continuity. As f(z) is
not continuous at z = 0, it cannot be differentiable at x = 0.
Step 3: Check continuity and differentiability for = + 0. For x # 0, f(z) = 2 + 3, which
is a polynomial function. Polynomials are continuous and differentiable for all .
Thus, f(x) is continuous and differentiable for all x € R — {0}.

Hence, the correct answer is:

(3) f(x) is continuous and differentiable Vo € R — {0}.

To verify continuity at a point, compare the left-hand limit, right-hand limit, and func-

tion value. Differentiability at a point requires the function to be continuous first.

10. Let f(z) be a continuous function on [«, b] and differentiable on («, ). Then, this
function f(z) is strictly increasing in (a, b) if:

(1) f'(x) <0, Vx € (a,b)

(2) f'(x) >0, Vz € (a,b)



(3) f'(x) =0, Vz € (a,b)

4) f(z) >0, Vz € (a,b)

Correct Answer: (2) f'(z) > 0, Vz € (a,b).

Solution:

Step 1: Definition of strictly increasing function. A function f(x) is said to be strictly

increasing on an interval (a, ) if, for any z1, x2 € (a,b), where 21 < x2, we have:

fx1) < fxa).

Step 2: Role of the derivative in determining monotonicity. The derivative f/(x)
represents the slope of the tangent to the curve at each point . - If f/(z) > 0 for all z € (a, b),
the slope of the tangent is positive, indicating that f(z) is strictly increasing on (a, b). -
Conversely, if f’(z) < 0, the function f(z) would be strictly decreasing.

Step 3: Verification of other options. - Option (1): f/(x) < 0 implies a strictly decreasing
function, not increasing. - Option (3): f/(z) = 0 implies a constant function, not strictly
increasing. - Option (4): f(x) > 0 does not necessarily indicate monotonicity; it only implies
the function’s values are positive.

Hence, the correct answer is:

2) f(z) > 0, Vx € (a,b).

Quick Tip

For strictly increasing or decreasing functions, always analyze the sign of the derivative
over the interval. Positive derivative implies strictly increasing, and negative derivative

implies strictly decreasing.

11. If

then the value of

is:

(1) 7
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(2)6

(3)8

4) 18

Correct Answer: (4) 18.
Solution:

From the given matrix equation:

r+y 2 6 2
) Ty 5 8

we equate the corresponding elements of the matrices: 1. z +y =6, 2. zy = 8.

We need to find:
24 24
Ty
Step 1: Express the required term in terms of = + y and xy. Using the property of

reciprocals:

+ .
r Yy Y

Thus:

Hence, the correct answer is:

When working with matrix equations, equate corresponding elements to derive equa-

tions. Use properties of fractions and factorizations to simplify algebraic expressions.
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12. If f(x) is an odd function, then:

w/2
() cos® z dx equals:
—7/2
(1)2 fOW/Z f(z) cos® x dx
2)0
3)2 [ fw)da

@) 2 [T cos & du

Correct Answer: (2) 0.

Solution:

Step 1: Understanding the properties of odd functions. If f(z) is an odd function, then

f(—=z) = —f(x). For symmetric limits of integration, i.e., [—a, a|, the integral of an odd

/_Zf(x)dxzo.

Step 2: Analyzing the given integrand. The function f(x) cos® x is the product of f(z) (an

function is:

odd function) and cos?  (an even function). The product of an odd function and an even
function is an odd function.
Step 3: Applying the integral property of odd functions. Since f(z) cos® z is an odd

function, its integral over symmetric limits is zero:

w/2
() cos® z dx = 0.
—7/2

Hence, the correct answer is:

(2)0.

The product of an odd function and an even function is odd. The integral of an odd

function over symmetric limits is always zero.

13. Let ¢ be the angle between two unit vectors a and b such that sin6 = % Then, a - b is
equal to:

(1) =2
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(2) £7

(3) +3

(4) £3

Correct Answer: (3) 3.

Solution:

Step 1: Use the Pythagorean identity. The relationship between sin 6 and cos ¢ is given by
the Pythagorean identity:

sin? 0 + cos2 0 = 1.

Substitute sin§ = 2:

3
(5) +cos? 0 = 1.
Simplify:
9 2
% +cos” 6 = 1.
Step 2: Solve for cos? 4.
9 16
29_4_ 2 _1b
cos“ 6 =1 55 = 55
Take the square root:
4
0=+-—.
cos :

Step 3: Calculate the dot product. For unit vectors & and b, the dot product is given by:
a-b=cosb.

Thus:

Hence, the correct answer is:

Use the Pythagorean identity sin? @ + cos? § = 1 to calculate cos # when sin 6 is provided.

Remember that the dot product for unit vectors is equal to cos 6.
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14. The integrating factor of the differential equation (1 — x2)§—g +ay=ax,—1<z<]l,
is:

(1) =

(2) =

3) =

1
@ 7
Correct Answer: (4)

1
V1-z2"

Solution:

The given differential equation is:

d
(1-— xQ)d—i + zy = ax.

Divide through by 1 — 22 to simplify:

dy xy ax

de  1—22 1—22

This is a linear differential equation of the form:

dy

Lt Py = Q).

where P(z) = =~

1—x2"

Step 1: Finding the integrating factor (IF). The integrating factor is given by:

IF = ¢/ P@de,

/P(:L’) dx = / . _xe dx.
Letu=1— 22, s0 du = —2zdz:

1 1 1 1
' dr=—> | Zdu= —=Inju| = —=In|1 — 22|,
1— 22 2/ u 2 2

Step 2: Simplify the integrating factor. The integrating factor becomes:

Substitute P(x) = —5:

1—x2°

1
V1—22

D=

IF = ¢~z lml1-2% — (1—a?)~

Hence, the correct answer is:




To find the integrating factor for a linear differential equation, always simplify the equa-

tion into the standard form % + P(z)y = Q(z) and compute e/ (#) 4,

15. If the direction cosines of a line are /3%, v/3k, v/3k, then the value of £ is:

(1) +1

(2) £v3

(3) +3

(4) £3

Correct Answer: (4) +1.

Solution:

Step 1: Use the property of direction cosines. The direction cosines [, m,n of a line in 3D

space satisfy the equation:
P+m?+n?=1.

Step 2: Substitute the given direction cosines. Here, | = \/3k, m = v/3k, n = V/3k.

Substitute these into the equation:
(V3k)? + (V3k)? + (V3k)? = 1.
Step 3: Simplify the equation.

3k% + 3k 4+ 3k = 1.

9k* = 1.
1
K= 2.
9
1
k=4=.
3

Hence, the correct answer is:

The direction cosines [, m, n are always normalized such that [? + m? +n? = 1. Use this

property to find unknowns.
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16. A linear programming problem deals with the optimization of a/an:

(1) Logarithmic function

(2) Linear function

(3) Quadratic function

(4) Exponential function

Correct Answer: (2) Linear function.

Solution:

Linear programming is a mathematical method used to optimize a linear objective function,
subject to a set of linear equality or inequality constraints. The objective function typically
has the form:

Z =111 + cowg + -+ + Cpy,

where c1, co, ..., ¢, are constants, and x1, zo, . .., x, are decision variables.

This function represents a linear relationship, which is optimized (either maximized or
minimized) under given constraints that are also linear in nature.

Hence, the correct answer is:

(2) Linear function.

Linear programming problems are defined by linear objective functions and linear con-

straints. They cannot involve nonlinear elements like quadratic or exponential functions.

17. If P(A|B) = P(A’|B), then which of the following statements is true?
(1) P(A) = P(A)

(2) P(A) = 2P(B)

(3) P(ANB) = +P(B)

(4) P(ANB) =2P(B)

Correct Answer: (3) P(AN B) = 1 P(B).

Solution:

16



We are given that P(A|B) = P(A’|B). Recall the formulas for conditional probability:

P(AN B)

P(A'N B)
P(B)

P(A|B) = B

P(A'|B) =
Since P(A|B) = P(A'|B):
P(ANnB) P(A'NB)

P(B)  P(B)

This implies:

P(ANB) = P(A' N B).
From the complementary rule, A and A’ are mutually exclusive, and:
P(ANB)+ P(A' N B) = P(B).
Substituting P(AN B) = P(A' N B):
P(ANB)+ P(ANB) = P(B).
2P(AN B) = P(B).
P(ANB) = %P(B).

Hence, the correct answer is:

(3) P(AN B) = %P(B).

When P(A|B) = P(A’|B), use the complement property and the fact that the sum of

probabilities of complementary events equals the total probability.

18.
r+1 r—1

2o+l 22 —z+1
is equal to:
(1) 223
(2)2
3)0
4) 223 — 2

17



Correct Answer: (2) 2.
Solution:

The determinant of a 2 x 2 matrix is given by:

a b
= ad — bc.
c d
For the given matrix:
z+1 r—1

)

P?4+r+1 2?—z+1
we identify:
a=z+1, b=xz—-1, c=2*+2+1, d=2>—z+1
The determinant is:
Determinant = (z + 1)(z® —z + 1) — (z — 1)(z> + 2 + 1).
Step 1: Expand the first term.
(z4+ D@2 —z+1) =224+ —az+1=2>42+1.
Step 2: Expand the second term.
(z—D@*+r+) =+’ 4o -2 -z —-1=2>-1.
Step 3: Subtract the two terms.
Determinant = (23 + 24+ 1) — (2* — 1) =2 +z+1—23+1=2.

Hence, the correct answer is:

2)2.

To find the determinant of a 2 x 2 matrix, multiply the diagonal elements and subtract

the product of the off-diagonal elements. Simplify carefully to avoid sign errors.

Questions number 19 and 20 are Assertion and Reason based questions. Two
statements are given, one labelled Assertion (A) and the other labelled Reason (R).

Select the correct answer from the codes (A), (B), (C) and (D) as given below.
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19. Assertion (A): For the matrix

1 cos 1
A= |—cosh 1 cos@| , where 0 € [0,271'],

—1 —cos 6 1

|A| € [2,4].

Reason (R): cosf € [-1,1], V6 € [0, 27].

(1) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
the Assertion (A).

(2) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the correct explanation
of the Assertion (A).

(3) Assertion (A) is true, but Reason (R) is false.

(4) Assertion (A) is false, but Reason (R) is true.

Correct Answer: (1) Both Assertion (A) and Reason (R) are true and Reason (R) is the
correct explanation of the Assertion (A).

Solution:

We calculate the determinant of the matrix A:

1 cos 1
|A| = |—cos® 1 cosf| -
-1 —cosf 1

Step 1: Use cofactor expansion along the first row.

1 cosf —cosf cosf —cosf 1
Al =1- —cosf - +1- :
—cosf 1 -1 1 -1 —cosf

1. Compute the first minor:

1 cos 6 5
= (1)(1) — (—cosf)(cosf) = 1+ cos” 0.
—cosf 1

2. Compute the second minor:

—cosf cosf
= (—cos0)(1) — (cosf)(—1) = —cosf + cos = 0.
—1 1
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3. Compute the third minor:

—cos 1 5
= (—cosf)(—cosf) — (1)(—1) = cos” 6 + 1.
—1  —cos#

Step 2: Substitute into the determinant formula.
Al =1-(1+4cos?0) —cosf-0+1-(1+cos?h).
Simplify:
|A| = (1 + cos®0) + (1 4 cos? 0) = 2 + 2 cos? 6.

Step 3: Analyze the range of |A|. Since cosf € [—1, 1], we know:
cos? € [0,1].

Thus:
|A| =2+ 2cos?6 € [2,4].

Step 4: Verification of Assertion (A) and Reason (R). - Assertion (A): |A| € [2,4] is true. -
Reason (R): cos @ € [—1,1] for all § € [0, 27] is also true.

Since the range of cos 6 explains the range of |A|, Reason (R) correctly explains Assertion
(A).

Conclusion: Both Assertion (A) and Reason (R) are true, and Reason (R) is the correct

explanation of Assertion (A).

To compute determinants, use cofactor expansion and carefully calculate minors. Lever-

age trigonometric properties like cos§ € [—1, 1] to determine the range of the result.

20. Assertion (A): A line in space cannot be drawn perpendicular to z, y, and z axes
simultaneously.

Reason (R): For any line making angles «, 5, v with the positive directions of z, y, and =
axes respectively,

cos® a4 cos? B+ cos?y = 1.
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(1) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
the Assertion (A).

(2) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the correct explanation
of the Assertion (A).

(3) Assertion (A) is true, but Reason (R) is false.

(4) Assertion (A) is false, but Reason (R) is true.

Correct Answer: (1) Both Assertion (A) and Reason (R) are true and Reason (R) is the
correct explanation of the Assertion (A).

Solution:

A line in three-dimensional space cannot be perpendicular to all three axes simultaneously.
For a line to be perpendicular to all three axes, the direction cosines cos a, cos (3, cos ¥ would

have to be zero, which contradicts the fundamental relation of direction cosines:
cos® a + cos? B + cos?y = 1.

This relation guarantees that at least one direction cosine must be non-zero, so the line
cannot be perpendicular to the z-axis, y-axis, and z-axis at the same time.
Conclusion: Both Assertion (A) and Reason (R) are true, and Reason (R) correctly explains

Assertion (A).

Quick Tip

In 3D geometry, the direction cosines of a line (cos «, cos (3, cos ) satisfy the fundamen-
tal relation cos? a + cos? 3 + cos?y = 1. This ensures that no line can be perpendicular

to all three coordinate axes simultaneously.

SECTION B

This section comprises very short answer (VSA) type questions of 2 marks each.
21. In the given figure, ABCD is a parallelogram. If AB = 2; — 4; + 5k and
DB = 3i — 6j + 2k, then find AD and hence find the area of parallelogram ABCD.
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D C

Solution:

To calculate AD, we use the relation:
AD = AB + DB.
Given AB = 2i — 4] + 5k and DB = 3i — 6 + 2k, we compute:
AD = (20 — 47 + 5k) + (3i — 6] + 2k).

Simplify:
AD = (24 3)i+ (—4—6)] + (54 2)k = 5 — 10j + Tk.

The area of the parallelogram is given by the magnitude of the cross product AB x AD:
Area = |AB x AD|.

Step 1: Compute the cross product.

ABxAD =12 _4 5.
5 =10 7

22



Expand the determinant:

L. |—4 5 |25 |2 -4
ABx AD =i —j +k .
~10 7 5 7 5 —10

Step 2: Compute the minors.

~

22 (—4)(7) = (5)(—10) = —28 + 50 = 22,
7:(@2)(7) = (B)(5) =14 —25 = —11,
k: (2)(=10) — (—4)(5) = =20 + 20 = 0.

Thus:
AB x AD = 22i + 115 + 0k.

Step 3: Compute the magnitude of the cross product.

|AB x AD| = /222 4 112 + 02 = v/484 + 121 = v/605.

Answer: The area of parallelogram ABCD is 1/605.

To find the area of a parallelogram using vectors, calculate the cross product of two

adjacent sides. The magnitude of the resulting vector gives the parallelogram’s area.

22. (a) Check the differentiability of the function f(z) = |z| at x = —3, where ||
denotes the greatest integer function.

Solution:

The greatest integer function f(x) = |x| gives the greatest integer less than or equal to =. For

xr = —3, we have:

To check differentiability, we evaluate the left-hand derivative (LHD) and right-hand
derivative (RHD) at x = —3:
Step 1: Left-hand derivative (LHD).

LHD — fim (3 HM = F(=3)
h—0— h
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For h — 07, =3+ h € (—4,—3), so f(—3 + h) = —4. Substituting:

LHD = lim el ) lim _—1.
h—0- h h—0— h

Since h — 07, the denominator is negative, and LHD — oc.

Step 2: Right-hand derivative (RHD).

RHD — lim 3+ = f(=3)
h—0+ h

For h — 0%, =3+ h € (—3,-2), so f(—3 + h) = —3. Substituting:

RHD = lim el lim 9:0.
h—0+ h h—0+ h

Step 3: Conclusion. Since LHD # RHD, the function f(z) = [«] is not differentiable at
T = —3.

The greatest integer function is not differentiable at integer values of = because it has a
discontinuity in the derivative at those points. Always evaluate both LHD and RHD to

confirm differentiability.

22.(b) If 21/3 + y1/3 = 1, find 4 at the point (3, 3).
Solution:

Rewrite the equation z'/3 + y1/3 = 1 as:

yU/3 — 1 — 13,

Step 1: Differentiate explicitly with respect to =. Differentiating both sides:

1o—2sdy _ 1 oy

3y dx gx

Rearrange to solve for g—f::
dy B SL’_2/3
dx N y_2/3'

Step 2: Simplify by writing in terms of /2. From the original equation, y'/3 = 1 — /3,
cube both sides to find y:

y=(1-a'3,
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Substitute z = £:

(-0 00

Step 3: Use the ratio of exponents to compute 2. Substitute = = { and y = { into

dy . 1‘72/3.
dr — _y*2/3'
1 —2/3 1 —2/3
x72/3 — (_) — 47 y72/3 — (_) — 4.
8 8
Thus:
dy 4 ]
de 4
Hence, % = —1 at the point (3, 3).

Quick Tip

For explicit differentiation, rewrite the equation in terms of one variable (e.g., y'/3 =
1 — z'/3) to simplify calculations and substitute the given point only at the end for

accuracy.

23. Find the local maximum value and local minimum value (whichever exists) for the
function f(z) = 42? + L (v # 0).
Solution:

To find the critical points, we differentiate f(z) with respect to z:

d 1 1
/ _ 2 _
f(x)_dl’ (41‘ +E>—8$—x2.
Set f/(x) = 0 to find the critical points:
- L =0 = sf=1 = L
r—— = x° = r=—.
x2 2

To determine whether the critical point is a local maximum or minimum, evaluate f’(z)

1.

around z = 5

1. Forz < % (e.g.,z = 3):

1 1 1 8 19
f’(x)=8ar——=8(—)——:§—9:——<0.

12

2.Forz > % (e.g.,z = 1)



Since f/(z) changes from negative to positive at x = %, the function has a local minimum at

—_

r = 3.

[\V]

Next, calculate the value of f(z) at z = i:

JORIOEE SHOREE

Conclusion: The function f(z) = 42% + 1 has a local minimum value of 3 at z =

[N}

1
5

To determine local maxima and minima, the sign of f’(z) around critical points can help

classify them without needing the second derivative.

24. (a) Find:
/ xv142xdx

Solution:

Let I = [ 2+/1+ 2z dz. Using substitution, let u = 1 + 2z. Then:

u—1

du=2dr and =z = 5

Substitute these into the integral:

-1 1 1
I:/u2 \/ﬂ-ﬁdu:z/(u—l)uédu.

Simplify:
Split the integral:
Integrate each term:

2 2
/ugdu:gug, /uédu:gug.

Substitute back into the expression:

Simplify:



Finally, substitute v = 1 + 2z

1 1
=0+ 27)3 — g+ 21)% + C.
Answer:
1 1
/x\/l F2ede = (14 27)2 — SIS 21)2 + C.

For integrals involving z+/1 + kz, substitution u = 1+ kx simplifies the integral. Always

rewrite all terms, including dz, in terms of « to avoid errors.

24. (b) Evaluate:

7T2
/4 sin\/Ed
T
oV

Solution:

71'2 .
LetI= [* %5 dz. Using substitution, let ¢t = \/z. Then:
w=t>, de=2dt, +r=*t.
Substitute into the integral, and update the limits of integration:

When z =0, t =0 = 0.

w2 72

T
Whenz =" =4/~ =T
cn xr 4, 1 5

5 o ¢ 3
:/ ﬂ-215d7§: / sint dt.
0 t 0

The integral becomes:

E]

Simplify:

Evaluate the definite integral:

I=2 [— cos (g) + cos(O)] .
Since cos (%) =0 and cos(0) = 1:

[=2[0+1] =2

27



Answer:

Quick Tip

For integrals involving functions like S“\‘f\f, substitution simplifies both the integrand

and the limits of integration. Always verify that the limits are correctly updated after

substitution.

-

25. If @ and b are two non-zero vectors such that (7 + b) L @ and (2 + b) L b, then prove
that |b| = v2|dl.

Correct Answer: |b| = v/2|d).

Solution:

Step 1: Apply Condition 1: (7 +b) L @

Simplify:

-

Substitute @ - b = —|a|*:
20—l@?) +p2=0 = —20a@*+p>=0
Step 3: Solve for |b|. Rearrange the equation:

b =2a?* = [o] =V2al.

Conclusion: The magnitude of b is |b| = v/2|d|.

To solve vector problems, use perpendicularity conditions (¢ L ¢ = u-¢ = 0) to

establish equations, and simplify using dot product properties.
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SECTION C

This section comprises short answer (SA) type questions of 3 marks each.
26. Solve the following linear programming problem graphically: Minimise z = 5z — 2y
Subject to the constraints:

x4 2y < 120,

X+y > 60,

X -2y >0,

X >0,

y > 0.

Solution:

To solve this linear programming problem graphically, follow these steps:

Step 1: Plot the constraints. Rewrite the constraints into slope-intercept form to plot: 1.

x + 2y < 120: y < 1292 passing through (0,60) and (120,0). 2. = +y > 60: y > 60 — z,

passing through (0, 60) and (60, 0). 3. x — 2y > 0: y < £, passing through (0, 0) and (120, 60).
4. x > 0,y > 0: Restrict the feasible region to the first quadrant.

Step 2: Identify the feasible region. Plot the lines on the coordinate plane and identify the
overlapping region that satisfies all the inequalities.

Step 3: Determine the corner points of the feasible region. Find the intersection points of

the constraint lines: 1. Intersection of x + 2y = 120 and x + y = 60:
x4+ 2y =120, x+1y=060.
Subtract the second equation from the first:
y=060, x=0.

Corner point: (0, 60).
2. Intersection of = + y = 60 and = — 2y = 0:

r+y=60, x—2y=0.
Solve for x = 2y, substitute:
20+y =60 = y =20, x=40.
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Corner point: (40, 20).
3. Intersection of x — 2y = 0 and x + 2y = 120:

r—2y=0, z+2y=120.
Solve for x = 2y, substitute:
2042y =120 = y =30, x=60.

Corner point: (60, 30).
Step 4: Evaluate the objective function at each corner point. The objective function is
z =5x —2y: 1. At (0,60):

2 =5(0) — 2(60) = —120.

2. At (40,20):
z = 5(40) — 2(20) = 200 — 40 = 160.
3. At (60, 30):
z = 5(60) — 2(30) = 300 — 60 = 240.
Step 5: Conclusion. The minimum value of z = 5z — 2y occurs at (0, 60) with z = —120.

Quick Tip

In graphical linear programming, always verify each corner point of the feasible region

by solving pairs of constraint equations. Evaluate the objective function at all corner

points to find the optimal solution.

27. E and F are two independent events such that P(E) = 0.6 and P(E U F) = 0.6. Find
P(F)and P(EUF).
Solution:

Step 1: Find P(F).

P(E)=1-P(E)=1—-0.6 =0.4.
Step 2: Use the formula for P(E' U F).

P(EUF)=P(E)+ P(F)—P(ENF).
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For independent events:

P(ENF)=P(E)- P(F).
Substitute into the formula:
0.6 = 0.4+ P(F) — (0.4 - P(F)).

Simplify:
0.6 = 0.4+ P(F) — 0.AP(F).

0.2 = P(F)(1 - 0.4).

0.2 = 0.6P(F).
pry=22_1
06 3

Step 3: Find P(E U F).

For independent events:

Substitute P(F) =1—P(F)=1—1=2:

2 2
P(EUF)=0.6+-—(06-2).
3 3
Simplify:
P(EUF) = 0.6+ 0.6667 — 0.4 = 0.8667.
Conclusion:

For problems involving independent events, always use P(F N F') = P(E) - P(F) and

simplify step by step using the rules for union and intersection probabilities.

28. (a) A relation R on set A = {1,2,3,4,5} is defined as:
R={(z,y) : |2* - y*| < 8}.
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Check whether the relation R is reflexive, symmetric, and transitive.

Solution:

Reflexive: A relation is reflexive if (z,z) € R for all z € A. For z € A, we need to check
2% — 22| < 8:

|22 —2?| =0, and0<8 VzeA

Thus, (z,x) € R, and the relation is reflexive.

Symmetric: A relation is symmetric if (z,y) € R implies (y, ) € R. Here, |2? — ¢?| < 8
implies |y? — 22| < 8, because absolute value satisfies |72 — y?| = |y? — 22|. Thus, the relation
is symmetric.

Transitive: A relation is transitive if (z,y) € R and (y, z) € R imply (z, z) € R. We need to
verify whether |22 — 2%| < 8 when |22 — 4| < 8 and |y? — 2?| < 8.

Consider z =1,y =2,z = 3:
|22 =P =]1—-4=3<8, [P—22=[4-9]=5<8.

But:
22 — 22| =|]1-9|=8+«8.

Hence, the relation is not transitive.

Answer: The relation R is reflexive and symmetric, but not transitive.

For reflexivity, check whether |2 — 22| = 0. For symmetry, verify |22 — 32| = |y? — 2?|.

For transitivity, counterexamples can help confirm when the property does not hold.

28. (b) A function f is defined from R — R as f(z) = ax + b, such that f(1) = 1 and

f(2) = 3. Find the function f(z). Hence, check whether the function f(x) is one-one and
onto.

Solution:

From the given conditions, we have two equations:
f=al)+b=1 = a+b=1, (1)

f(2)=a2)+b=3 = 2a+b=3. (2)



Solve equations (1) and (2) simultaneously: - From equation (1):
b=1-a.
- Substitute b = 1 — a into equation (2):
20+(1—a)=3 = 2a+1—-a=3 = a=2.
- Substitute a = 2 into equation (1):
2+b=1 = b=-L

Thus, the function is:

f(z) =22z —1.

Check if f(z) is one-one (Injective): A function is one-one if distinct inputs produce

distinct outputs. For f(z) = 2z — 1, consider f(z1) = f(x2):
201 — 1 =229 — 1 = Tl = T9.

Thus, f(x) is one-one.
Check if f(z) is onto (Surjective): A function is onto if for every y € R, there exists z € R
such that f(z) = y. For f(z) =22 — 1, solve y = 22 — 1 for a:

-1

Since x exists for all y € R, the function is onto.

Answer: The function f(x) = 2z — 1 is both one-one and onto.

Quick Tip
For linear functions of the form f(x) = az+b: 1. Use the given points to solve for a« and

b. 2. Check one-one by verifying that f(x;) = f(x2) implies ;1 = z3. 3. Check onto by
solving f(x) =y for all y € R.

29(a). If V1 — 22 + /1 — 2 = a(x — y), prove that 3 — %

Solution: We begin by differentiating the given equation implicitly with respect to x:

d%(\/1—z2+\/1—y2) Zd%(a(x—y))-
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Applying the chain rule, we get:

L + Y ~%:a 1—@
Vi—a?2  J1—y2 dv de |~

Next, we rearrange the terms:

Now, solve for Z—Z:

dy_ 177172_&
de a— —2—~

Finally, for the special case where a = 0, the expression simplifies to:

b _ VI
dv — 1—22

Conclusion: The result has been proven.

Use implicit differentiation carefully and isolate g—g by simplifying both sides of the

equation. Substitutions such as a = 0 can help simplify expressions further.

29(b). If y = (tanz)*, then find 2.
Solution:

Let y = (tanz)”. Take the natural logarithm on both sides:
Iny = In((tanz)”).
Using the logarithmic property In(a®) = bln a:
Iny = zIn(tan ).
Differentiate both sides with respect to x using the chain rule:
ldy _ d

Jde  dr (rIn(tanx)).

Use the product rule for the right-hand side:

1d d d
;% = %(a:) In(tanz) 4+ x - %(ln(tan x)).
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Simplify:

Multiply through by y:

Substitute y = (tan x)*:

d 2

% = (tanx)” (ln(tanm) +x- stea(;;c) .
Final Answer:

d 2

ﬁ = (tanz)® <ln(tana:) +x- iiif) .

Quick Tip

For functions in the form y = f(z)9(*), take the natural logarithm to simplify the power
and use the product rule for differentiation. Substitute back the original function at the

end.

30(a). Find:

1'2
/ R

Solution:
Step 1: Decompose into partial fractions. We rewrite the integrand as:

z2 A n B
(22 +4)(22+9) 224+4 2249

Multiply through by (2% + 4)(22 + 9):
2% = A(x® +9) + B(z* + 4).

Expand and simplify:
22 = Ax® + 9A + Ba? + 4B.

Combine terms:

2% = (A+ B)2® + (9A + 4B).

Equating coefficients:

A+B=1, 9A+4B=0. (1)
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Step 2: Solve for A and B. From A + B = 1, we get B = 1 — A. Substitute B =1 — A into
9A+4B = 0:
9A 4+ 4(1 — A) = 0.

9A+4—-4A=0 = DHA=-4 = A=-—-.

Substitute A = —% into B =1 — A:

4 4
B:1—(—5)=1+—:9.

Thus, the partial fraction decomposition is:

72 _4 9
— 5 5
(22 +4)(22 4+ 9) _172—|—4+:102+9

Step 3: Integrate each term.

a? oo Lo ? Lo,
2+ )2+9) " 5] 2+4 75 ) 2o

Use the standard integral formula:

1 1
——  _dr= =tan! (f) .
22+ a? a a

Substitute a = 2 for the first term and a = 3 for the second term:

72 y 41 _1<:1;)+9 L _1<x>
r = ——-—=tan — — - —tan =
(22 + 4) (22 + 9) 5 2 2) "5 3 3

2 2 4 (7 3, (7

Simplify:

Final Answer:

/ T D2 19) dx = —gtan (5) + gtan (5) +C.

For integrals involving partial fractions, decompose the rational expression, solve for

coefficients, and use standard integral formulas like f #MQ dx.

30(b). Evaluate: ;
/ (|l = 1] + |z — 2| + |z — 3]) d=.
1
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Solution:
The given integral involves absolute values, so split the integration range based on the points
where the arguments of the absolute values change sign: x = 1, 2 = 2, and = = 3.

Step 1: Break the integral into intervals.
3 2 3
/(|x—1|+|x—2|+|1‘—3|)d:r:/(x—l—l—2—x+3—a:)d:v+/(:17—1+$—2—|—3—x)d$.
1 1 2
Simplify the terms in each interval: - For = € [1, 2]:
z—1l=2-1, |[z—-2/=2—2, |z—3]=3—u.
e —1|+|z—-2|+]z—-3|=2—-1+2—2+3—z=4—u.

- For z € [2,3]:

z—1l=2-1, |z—-2/=2-2, |z—3]=3—-u.
lt—1|+]z—-2|+|z-3|=2—-1+2—-2+3—z=u1.

Step 2: Evaluate the integrals.

3 2 3
/(|a:—1|—|—|x—2|+|m—3|)dx:/(4—x)da¢—|—/ xdr.
1 1 2

- First integral:
2 22717 92 12

=(8—-2)—(4—-0.5)=6—3.5=25.

/3 2173 2?2 9 4 5
rdr= || =22 =Z2_2-2Z2,
2 2 2 2 2 2 2

2
Step 3: Add the results.

- Second integral:

3
/ (|t =1+ |z — 2|+ |z = 3])dz =25+ 2.5 =5.
1

Final Answer:

3
/(|x—1|+|x—2|+|x—3|)dx:5.
1

For integrals involving absolute values, split the integral at points where the arguments

of the absolute values change sign, simplify for each interval, and evaluate separately.
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31. Solve the following differential equation:
(tan"ty — z)dy = (1 +y?) da.

Solution:

Rearrange the given equation to separate the variables = and y:

1

tan”" "y —x
——dy = dx.
1+ 92 y v
Rewrite as:
tan—1
anl ydy—xdx:O.
1+ y2

Step 1: Break the equation into simpler components. Rewrite the left-hand side and
rearrange the terms for easier integration:

tan~! Y
1+ 92

dy = zdx.

Step 2: Integrate the components separately. - For the y-dependent term:
Let v = tan~ 'y, so du = % dy:

tan—!
e dy.
142
+y?

tan~1y u?  (tan"1y)?
dy = dy = — = ———.
/ 1+2 Y /u YT 2

- For the z-dependent term:
2
x
de = —.
/ vdy =

Step 3: Combine the results and introduce the constant of integration. The equation

becomes:

t —-1,)\2 2
tan )" =" o
2 2

where C' is the constant of integration.

Multiply through by 2 to eliminate the fraction:
(tan"1y)% = 22 + 2C.
Let 2C = (1, so the solution becomes:
(tan"1y)? — 2% = ().
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Final Solution:

(tan~"y)* —a? = O,
where (' 1s the constant of integration.

Quick Tip

For differential equations involving trigonometric functions, simplify using substitu-

tions where necessary. Identify terms that can be integrated directly and handle com-

plex expressions step by step.

SECTION D

This section comprises long answer type questions (LA) of 5 marks each.
32. Find the equation of a line /> which is the mirror image of the line /; with respect to

line/: =141 = %, given that line /; passes through the point P(1,6, 3) and is parallel

X

1 2
to line /.
Solution:

1. Parametric form of the given line /: The given line [ is:

r y—1 =z-2
12 3

Its parametric equations are:
r=t, y=1+2t z=2+43t,

where ¢ is the parameter.

2. Direction ratios of line /: The direction ratios (DRs) of line [ are (1, 2, 3).

3. Equation of line /;: Line /; passes through the point P(1,6,3) and is parallel to [, so its
DRs are also (1,2, 3). The equation of [ is:

4. Find the foot of the perpendicular from P(1,6,3) to [: Let the foot of the perpendicular
be Q(t,1+2t,2+ 3t) on line [. The line joining P(1,6,3) to Q(t, 1+ 2¢,2+ 3t) is perpendicular
to line [. The DRs of PQ are (t — 1,(1 +2t) —6,(2+3t) —3) = (t — 1,2t — 5,3t — 1).
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Using the condition for perpendicularity of two lines, DRpg - DR; = 0:
(t—1)(1)+ (2t —=5)(2)+ (3t —1)(3) = 0.

Simplify:
t—1+4t—-10+9t -3 =0.
14t -14=0 = t=1.

Substitute ¢ = 1 into Q(¢,1 + 2t,2 + 3t):
QL 1+2(1),2+3(1)) = Q(1,3,5).

5. Reflection of P(1,6,3) about Q(1,3,5): The reflection point P'(z/,y', 2") of P(x1, 41, 21)

across Q(xa, Y2, z2) 1s:
/ / /
r=2ro—m1, Y =2y2—y1, 2 =2z —21.

Substitute P(1,6,3) and Q(1,3,5):

Thus, the reflected point is P'(1,0,7).
6. Equation of line /5: Line /5 passes through P’(1,0,7) and is parallel to /, so its DRs are
(1,2,3). The equation of /5 is:

Final Solution:

To find the mirror image of a line, first calculate the foot of the perpendicular using
parametric equations, then reflect the given point across this foot and write the equation

of the reflected line.

1 -2 0
33.(alf A= |2 -1 —1|,find A~! and use it to solve the following system of
0 -2 1
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equations:
r—2y=10, 2rx—y—2=8, —2y+z=T.
Solution: Given a system of linear equations AX = B, where:

1 2 -1 10

-4 2 3 7
x
we are tasked with finding the solution vector X = |y
z

Step 1: Determining if A~! Exists
First, calculate the determinant of A:
Al =1(0-3=(=1)(2)) =2(2-3 = (=1)(=4)) + (=1)(2-2 - 0 (—4)),
Al = 1(2) —2(6 — 4) — 1(4),
|A| =1#0.
Since |A| # 0, the matrix A is invertible, and A~! exists.
Step 2: Finding A~!
The adjugate (Adj A) is calculated as:

-3 2 2
AdjA=|-2 1 1

-4 2 3
The inverse of A is given by:
-3 2 2
1
Al = —AdjA=|-2 1 1
A
-4 2 3

Step 3: Solving AX = B

The solution to the system is obtained using the formula X = A~ B:

—3 2 2| |10
X=A"'"B=|-2 1 1| |8
—4 2 3| |7
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Perform the matrix multiplication:

—40 + 16 + 21

(
(
(3)
—30+ 16 + 14}

Final Answer:

When solving linear equations using matrices, verify det(A) # 0 to ensure the inverse

exists. Compute adj(A) accurately, as errors in cofactors can lead to incorrect results.

-1 a 2 1 -1 1
33.b)IfA=|1 2 z|landA'=|_8 7 _5/,find the value of (a + ) — (b+y).
3 1 1 b oy 3

Solution:
Step 1: Use the inverse matrix property. The relationship between A and its inverse is
given by:
A- A =14,
where /3 is the identity matrix.

Step 2: Compute A - A~! row-by-row.

1 a 2 1 -1 1 100
1 2 2| |-8 7 —5[=1010
3 11 b oy 3 00 1



Analyze the rows of the product one by one.

Step 3: Row 1 of the product. The first row of A multiplied with the columns of A~! gives:
[—1(1)+a(=8)+2(b)] =1, [-1(-1)4+a(7)+2(y)] =0, [—1(1)+a(—5)+2(3)]=0.

Simplify: 1. -1 -8a+2b=1 = —8a+20=2 = 4a—b=—1.2.
147a4+2y=0 = Ta+2y=-1.3. -1—-5a+6=0 = —-ba=-5 = a=1.
Step 4: Row 2 of the product. The second row of A multiplied with the columns of A~!

gives:
[1(1) +2(=8) +z(b)] =0, [L(-1)+2(7)+=z(y)]=1, [1(1)+2(=5)+x(3)] =0.

Simplify: 1. 1 - 16 +2b=0 = 2b=15.2. -1+ 4 +ay=1 = zy=—12.3.
1-10432=0 = 32=9 = z=3.
Step 5: Row 3 of the product. The third row of A multiplied with the columns of A~! gives:

B(1) +1(=8)+1(b)] =0, [3(=1)+1L(7)+1(y)]=0, [3(1)+1(=5)+1(3)] =1.

Simplify: 1.3 —-84+b=0 = b=5.2. 34+ 74+y=0 = y=—4.
Step 6: Compute (a + x) — (b+ y). Substitute « = 1, x =3, b =5, and y = —4:
(a+z)—(b+y)=1+3)—(5+(—4)).
Simplify:
(a+z)—(b+y)=4—(5—-4)=4—-1=3.

Final Answer:

(a+x)—(b+y) =3.

When solving for unknowns in matrix equations, carefully compute row-wise products

and equate the resulting elements to the identity matrix to form equations for the un-

knowns.

34(a). Find:

X.

/ (3cosx — 2)sinx p

5—sin?x —4coszx
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Solution:

Step 1: Simplify the denominator.

2

Let the denominator D = 5 — sin® z — 4 cos z. Using sin? z = 1 — cos® z, substitute this into D:

2

D=5—(1—-cos’x) —4cosz =5—1+cos?x —4cosx = cos’ & — 4cosx + 4.

Thus, the integral becomes:

cos?x —4cosr+4

— 9)si
/ (3cosx — 2)sinx i

Step 2: Substitution.

Let u = coszx, so du = — sin x dz. Substitute into the integral:

(3cosz — 2)sinx 3u—2
dr = — | —————— du.
cos?x —4cosx + 4 u?2 —4du+4

Factor the denominator:

u? —du+ 4= (u—2)>%

_/5“_—‘2;@.

The integral becomes:

Step 3: Simplify the fraction.
Split the numerator 3u — 2 as:

3u—2=3(u-—2)+4.

‘/ i(’)i“_—;g d”‘/ T

Simplify each term: - For the first term:

-2
_ —3(u )du:— 3 du = —=31In|u — 2|.
(u—2)2 u—2

- For the second term:
4 )

Using the formula [ 2" dx = fl"—J: for n = —2:

—/4(u—2)_2du: !

Thus, the integral becomes:

u—2

Step 4: Substitute back u = cosz.
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Combine the results:

— 9 si 1
/(3COSI‘ )sinx dr = —3In|cosz — 2|+ ———— + C.

5 —sin?z — 4cosx cosx — 2

Final Answer:

5—sin?z — 4cosx cosx — 2

Quick Tip

When integrating functions involving trigonometric terms, use substitutions like v =

3 — 2)si -
/ ( COS T )smx dz:_gln\cosx—2’+—+c'

cosz or u = sinz to simplify the integrand. Factorize the denominator to break the

fraction into simpler terms.

34 (b). Evaluate:

2 23+ |z +1 s
o2 Az +4

Solution: Let’s break down the provided solution into a step-by-step explanation with

careful attention to detail:

Integral Expression

We start with the following expression:

2 3 2
x |z| + 1
- d - d
/2x2+4]a:\+4 x+/2.7c2+4|:1:|+4 v

We will denote these two integrals as /; and I5:

2 3 2
x |z] + 1
L=] ———d d L= - g
! /2x2+4|x|+4 voand s /2x2—|—4|x|+4 v

Now, we analyze the integrals separately.

Step 1: Evaluating [,

We begin by focusing on [;:

2 1’3
n=| —% 4
1 /2x2+4|x]+4 o
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Notice that the integrand involves 3, and 2 is an odd function. Recall that an **odd

function** is defined as a function f(x) where:

For odd functions, the integral over a symmetric interval [—a, a] is zero because the
contributions from z = —a to z = 0 cancel out the contributions from z = 0 to z = a.
Therefore, I simplifies as follows:

3

I; =0 (since 1s an odd function)

x
22+ 4|z| + 4
Step 2: Evaluating /,

Next, we turn to Is:

2
|z| + 1
L= | L g
2 /2x2+4|33]—|—4 v

. . . . 1
In this case, the integrand involves |z|, and the expression dha

PR P w is an **even function**

|x]+1

because m

is symmetric in z. That is, for even functions, f(z) = f(—z).

We can exploit the symmetry of the integral by transforming it as follows:

2
1
]2:2/ f;dlx
0 T°+4r+4

This transformation effectively reduces the limits of integration from [—2, 2] to [0, 2], and the
factor of 2 accounts for the symmetry.

Next, we simplify the integrand:

Thus, the integral becomes:
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Step 3: Substituting for Simplicity

To simplify the integration, we perform the substitution:

x+2=t sothat dxr =dt

When x = 0, t = 2, and when = = 2, t = 4. Therefore, the limits of integration change from

r=0tox =2tot=2tot=4. Substituting into the integral, we get:

4
t—1
12:2/ 3 dt
t
2

Now, split the integrand:

Step 4: Solving the Integral

Now we solve the two integrals separately:

4 4
1 1

2| [ a- [ Gal
g 1t o 1

For the first integral, we know that:
1
/ n dt = log |t|

For the second integral:

1 1
dt=—-
t

Thus, we have:

1 4
_[2 =2 |:10g|t| —Z:|2

Now, evaluate at the limits ¢ = 4 and ¢t = 2:
1 1
Iy =2 [log4— 1 (log2 — 5)}

Simplify:
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11
[2:2[10g4—log2+§—1]

Using log4 = 2log 2, we get:

1 1
12:2 |:210g2—10g2+§—1i|

Simplifying further:

1 1
12:2|:10g2+§—zl]

1
Ir = 210g2+§

Final Answer

Thus, the total integral becomes:

1
L+1 =0+ (210g2—§)

So, the final result is:

1
]1+]2:210g2—§

This is the value of the original expression.

For integrals involving absolute values and piecewise functions, break the integral into

intervals where the function behavior changes and solve each part separately.

35. Using integration, find the area of the ellipse:

2

8

2

Y

J 1
1+4 ’

(=}

included between the lines + = —2 and =z = 2.

Solution: We are tasked with finding the area of a given curve.
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Step 1: Defining the Integral

The given equation is:

2
Area:4/ ydx
0

The factor of 4 comes from symmetry: the curve described is symmetric with respect to the
x-axis, so we only need to compute the area from 0 to 2 and then multiply it by 4.
Step 2: Expressing y as a Function of x

Next, we need to express y in terms of x. The function y is given by:

= 42 _ 42
This is the equation of a semicircle with radius 4, centered at the origin.

Thus, the area integral becomes:

2
Area:4/ VA2 — 22dx
0

Step 3: Simplifying the Integral
The expression 42 — 22 under the square root suggests that we are dealing with a standard

integral form related to the area of a circle. To simplify, we divide the integral by 2:

2
Area:4l%/ \/42—x2d931
0

Now, we focus on solving the integral inside the brackets. This integral is of the form of a
standard trigonometric substitution.
Step 4: Trigonometric Substitution

Let’s perform a trigonometric substitution. Set:

r =4sinf

Then:

dx = 4 cos 8 db

Also, note that the limits of integration change: - When = = 0,/ = 0 - When z = 2,
p=sin”! (3) =sin” (5) = ¢
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Substituting into the integral:

2 3
/\/42—x2dx:/ V16 — 16 sin% 6 - 4 cos 0 df
0 0

Simplify the square root:

V16 — 16sin26 = V16 cos2 0 = 4 cos

Thus, the integral becomes:

0

s s
/40050-400360[6’:16/ cos? 6 do

0

Step 5: Using the Trigonometric Identity

We can now simplify cos? § using the identity:

Thus, the integral becomes:

cos? 0 =

1 [
0

Now, split the integral into two parts:

The first part:

The second part:

jus

6
8/

Thus, the total integral is:

cos(20) df = 8 {

Step 6: Final Calculation

us

™

F 1+ cos(26)

1 + cos(260)
2

do
2

s &
8/ 1d6 + 8/ cos(20) do
0 0

:1
S
3

8 1d0=8-—=—
/0 6 3

sin(26)
2

]:

0

ESE
=~
1
&,
=
/~
w3
——
|
&,
=
—~
(@)
N—
_
I
S
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Finally, multiply the integral by 4 (since we divided it by 2 earlier), and we get:

4 1
Area =4 [§+2\/§] = %+8\/§
This is the final result for the area under the curve.

Summary

The area under the curve is:

This completes the solution with detailed explanations at each step.

For finding areas of symmetric regions like ellipses, reduce the limits of integration by

using symmetry. Use substitutions to simplify complex square root terms.

SECTION E
This section comprises 3 case study based questions of 4 marks each.
Case Study - 1

36. If a function f : X — Y defined as f(z) = y is one-one and onto, then we can define a
unique function ¢ : Y — X such that ¢(y) = z, where z € X and y = f(z),y € Y.

Function g is called the inverse of function f.

The domain of sine function is R and function sine : R — R is neither one-one nor onto. The

following graph shows the sine function.
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Let sine function be defined from set A to [—1, 1] such that inverse of sine function exists,
i.e., sin"! z is defined from [—1, 1] to A.

On the basis of the above information, answer the following questions:

If A is the interval other than principal value branch, give an example of one such interval.

If sin~!(x) is defined from [—1, 1] to its principal value branch, find the value of

sin ™! (—%) —sin1(1).

Draw the graph of sin~! z from [—1, 1] to its principal value branch.

OR Find the domain and range of f(z) = 2sin"!(1 — ).
Solution: (i) Interval other than the principal value branch: The principal value branch of
the sine function is the interval [—7, 7]. An alternative interval where the sine function is

one-one and onto [—1, 1] is:

(ii) Compute sin~' (—3) — sin~!(1):

Step 1: Evaluate sin~' (—3): The angle 6 such that sinf = — and 6 € [—%, ] is:

) _1< 1) T
sin” | —= ) = ——.
2 6

Step 2: Evaluate sin*(1): The angle ¢ such that sind = 1 and 6 € [—Z, 3] is:

Step 3: Subtract the values:

1
sin ™1 (——) —sin (1) = r.r
2 6 2
Simplify:
m_m_ m_8m_ 4m_ 2r
6 2 6 6 6 3

(iii) (a) Graph of sin"*(z): The graph of y = sin'(v) maps [—1,1] — [-Z, Z]. It is the

reflection of y = sin z (restricted to [,

INE

|) across the line y = .
(iii) (b) Domain and range of f(z) = 2sin~1(1 — z):
Step 1: Domain of f(z): For sin™!(1 — z) to be defined, 1 — = must lie in [-1, 1]:

-1<1—-2<1.
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Simplify:

-1-1<—2<1-1 = -2<—-2<0.

Multiplying through by —1 (and reversing the inequality):
0<ax<2.

Thus, the domain is:

z € 0,2].

Step 2: Range of f(z): The range of sin~!(x) is [—5.5]. Scaling by 2, the range of f(z)
becomes:

flz) € [2 : —g,Z-g} = [-m, 7.

Final Answers: 1. An example of an interval other than the principal value branch is:

2.sin"! (=3) —sin~!(1) = —2L. 3. For f(z) = 2sin~'(1 — z): - Domain: [0, 2], - Range:

[—m, 7).

Quick Tip
To handle inverse trigonometric functions, remember their restricted domains and

ranges. For transformations like scaling and shifts, carefully adjust the domain and

range accordingly.

Case Study - 2

37. The traffic police has installed Over Speed Violation Detection (OSVD) system at
various locations in a city. These cameras can capture a speeding vehicle from a

distance of 300 m and even function in the dark.
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RADAR SPEED DETECTION
AVERAGE SPEED DETECTION

Speed = __ Distance hRADAR RADAR measures the change iln
POINT A ] POINTB Time B — Time A T the frequency of returned radio

] B & J waves to precisely measure the
N1 N, T
TS speed of wvehicles (the Doppler
KNY - 577 KMy - 577 Sl o

JTI

w. Radio waves emitted

by the RADAR bounce

“back to confirm an
object was detected

Eo5 ey

A camera is installed on a pole at the height of 5 m. It detects a car travelling away from the

pole at the speed of 20 m/s. At any point, x m away from the base of the pole, the angle of

elevation of the speed camera from the car C is 6.

On the basis of the above information, answer the following questions:

(1)Express 6 in terms of the height of the camera installed on the pole and .

(i) Find 2.

(111) (a) Find the rate of change of angle of elevation with respect to time at an instant when

the car is 50 m away from the pole.

(ii1) (b) If the rate of change of angle of elevation with respect to time of another car at a
distance of 50 m from the base of the pole is 1%’1 rad/s, then find the speed of the car.
Solution: A camera is installed on a pole at a height of 5m. It tracks a car traveling away
from the pole at a speed of 20 m/s. The car is at a horizontal distance of = m from the base of
the pole, and the angle of elevation to the car is 6.

(i) Express 6 in terms of x: Using the triangle formed by the height of the pole and the

horizontal distance z:

tanf = w = §
adjacent x

0 = tan (§) )
x

(i) Find 4£: Differentiate § = tan~! (2) with respect to x:

o 1 d 5
£_1+(§>2'%(5>‘

xT

Thus:
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Simplify:

Substitute:
do 1 5)
dr 14+ i—i’ ' ( :1:2)
Simplify further:
o -5
dv ~ 22425

(ii1) (a) Rate of change of angle of elevation (ﬁ—f) when = = 50: The car’s speed is

fi—“'f = 20m/s. The rate of change of # with respect to time is:

A _do ds
dt — dx dt’
From (ii), 2 o= x2+25 At x = 50:
R T S |
dr 502425 2525 505
Substitute:
do —1 20 —4
— =2 rad/
dt 505 0 505 101 0%
(iii) (b) Find the speed of the car when ‘é—f = %: Let the car’s speed be Cfl—f = v. From the
relationship:
a9 _do ds
dt — dr dt’
: 0 o —1.
Substitute % = 2~ and ¥ = L
3 -1
101 505
Solve for v:
3 1515
e = —— =15m/s.
v 0 505 01 5m/s
Final Answers: 1. 6 = tan™" (2), 2. 9 = =5, 3. (a) % = {5} rad/s, (b) Speed of the car:
15m/s.

Quick Tip

When solving related rates problems, clearly express all quantities in terms of relevant
variables. Differentiate carefully using the chain rule, and substitute known values only

after simplifying.
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Case Study - 3

38. According to recent research, air turbulence has increased in various regions
around the world due to climate change. Turbulence makes flights bumpy and often

delays the flights.

Assume that an airplane observes severe turbulence, moderate turbulence or light turbulence

with equal probabilities. Further, the chance of an airplane reaching late to the destination

are 55%, 37% and 17% due to severe, moderate and light turbulence respectively.

On the basis of the above information, answer the following questions:
(i) Find the probability that an airplane reached its destination

(i1)If the airplane reached its destination late, find the probability that it was due to moderate
turbulence.
Solution: (i) Probability of the airplane reaching its destination late:

From the law of total probability:
P(Late) = P(Late|Severe)P(Severe)+ P(Late|Moderate) P(Moderate)+ P (Late|Light) P(Light).
Substitute the given probabilities:

P(Late) = <0.55 : é) + (0.37- %) + (0.17 - %) .
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Simplify:

: . 1 1.
P(Late) — 055+0§7+O 7 _ ??9'

Thus:
P(Late) = 0.3633 (approximately).

(i1) Probability of moderate turbulence given the airplane reached late:

Using Bayes’ theorem:

P(Late|Moderate) P(Moderate)

P(Moderate|Late) = P (Late)

Substitute the values:

(0.37- 1)
P(Moderate|Late) = ———=~.
0.3633
Simplify:
0.37 0.37
P(Moderate|Late) = 3703633~ 109"
Thus:

P(Moderate|Late) = 0.3394 (approximately).

Final Answers: 1. The probability that the airplane reached its destination late is:
P(Late) = 0.3633.
2. The probability that the airplane was late due to moderate turbulence is:

P(Moderate|Late) = 0.3394.

Quick Tip
When working with probabilities involving multiple conditions, use the law of total

probability to compute overall probabilities and Bayes’ theorem to determine condi-

tional probabilities. Double-check calculations for clarity and consistency.
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