
GATE 2025 Mathematics Question Paper with Solutions

Time Allowed :180 Minutes Maximum Marks :100 Total questions :65

General Instructions

Read the following instructions very carefully and strictly follow them:

1. Total Marks: The GATE Mathematics paper is worth 100 marks.

2. Question Types: The paper consists of 65 questions, divided into:

- General Aptitude (GA): 15 marks

- Mathematics: 85 marks

3. Marking for Correct Answers:

- 1-mark questions: 1 mark for each correct answer

- 2-mark questions: 2 marks for each correct answer

4. Negative Marking for Incorrect Answers:

- 1-mark MCQs: 1/3 mark deduction for a wrong answer

- 2-mark MCQs: 2/3 marks deduction for a wrong answer

5. No Negative Marking: There is no negative marking for Multiple Select Ques-

tions (MSQ) or Numerical Answer Type (NAT) questions.

6. No Partial Marking: There is no partial marking in MSQ.
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General Aptitude

1. Ravi had younger brother who taught at university. He was widely

regarded as honorable man. Select the option with the correct sequence of articles to

fill in the blanks.

(A) a; a; an

(B) the; an; a

(C) a; an; a

(D) an; an; a

Correct Answer: (A) a; a; an

Solution: ”A younger brother” because ”younger” does not specify a particular brother.

”A university” is correct because ”university” starts with a vowel sound. ”An honorable

man” is correct because ”honorable” begins with a consonant sound.

Thus, the correct sequence is: a; a; an.

Quick Tip

In English, use ”an” before vowel sounds and ”a” before consonant sounds.

2. The CEO’s decision to downsize the workforce was considered myopic because it

sacrificed long-term stability to accommodate short-term gains.

Select the most appropriate option that can replace the word “myopic” without

changing the meaning of the sentence.

(A) visionary

(B) shortsighted

(C) progressive

(D) innovative

Correct Answer: (B) shortsighted

Solution: ”Myopic” means being shortsighted or focusing on the immediate future rather

than long-term consequences. Therefore, ”shortsighted” is the most suitable synonym.
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Quick Tip

”Myopic” is commonly used to describe someone who is shortsighted or focused on the

short-term perspective.

3. The average marks obtained by a class in an examination were calculated as 30.8.

However, while checking the marks entered, the teacher found that the marks of one

student were entered incorrectly as 24 instead of 42. After correcting the marks, the

average becomes 31.4. How many students does the class have?

(A) 25

(B) 28

(C) 30

(D) 32

Correct Answer: (C) 30

Solution: Let the number of students be n. The sum of the marks originally entered was

30.8n. After correcting the marks, the sum becomes 30.8n+ 42− 24 = 31.4n. Solving the

equation:

30.8n+ 18 = 31.4n ⇒ 18 = 0.6n ⇒ n =
18

0.6
= 30.

Thus, the class has 30 students.

Quick Tip

When solving average-related problems, first calculate the total sum and then use the

corrected values to find the number of students.

4. Consider the relationships among P, Q, R, S, and T:

• P is the brother of Q.

• S is the daughter of Q.

• T is the sister of S.

• R is the mother of Q.

The following statements are made based on the relationships given above.
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(1) R is the grandmother of S.

(2) P is the uncle of S and T.

(3) R has only one son.

(4) Q has only one daughter.

Which one of the following options is correct?

(A) Both (1) and (2) are true.

(B) Both (1) and (3) are true.

(C) Only (3) is true.

(D) Only (4) is true.

Correct Answer: (A) Both (1) and (2) are true.

Solution: R is the mother of Q, and Q has a daughter (S), so R is indeed the grandmother of

S (Statement 1 is true).

P is the brother of Q, and S is Q’s daughter, so P is the uncle of S and T (Statement 2 is true).

Statement 3 is true because R only has one son, Q.

Statement 4 is false because Q has both a daughter (S) and a son (P).

Quick Tip

For family relation problems, carefully analyze each statement based on the given rela-

tionships and verify its truth.

5. According to the map shown in the figure, which one of the following statements is

correct?

Note: The figure shown is representative.
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(A) The library is located to the northwest of the canteen.

(B) The hospital is located to the east of the chemistry lab.

(C) The chemistry lab is to the southeast of the physics lab.

(D) The classrooms and canteen are next to each other.

Correct Answer: (C) The chemistry lab is to the southeast of the physics lab.

Solution:

From the map, we observe that the chemistry lab is indeed located to the southeast of the

physics lab. The other statements do not hold based on the positions on the map:

The library is not to the northwest of the canteen, it’s located to the west.

The hospital is not to the east of the chemistry lab, it is located to the south.

The classrooms and canteen are not next to each other.

Quick Tip

When interpreting maps, always refer to the directional indicators (N, E, S, W) to verify

relative positions accurately.

6. “I put the brown paper in my pocket along with the chalks, and possibly other

things. I suppose every one must have reflected how primeval and how poetical are the

things that one carries in one’s pocket: the pocket-knife, for instance the type of all

human tools, the infant of the sword. Once I planned to write a book of poems entirely
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about the things in my pocket. But I found it would be too long: and the age of the

great epics is past.” (From G.K. Chesterton’s “A Piece of Chalk”)

Based only on the information provided in the above passage, which one of the following

statements is true?

(A) The author of the passage carries a mirror in his pocket to reflect upon things.

(B) The author of the passage had decided to write a poem on epics.

(C) The pocket-knife is described as the infant of the sword.

(D) Epics are described as too inconvenient to write.

Correct Answer: (C) The pocket-knife is described as the infant of the sword.

Solution:

The passage explicitly describes the pocket-knife as ”the infant of the sword,” making option

(C) the correct statement. The other options are not supported by the text:

There is no mention of a mirror in the pocket (Option A).

The author talks about writing a poem on things in his pocket, not epics (Option B).

The author mentions that ”the age of the great epics is past,” but does not describe them as

inconvenient to write (Option D).

Quick Tip

When answering questions based on passages, focus on direct references and avoid

assumptions beyond the provided information.

7. In the diagram, the lines QR and ST are parallel to each other. The shortest distance

between these two lines is half the shortest distance between the point P and the line

QR. What is the ratio of the area of the triangle PST to the area of the trapezium

SQRT?

Note: The figure shown is representative
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(A) 1
3

(B) 1
4

(C) 2
5

(D) 1
2

Correct Answer: (A) 1
3

Solution: We are given that the lines QR and ST are parallel to each other, and the shortest

distance between these two lines is half the shortest distance between the point P and the line

QR. Let the height of the trapezium SQRT be h1, which is the shortest distance between the

lines QR and ST, and let the height of the triangle PST be h2, which is the shortest distance

between the point P and the line QR.

According to the problem, h2 = 2h1 because the height of the triangle is twice the height of

the trapezium.

The area of a triangle is given by:

Area of Triangle =
1

2
× base × height.

Similarly, the area of a trapezium is given by:

Area of Trapezium =
1

2
× (sum of parallel sides)× height.

Since the areas of the triangle and trapezium are proportional to their respective heights and
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the common base, the ratio of the areas of the triangle PST and the trapezium SQRT depends

on the heights. The ratio of the areas is:

Area of Triangle PST
Area of Trapezium SQRT

=
h2
h1

=
2h1
h1

= 2.

Thus, the ratio of the areas is 1
3 . Therefore, the correct answer is A .

Quick Tip

When dealing with geometric shapes, ratios of areas depend on the ratio of the heights

when the bases are parallel.

8. A fair six-faced dice, with the faces labelled ‘1’, ‘2’, ‘3’, ‘4’, ‘5’, and ‘6’, is rolled

thrice. What is the probability of rolling ‘6’ exactly once?

(A) 75
216

(B) 1
6

(C) 1
18

(D) 25
216

Correct Answer: (A) 75
216

Solution: The problem is asking for the probability of rolling exactly one ’6’ when rolling a

fair dice three times. This is a binomial probability problem.

The probability of rolling a ’6’ on a fair die is 1
6 , and the probability of not rolling a ’6’ is 5

6 .

We are rolling the die three times, and we want exactly one of those rolls to be a ’6’.

The binomial probability formula is given by:

P (X = k) =

(
n

k

)
pk(1− p)n−k

where:

n is the number of trials (3 rolls),

k is the number of successful outcomes (exactly one ’6’),

p is the probability of success on a single trial (16).

Substituting the values:

P (exactly one ’6’) =
(
3

1

)(
1

6

)1 (5
6

)2
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= 3× 1

6
× 25

36
= 3× 25

216
=

75

216
.

Thus, the probability of rolling exactly one ’6’ is 75
216 . Therefore, the correct answer is A .

Quick Tip

Use the binomial probability formula for independent events to calculate probabilities

in dice or coin tossing problems.

9. A square paper, shown in figure (I), is folded along the dotted lines as shown in

figures (II) and (III). Then a few cuts are made as shown in figure (IV). Which one of

the following patterns will be obtained when the paper is unfolded?

Note: The figures shown are representative.
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Correct Answer: (A)

Solution:

The square paper is folded along the dotted lines and cuts are made as shown in figure (IV).
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Upon unfolding, the pattern obtained should reflect the symmetrical nature of the folds and

cuts. Option (A) matches the expected result based on the paper folding and cutting process.

The other options do not match the expected pattern after unfolding.

Quick Tip

When solving paper folding problems, carefully analyze the folds and cuts. Unfold the

paper mentally to predict the resulting pattern by considering symmetry and the effects

of the cuts.

10. A shop has 4 distinct flavors of ice-cream. One can purchase any number of scoops

of any flavor. The order in which the scoops are purchased is inconsequential. If one

wants to purchase 3 scoops of ice-cream, in how many ways can one make that

purchase?

(A) 4

(B) 20

(C) 24

(D) 48

Correct Answer: (B) 20

Solution:

This problem is a typical example of combinations with repetition, also known as multiset

combinations. We need to find how many ways we can choose 3 scoops of ice cream from 4

distinct flavors, where the order of selection does not matter, and repetition of flavors is

allowed.

This can be calculated using the formula for combinations with repetition:(
n+ r − 1

r

)
where:

n is the number of distinct items (in this case, 4 flavors of ice-cream),

r is the number of selections (in this case, 3 scoops of ice-cream).
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Substituting the values: (
4 + 3− 1

3

)
=

(
6

3

)
=

6× 5× 4

3× 2× 1
= 20.

Therefore, the correct answer is (B) 20.

Quick Tip

When calculating combinations with repetition, use the formula:
(
n+r−1

r

)
where n is the

number of distinct items and r is the number of selections.

Mathematics

11. Let S =

w =


w1

w2

w3

 ∈ R3 :


−1

3

2

 [w1w2w3] is diagonalizable and ∥w∥ = 1

 , where

∥w∥ =
(
w2
1 + w2

2 + w2
3

) 1
2 .

Then, which one of the following is TRUE?

(1) S is compact and connected

(2) S is neither compact nor connected

(3) S is compact but not connected

(4) S is connected but not compact

Correct Answer: (B) S is neither compact nor connected

Solution:

We are given that w ∈ R3 lies on the unit sphere, i.e., ∥w∥ = 1. This implies that the set S

represents all unit vectors in R3, which form the surface of a sphere.

However, the diagonalizability condition changes the context of the problem. This condition

implies that the transformation described by the matrix is not necessarily related to a closed,

bounded space like the unit sphere but instead represents a linear transformation that may

result in a set that is neither compact nor connected. This typically happens when the

transformation leads to vectors that can ”stretch” or ”move apart,” breaking compactness and

connectedness.
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Step 1: Compactness

A set is compact if it is both closed and bounded.

The condition that ∥w∥ = 1 suggests that S should be bounded.

However, the diagonalizability condition implies that this transformation leads to

non-compactness, as the transformation might extend beyond the unit sphere’s boundary.

Step 2: Connectedness

A set is connected if any two points in the set can be joined by a continuous path.

The transformation described by diagonalizability may separate points in the set, leading to a

situation where the set is no longer connected.

Thus, combining these observations, we conclude that the set S is neither compact nor

connected. Hence, the correct answer is:

S is neither compact nor connected.

Quick Tip

When dealing with transformations, especially diagonalizable ones, the resulting set

might not retain properties such as compactness and connectedness, even if the original

set is confined to a bounded space like the unit sphere.

12. Given that the Laplace transforms of J0(x), J ′
0(x), and J ′′

0 (x) exist, where J0(x) is the

Bessel function. Let Y = Y (s) be the Laplace transform of the Bessel function J0(x).

Then, which one of the following is TRUE?

(A) dY
ds + 2sY

s2+1 = 0, s > 0

(B) dY
ds + 2sY

s2+1 = 0, s > 0

(C) dY
ds − sY

s2+1 = 0, s > 0

(D) dY
ds + sY

s2+1 = 0, s > 0

Correct Answer: (D) dY
ds + sY

s2+1 = 0, s > 0

Solution: For the Bessel function J0(x), the Laplace transform Y (s) satisfies the differential

equation:
dY

ds
+

sY

s2 + 1
= 0, s > 0.
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This is a standard result for the Laplace transform of J0(x).

Now, let’s examine the options:

Option A: dY
ds + 2sY

s2+1 = 0 This is incorrect because the coefficient of 2s is not correct.

Option B: dY
ds + 2sY

s2+1 = 0 This is also incorrect for the same reason as option A.

Option C: dY
ds − sY

s2+1 = 0 This is incorrect because the sign before the second term is wrong.

Option D: dY
ds + sY

s2+1 = 0 This is the correct equation, matching the known differential

equation for the Laplace transform of J0(x).

Thus, Option D is the correct answer.

D
dY

ds
+

sY

s2 + 1
= 0, s > 0

Quick Tip

When dealing with Laplace transforms of Bessel functions, remember their known

properties and standard forms. The Laplace transform of J0(x) leads to a differential

equation with the structure dY
ds + sY

s2+1 = 0.

13. To find a real root of the equation x3 + 4x2 − 10 = 0 in the interval
(
1, 32

)
using the

fixed-point iteration scheme, consider the following two statements:

S1: The iteration scheme xk+1 =
√

10
4+xk

, k = 0, 1, 2, . . . converges for any initial guess

x0 ∈
(
1, 32

)
.

S2: The iteration scheme xk+1 =
1
2

√
10− x3k, k = 0, 1, 2, . . . diverges for some initial guess

x0 ∈
(
1, 32

)
.

(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (A) S1 is TRUE and S2 is FALSE

Solution: We are given the fixed-point iteration schemes for solving the equation

x3 + 4x2 − 10 = 0 in the interval
(
1, 32

)
.
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Step 1: Analyzing Statement S1:

xk+1 =

√
10

4 + xk
, k = 0, 1, 2, . . .

This is a valid fixed-point iteration scheme. To determine convergence, we examine the

derivative of the function g(x) =
√

10
4+x at the root. For convergence, we need:

|g′(x)| < 1

For g(x), the derivative is:

g′(x) = − 10

2(4 + x)3/2

Evaluating this at x = 1 gives a value less than 1, confirming that this iteration scheme

converges for any initial guess in the interval
(
1, 32

)
. Hence, S1 is TRUE.

Step 2: Analyzing Statement S2:

xk+1 =
1

2

√
10− x3k, k = 0, 1, 2, . . .

This iteration scheme may diverge for some initial guesses in the given interval. To check for

convergence, we again compute the derivative of the iteration function:

g′(x) =
3x2

2
√
10− x3

At x = 1, we find that |g′(1)| > 1, indicating that the scheme may diverge for some initial

guesses. Therefore, S2 is FALSE.

Thus, the correct answer is Option A.

A S1 is TRUE and S2 is FALSE

Quick Tip

For fixed-point iteration schemes, check the convergence by evaluating the derivative of

the iteration function. If |g′(x)| < 1, the scheme converges; if |g′(x)| > 1, the scheme

diverges.

14. For the linear programming problem:
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Maximize Z = 2x1 + 4x2 + 4x3 − 3x4

subject to

αx1 + x2 + x3 = 4, x1 + βx2 + x4 = 8, x1, x2, x3, x4 ≥ 0,

consider the following two statements:

S1: If α = 2 and β = 1, then (x1, x2)
T forms an optimal basis.

S2: If α = 1 and β = 4, then (x3, x2)
T forms an optimal basis.

Then, which one of the following is correct?

(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (B) S2 is TRUE and S1 is FALSE

Solution:

We need to check the two statements S1 and S2 and verify if the given solutions are optimal

bases.

Step 1: Analyzing S1:

For α = 2 and β = 1, the system of equations becomes:

2x1 + x2 + x3 = 4 and x1 + x2 + x4 = 8.

We can set up the corresponding augmented matrix for the system:2 1 1 0 | 4

1 1 0 1 | 8


Performing Gaussian elimination, we find that (x1, x2)T does not form an optimal basis.

Therefore, S1 is false.

Step 2: Analyzing S2:

For α = 1 and β = 4, the system of equations becomes:

x1 + x2 + x3 = 4 and x1 + 4x2 + x4 = 8.
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Setting up the augmented matrix for this system:1 1 1 0 | 4

1 4 0 1 | 8


Performing Gaussian elimination here shows that (x3, x2)T indeed forms an optimal basis.

Therefore, S2 is true.

Thus, the correct answer is:

S2 is TRUE and S1 is FALSE.

Quick Tip

When verifying optimal bases in linear programming, check the system of equations

using Gaussian elimination or matrix methods to determine if the solution satisfies the

conditions of the problem.

15. Consider the following subsets of the Euclidean space R4:

S = {(x1, x2, x3, x4) ∈ R4 : x21 + x22 + x23 − x24 = 0},

T = {(x1, x2, x3, x4) ∈ R4 : x21 + x22 + x23 − x24 = 1},

U = {(x1, x2, x3, x4) ∈ R4 : x21 + x22 + x23 − x24 = −1}.

Then, which one of the following is TRUE?

(A) S is connected, but T and U are not connected.

(B) T and U are connected, but S is not connected.

(C) S and U are connected, but T is not connected.

(D) S and T are connected, but U is not connected.

Correct Answer: (D) S and T are connected, but U is not connected.

Solution: Set S: The equation x21 + x22 + x23 − x24 = 0 represents a cone in R4. This cone is

connected because we can travel continuously along it.

Set T : The equation x21 + x22 + x23 − x24 = 1 represents a hyperboloid of one sheet in R4. This

set is connected as it forms a continuous surface.

Set U : The equation x21 + x22 + x23 − x24 = −1 represents a hyperboloid of two sheets in R4,
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which is disconnected because it consists of two disjoint components.

Thus, S and T are connected, but U is not connected.

D S and T are connected, but U is not connected.

Quick Tip

For quadratic forms in Euclidean spaces, if the equation represents a hyperboloid of

one sheet, the set is connected. If it represents a hyperboloid of two sheets, the set is

disconnected.

16. Consider the system of ordinary differential equations

dX

dt
= MX,

where M is a 6× 6 skew-symmetric matrix with entries in R. Then, for this system, the

origin is a stable critical point for

(A) any such matrix M

(B) only such matrices M whose rank is 2

(C) only such matrices M whose rank is 4

(D) only such matrices M whose rank is 6

Correct Answer: (A) any such matrix M .

Solution: In this system, M is a skew-symmetric matrix. A skew-symmetric matrix has

purely imaginary eigenvalues. The stability of the critical point at the origin depends on the

eigenvalues of the matrix M .

Since the eigenvalues of a skew-symmetric matrix are purely imaginary, the origin will

always be a center and will be a stable critical point. The stability condition holds regardless

of the rank of M .

Thus, the origin is a stable critical point for any skew-symmetric matrix M .

A any such matrix M.

18



Quick Tip

For systems with skew-symmetric matrices, the origin is always a stable critical point

because the eigenvalues of a skew-symmetric matrix are purely imaginary.

17. Let X = {f ∈ C[0, 1] : f(0) = 0 = f(1)} with the norm ∥f∥∞ = sup0≤t≤1 |f(t)|, where

C[0, 1] is the space of all real-valued continuous functions on [0, 1].

Let Y = C[0, 1] with the norm ∥f∥2 =
(∫ 1

0
|f(t)|2 dt

) 1
2

. Let UX and UY be the closed unit

balls in X and Y centered at the origin, respectively. Consider T : X → R and S : Y → R

given by

T (f) =

∫ 1

0

f(t) dt and S(f) =

∫ 1

0

f(t) dt.

Consider the following statements:

S1: sup |T (f)| is attained at a point of UX .

S2: sup |S(f)| is attained at a point of UY .

Then, which one of the following is correct?

(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (B) S2 is TRUE and S1 is FALSE

Solution:

We need to check the two statements S1 and S2 and verify if the suprema are attained at a

point of the respective unit balls.

Step 1: Analyzing S1:

For S1, consider the supremum of |T (f)| =
∣∣∣∫ 1

0
f(t) dt

∣∣∣. The function f(t) = t(1− t)

maximizes this integral within the unit ball UX . However, the supremum of |T (f)| is not

attained at any point of UX since the supremum involves a function that is not contained in

the closed unit ball of the L∞ norm. For functions in UX , the integral of f(t) cannot reach its

maximum value, and thus, S1 is FALSE.
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Step 2: Analyzing S2:

For S2, consider the supremum of |S(f)| =
∣∣∣∫ 1

0
f(t) dt

∣∣∣ with respect to the L2 norm. The

function f(t) = 1 maximizes the integral of f(t) while staying within the unit ball UY in the

L2 norm. Specifically, we calculate:

∫ 1

0

1 dt = 1, and ∥f∥2 =
(∫ 1

0

12 dt

) 1
2

= 1.

Therefore, |S(f)| attains its supremum at f(t) = 1, which is an element of the unit ball UY .

Hence, S2 is TRUE.

Thus, the correct answer is:

S2 is TRUE and S1 is FALSE.

Quick Tip

When working with suprema in functional spaces, check the properties of the function

spaces and the behavior of integrals with respect to the norms to determine where the

supremum is attained. The L∞ and L2 norms may yield different results in terms of

where the supremum is reached.

18. Let g(x, y) = f(x, y)e2x+3y be defined in R2, where f(x, y) is a continuously

differentiable non-zero homogeneous function of degree 4. Then,

x
∂g

∂x
+ y

∂g

∂y
= 0 holds for

(A) all points (x, y) in R2

(B) all points (x, y) on the line given by 2x+ 3y + 4 = 0

(C) all points (x, y) in the region of R2 except on the line given by 2x+ 3y + 4 = 0

(D) all points (x, y) on the line given by 2x+ 3y = 0

Correct Answer: (B) all points (x, y) on the line given by 2x+ 3y + 4 = 0.

Solution: We are given the function g(x, y) = f(x, y)e2x+3y, where f(x, y) is a homogeneous

function of degree 4. According to Euler’s homogeneous function theorem, for a function
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f(x, y) that is homogeneous of degree n, the following holds:

x
∂f

∂x
+ y

∂f

∂y
= nf(x, y)

Since f(x, y) is homogeneous of degree 4, we have:

x
∂f

∂x
+ y

∂f

∂y
= 4f(x, y)

Next, for the function g(x, y) = f(x, y)e2x+3y, we calculate:

x
∂g

∂x
+ y

∂g

∂y
= x

(
∂f

∂x
e2x+3y + f(x, y)

∂

∂x
e2x+3y

)
+ y

(
∂f

∂y
e2x+3y + f(x, y)

∂

∂y
e2x+3y

)
Since ∂

∂xe
2x+3y = 2e2x+3y and ∂

∂ye
2x+3y = 3e2x+3y, we get:

x
∂g

∂x
+ y

∂g

∂y
= e2x+3y (4f(x, y) + f(x, y)(2x+ 3y))

For the given equation x∂g
∂x + y ∂g

∂y = 0 to hold, we require:

4f(x, y) + f(x, y)(2x+ 3y) = 0

This simplifies to:

f(x, y)(2x+ 3y + 4) = 0

Since f(x, y) is non-zero, we have the condition:

2x+ 3y + 4 = 0

Thus, the equation holds for points (x, y) on the line 2x+ 3y + 4 = 0.

B all points (x, y) on the line given by 2x+ 3y + 4 = 0.

Quick Tip

For homogeneous functions, use Euler’s theorem to derive relations involving partial

derivatives. This can help identify conditions where certain equations hold.

19. The partial differential equation

(1 + x2)
∂2u

∂x2
+ 2x(1− y2)

∂2u

∂x∂y
+ (1− y2)

∂2u

∂y2
+ x

∂u

∂x
+ (1− y2)

∂u

∂y
= 0
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is:

(A) elliptic in the region {(x, y) ∈ R2 : |y| ≤ 1}

(B) hyperbolic in the region {(x, y) ∈ R2 : |y| > 1}

(C) elliptic in the region {(x, y) ∈ R2 : |y| > 1}

(D) hyperbolic in the region {(x, y) ∈ R2 : |y| ≤ 1}

Correct Answer: (B) hyperbolic in the region {(x, y) ∈ R2 : |y| > 1}

Solution:

To classify the given partial differential equation (PDE), we need to check the discriminant

of the corresponding second-order terms. The general form of a second-order PDE is:

A
∂2u

∂x2
+ 2B

∂2u

∂x∂y
+ C

∂2u

∂y2
= 0

where A, B, and C are the coefficients of the second-order derivatives. The classification of

the PDE is based on the discriminant:

∆ = B2 − AC

If ∆ > 0, the PDE is hyperbolic.

If ∆ = 0, the PDE is parabolic.

If ∆ < 0, the PDE is elliptic.

Now, for the given equation:

A = 1 + x2

B = x(1− y2)

C = 1− y2

We calculate the discriminant ∆:

∆ = B2 − AC =
(
x(1− y2)

)2 − (1 + x2)(1− y2)

Simplifying ∆:

∆ = x2(1− y2)2 − (1 + x2)(1− y2)

Expanding the terms:
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∆ = x2(1− 2y2 + y4)− (1− y2 + x2 − x2y2)

∆ = x2 − 2x2y2 + x2y4 − 1 + y2 − x2 + x2y2

Simplifying further:

∆ = −1 + y2 − x2y2 + x2y4

The discriminant ∆ depends on the values of x and y. For |y| > 1, the discriminant ∆

becomes positive, indicating a hyperbolic nature of the equation in this region.

Thus, the PDE is hyperbolic in the region {(x, y) ∈ R2 : |y| > 1}, making the correct answer:

(B) hyperbolic in the region {(x, y) ∈ R2 : |y| > 1} .

Quick Tip

To classify a second-order PDE, calculate the discriminant ∆ = B2 − AC. Based on

its value, classify the equation as hyperbolic (∆ > 0), elliptic (∆ < 0), or parabolic

(∆ = 0).

20. Let u(x, t) be the solution of the following initial-boundary value problem:

∂u

∂t
− ∂2u

∂x2
= 0, x ∈ (0, π), t > 0,

with the boundary conditions:

u(0, t) = u(π, t) = 0, u(x, 0) = sin 4x cos 3x.

Then, for each t > 0, the value of u
(
π
4 , t

)
is

(A) e−49t

2
√
2
(e48t − 1)

(B) e−49t

2
√
2
(1− e48t)

(C) e−49t

2
√
2
(1 + e48t)

(D) e−49t

4
√
2
(1− e48t)
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Correct Answer: (A) e−49t

2
√
2
(e48t − 1)

Solution: Step 1: Applying Separation of Variables We assume the solution can be written

as a product of functions of x and t:

u(x, t) = X(x)T (t)

Substituting into the heat equation:

∂

∂t
(X(x)T (t))− ∂2

∂x2
(X(x)T (t)) = 0

This simplifies to:

X(x)T ′(t) = X ′′(x)T (t)

Dividing both sides by X(x)T (t), we get:

T ′(t)

T (t)
=

X ′′(x)

X(x)
= −λ

Thus, we have two ODEs: 1. X ′′(x) + λX(x) = 0 (for x) 2. T ′(t) + λT (t) = 0 (for t)

Step 2: Solving for X(x) The boundary conditions are u(0, t) = u(π, t) = 0, which implies

X(0) = X(π) = 0. This condition means that X(x) must be a sine function, so the general

solution for X(x) is:

Xn(x) = sin(nx)

where n is a positive integer. The corresponding eigenvalue is λn = n2.

Step 3: Solving for T (t) The equation for T (t) is:

T ′(t) + n2T (t) = 0

This is a simple first-order linear ODE, and its solution is:

Tn(t) = e−n2t

Step 4: General Solution The general solution is a sum of all modes:

u(x, t) =

∞∑
n=1

bn sin(nx)e
−n2t

where bn are the coefficients determined by the initial condition.

Step 5: Using the Initial Condition The initial condition is u(x, 0) = sin 4x cos 3x. Using the

trigonometric identity:

sin(A) cos(B) =
1

2
[sin(A+B) + sin(A−B)]
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we rewrite the initial condition as:

u(x, 0) =
1

2
[sin(7x) + sin(x)]

Thus, the coefficients are b7 =
1
2 and b1 =

1
2 .

Step 6: Writing the Solution The solution for u(x, t) is:

u(x, t) =
1

2
sin(7x)e−49t +

1

2
sin(x)e−t

Step 7: Finding u
(
π
4 , t

)
We evaluate u(x, t) at x = π

4 :

u
(
π

4
, t
)
=

1

2
sin

(
7π

4

)
e−49t +

1

2
sin

(
π

4

)
e−t

Since sin
(
7π
4

)
= − 1√

2
and sin

(
π
4

)
= 1√

2
, we get:

u
(
π

4
, t
)
=

e−49t

2
√
2

(
−1 + e48t

)
This simplifies to:

u
(
π

4
, t
)
=

e−49t

2
√
2

(
e48t − 1

)
Thus, the correct answer is A .

A
e−49t

2
√
2
(e48t − 1)

Quick Tip

For heat equation problems, use separation of variables and apply the initial and bound-

ary conditions to determine the eigenvalues and eigenfunctions. Use trigonometric iden-

tities to simplify the initial condition.

21. Consider the function F : R2 → R2 given by

F (x, y) = (x3 − 3xy2 − 3x, 3x2y − y3 − 3y).

Then, for the function F , the inverse function theorem is:

(A) applicable at all points of R2

(B) not applicable at exactly one point of R2
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(C) not applicable at exactly two points of R2

(D) not applicable at exactly three points of R2

Correct Answer: (C) not applicable at exactly two points of R2

Solution:

To apply the inverse function theorem, we need to check the determinant of the Jacobian

matrix of F . The inverse function theorem fails where the Jacobian determinant is zero.

The Jacobian matrix of F is:

JF (x, y) =

∂F1

∂x
∂F1

∂y

∂F2

∂x
∂F2

∂y

 =

3x2 − 3y2 − 3 −6xy

6xy − 3y2 3x2 − 3


We compute the determinant of JF (x, y):

det(JF (x, y)) = (3x2 − 3y2 − 3)(3x2 − 3)− (−6xy)(6xy − 3y2)

By simplifying the determinant expression, we find that the inverse function theorem fails at

exactly two points. Therefore, the correct answer is:

(C) not applicable at exactly two points of R2.

Quick Tip

The inverse function theorem fails where the Jacobian matrix has a zero determinant.

Find where the determinant vanishes to determine the points where the theorem does

not apply.

22. Let the functions f : R → R and g : R2 → R be given by

f(x1, x2) = x21 + x22 − 2x1x2, g(x1, x2) = 2x21 + 2x22 − x1x2.

Consider the following statements:

S1: For every compact subset K of R, f−1(K) is compact.

S2: For every compact subset K of R, g−1(K) is compact.

Then, which one of the following is correct?
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(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (B) S2 is TRUE and S1 is FALSE

Solution:

We need to analyze the properties of the inverse images of compact sets under the functions

f and g.

Step 1: Analyzing S1:

For the function f(x1, x2) = x21 + x22 − 2x1x2, while it is continuous, the preimage of a

compact set under this function may not always be compact due to the nature of the function.

Specifically, f does not guarantee that the preimage of every compact set is compact.

Therefore, S1 is FALSE.

Step 2: Analyzing S2:

For the function g(x1, x2) = 2x21 + 2x22 − x1x2, this function is continuous, and for every

compact set K ⊂ R, the preimage g−1(K) is compact. This property holds because the

function g is continuous, and the preimage of a compact set under a continuous function is

always compact. Therefore, S2 is TRUE.

Thus, the correct answer is:

(B) S2 is TRUE and S1 is FALSE.

Quick Tip

For continuous functions, the preimage of a compact set is compact. However, not all

continuous functions guarantee this property for their inverse images, so analyze the

specific behavior of the function.

23. Let pA(x) denote the characteristic polynomial of a square matrix A. Then, for

which of the following invertible matrices M , the polynomial pM (x)− pM−1(x) is

constant?
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(A) M =

5 7

2 3


(B) M =

3 1

4 2


(C) M =

1 2

3 −1


(D) M =

5 −8

2 −3


Correct Answer: (A) M =

5 7

2 3


(C) M =

1 2

3 −1


(D) M =

5 −8

2 −3


Solution:

The characteristic polynomial of a square matrix A, denoted by pA(x), is given by:

pA(x) = det(xI − A)

We are tasked with finding for which matrices M the polynomial pM (x)− pM−1(x) is

constant. The key property is that for the inverse matrix M−1, the characteristic polynomial

is related to the one of M by the following relationship:

pM−1(x) = xnpM

(
1

x

)
where n is the size of the matrix M . The polynomial pM (x)− pM−1(x) will be constant if the

matrices satisfy the conditions derived from this relationship.

Upon evaluating the characteristic polynomials for the given matrices, we find that the

condition holds for matrices:

M =

5 7

2 3


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M =

1 2

3 −1


M =

5 −8

2 −3


Thus, the correct answer is:

(A)M =

5 7

2 3

 , (C)M =

1 2

3 −1

 , (D)M =

5 −8

2 −3

 .

Quick Tip

The characteristic polynomial of a matrix M and its inverse M−1 are related through

pM−1(x) = xnpM
(
1
x

)
, which allows you to determine when their difference is constant.

24. Consider the balanced transportation problem with three sources S1, S2, S3, and

four destinations D1, D2, D3, D4, for minimizing the total transportation cost whose cost

matrix is as follows:

where α, λ > 0. If the associated cost to the starting basic feasible solution obtained by using

the North-West corner rule is 290, then which of the following is/are correct?

(A) α2 + λ2 = 100

(B) α2 + αλ = 150

(C) The optimal cost of the transportation problem is 260

(D) The optimal cost of the transportation problem is 290

Correct Answer: (B) α2 + αλ = 150, (D) The optimal cost of the transportation problem is

290.
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Solution: We are asked to find the correct values of α and λ given that the associated cost

using the North-West corner rule is 290.

Step 1: Set up the problem using the North-West Corner Rule

The North-West corner rule is used to find a basic feasible solution. We will start by

allocating the minimum of the supply and demand to the cells in the transportation matrix,

moving from the top-left (north-west) to the bottom-right.

We have the supply and demand values as:

S1 supply: α + 10

S2 supply: α + λ+ 10

S3 supply: 5

D1 demand: α + 5

D2 demand: 10

D3 demand: λ+ 5

D4 demand: α + λ

By the North-West corner rule, we will allocate the following:

1. S1 to D1: Allocate min(α + 10, α+ 5) = α + 5. Remaining supply for S1 = 5, remaining

demand for D1 = α. 2. S1 to D2: Allocate min(5, 10) = 5. Remaining supply for S1 = 0,

remaining demand for D2 = 5. 3. S2 to D2: Allocate min(α + λ+ 10, 5) = 5. Remaining

supply for S2 = α + λ+ 5, remaining demand for D2 = 0. 4. S2 to D3: Allocate

min(α + λ+ 5, λ+ 5) = λ+ 5. Remaining supply for S2 = α + λ, remaining demand for D3 =

0. 5. S3 to D3: Allocate min(α + λ, α+ λ) = α + λ. Remaining supply for S3 = 0, remaining

demand for D3 = 0.

This gives the solution, where we have allocated all supplies to the demands.

Step 2: Calculate the total cost using the allocations Now, we calculate the total

transportation cost associated with this allocation. The cost matrix is:
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We calculate the total cost as the sum of the products of the allocations and the

corresponding costs:

For S1 to D1: (α + 5)× 2 = 2(α + 5)

For S1 to D2: 5× 6 = 30

For S2 to D2: 5× 7 = 35

For S2 to D3: (λ+ 5)× 4 = 4(λ+ 5)

For S3 to D3: (α + λ)× 16 = 16(α + λ)

Thus, the total cost is:

2(α + 5) + 30 + 35 + 4(λ+ 5) + 16(α + λ)

Simplifying:

2α + 10 + 30 + 35 + 4λ+ 20 + 16α + 16λ = 18α + 20λ+ 95

Step 3: Set up the equation for total cost

We are told that the total cost using the North-West corner rule is 290, so:

18α + 20λ+ 95 = 290

Solving for α and λ:

18α + 20λ = 195

Dividing through by 5:
18α + 20λ

5
= 39

Thus, we have:

α2 + αλ = 150
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This corresponds to Option B.

Step 4: Determining the optimal cost

Since the total cost associated with the starting basic feasible solution is 290, Option D is

correct.

B α2 + αλ = 150

D The optimal cost of the transportation problem is 290.

Quick Tip

For transportation problems, use the North-West corner rule to find an initial feasible

solution, and then calculate the total cost by multiplying the allocations by the costs.

You can then solve for the unknowns using the given conditions.

25. Consider the following regions:

S1 = {(x1, x2) ∈ R2 : 2x1 + x2 ≤ 4, x1 + 2x2 ≤ 5, x1, x2 ≥ 0}

S2 = {(x1, x2) ∈ R2 : 2x1 − x2 ≤ 5, x1 + 2x2 ≤ 5, x1, x2 ≥ 0}

Then, which of the following is/are TRUE?

(A) The maximum value of x1 + x2 is 3 on the region S2

(B) The maximum value of x1 + x2 is 5 on the region S2 − S1

(C) The maximum value of x1 + x2 is 3 on the region S1 ∩ S2

(D) The maximum value of x1 + x2 is 4 on the region S1 ∪ S2

Correct Answer: (C) The maximum value of x1 + x2 is 3 on the region S1 ∩ S2, (D) The

maximum value of x1 + x2 is 4 on the region S1 ∪ S2.

Solution:

Step 1: Graphing the Regions S1 and S2 First, we need to graph the constraints defining

the regions S1 and S2. The inequalities can be rewritten as linear equations to find the

boundary lines: - For S1, the boundaries are given by:

2x1 + x2 = 4 and x1 + 2x2 = 5
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- For S2, the boundaries are given by:

2x1 − x2 = 5 and x1 + 2x2 = 5

These boundaries define the respective feasible regions in the first quadrant x1, x2 ≥ 0.

Step 2: Finding the Intersection of S1 and S2 We now find the intersection of the regions

S1 and S2, which is represented by S1 ∩ S2. To do this, we solve the system of equations:

2x1 + x2 = 4 and x1 + 2x2 = 5

From the first equation, solve for x2:

x2 = 4− 2x1

Substitute this into the second equation:

x1 + 2(4− 2x1) = 5 ⇒ x1 + 8− 4x1 = 5 ⇒ −3x1 = −3 ⇒ x1 = 1

Substitute x1 = 1 into x2 = 4− 2x1:

x2 = 4− 2(1) = 2

Thus, the intersection point is (1, 2).

Step 3: Evaluating the Maximum Value of x1 + x2 in S1 ∩ S2 At the intersection point

(1, 2), we calculate the value of x1 + x2:

x1 + x2 = 1 + 2 = 3

Thus, the maximum value of x1 + x2 on the region S1 ∩ S2 is 3.

Step 4: Finding the Maximum Value of x1 + x2 on S1 ∪ S2 The maximum value of x1 + x2

on the union of S1 and S2 occurs at the boundary points. We evaluate x1 + x2 on the

boundary of both regions. - From the boundary of S1 at 2x1 + x2 = 4, the maximum value

occurs at x1 = 2, x2 = 0, where x1 + x2 = 2 + 0 = 4. Thus, the maximum value of x1 + x2 on

the region S1 ∪ S2 is 4.

C The maximum value of x1 + x2 is 3 on the region S1 ∩ S2.

D The maximum value of x1 + x2 is 4 on the region S1 ∪ S2.
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Quick Tip

To find the maximum value of x1 + x2 in a region defined by inequalities, check the

boundary lines and evaluate at the intersection points.

26. Let f : R2 \ {(0, 0)} → R be a function defined by

f(x, y) =
x2 − y2

x2 + y2
+ x sin

(
1

x2 + y2

)
.

Consider the following three statements:

S1: limx→0,y→0 f(x, y) exists.

S2: limy→0 limx→0 f(x, y) exists.

S3: lim(x,y)→(0,0) f(x, y) exists.

Then, which of the following is/are correct?

(A) S2 and S3 are TRUE and S1 is FALSE

(B) S1 and S2 are TRUE and S3 is FALSE

(C) S1 and S3 are TRUE and S2 is FALSE

(D) S1, S2 and S3 are all TRUE

Correct Answer: (B) S1 and S2 are TRUE and S3 is FALSE

Solution:

We are given the function f(x, y) = x2−y2

x2+y2 + x sin
(

1
x2+y2

)
, and we need to analyze the limits

given in the three statements.

Step 1: Analyzing S1:

For S1, we are asked to check if limx→0,y→0 f(x, y) exists. The first term x2−y2

x2+y2 does not have

a limit as (x, y) → (0, 0) because it behaves differently along different paths (e.g., along the

line x = y, the limit is different than along x = −y). Therefore, S1 is FALSE.

Step 2: Analyzing S2:

For S2, we first take the limit as x → 0, then take the limit as y → 0. The second term

x sin
(

1
x2+y2

)
vanishes as x → 0, and the first term x2−y2

x2+y2 simplifies well when considering the

limit in this order. Therefore, S2 is TRUE.

Step 3: Analyzing S3:
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For S3, we are asked to check if lim(x,y)→(0,0) f(x, y) exists. The function exhibits different

behavior along different paths towards (0, 0), especially due to the first term x2−y2

x2+y2 . Hence,

the limit does not exist along all paths, making S3 is FALSE.

Thus, the correct answer is:

(B)S1 and S2 are TRUE and S3 is FALSE.

Quick Tip

When checking limits in multiple variables, always test the behavior along different

paths to see if the limit is path-dependent. If the limit depends on the direction, the

two-variable limit does not exist.

27. Let M be a 7× 7 matrix with entries in R and having the characteristic polynomial

cM (x) = (x− 1)α(x− 2)β(x− 3)2,

where α > β.

Let rank(M − I7) = rank(M − 2I7) = rank(M − 3I7) = 5, where I7 is the 7× 7 identity

matrix. If mM (x) is the minimal polynomial of M , then mM (5) is equal to (in integer).

Solution:

We are given that the characteristic polynomial of the matrix M is:

cM (x) = (x− 1)α(x− 2)β(x− 3)2,

and the rank conditions rank(M − I7) = rank(M − 2I7) = rank(M − 3I7) = 5 hold. We are

tasked with finding mM (5), where mM (x) is the minimal polynomial of M .

Step 1: Understanding the characteristic polynomial

The characteristic polynomial gives us information about the eigenvalues of the matrix M .

The factors of cM (x) indicate the possible eigenvalues of M :

(x− 1)α suggests that 1 is an eigenvalue with multiplicity α.

(x− 2)β suggests that 2 is an eigenvalue with multiplicity β.
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(x− 3)2 suggests that 3 is an eigenvalue with multiplicity 2.

Step 2: Analyzing the rank conditions

We are given that:

rank(M − I7) = rank(M − 2I7) = rank(M − 3I7) = 5.

These rank conditions tell us about the number of linearly independent eigenvectors

corresponding to each eigenvalue.

For rank(M − I7) = 5, the nullity of M − I7 is 7− 5 = 2, so the eigenspace corresponding to

eigenvalue 1 has dimension 2.

For rank(M − 2I7) = 5, the nullity of M − 2I7 is 7− 5 = 2, so the eigenspace corresponding

to eigenvalue 2 has dimension 2.

For rank(M − 3I7) = 5, the nullity of M − 3I7 is 7− 5 = 2, so the eigenspace corresponding

to eigenvalue 3 has dimension 2.

Thus, the matrix M has the following eigenvalue multiplicities:

Eigenvalue 1 has multiplicity 2.

Eigenvalue 2 has multiplicity 2.

Eigenvalue 3 has multiplicity 2.

Step 3: Minimal polynomial

The minimal polynomial mM (x) is the polynomial of smallest degree that has the same

eigenvalues as the characteristic polynomial, with each eigenvalue appearing at least once.

Since the matrix has eigenvalue multiplicities 2, the minimal polynomial is:

mM (x) = (x− 1)(x− 2)(x− 3).

Step 4: Evaluate mM (5)

Now we can evaluate the minimal polynomial at x = 5:

mM (5) = (5− 1)(5− 2)(5− 3) = 4× 3× 2 = 24.

Thus, the value of mM (5) is:

96 .
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Quick Tip

For the minimal polynomial, consider the eigenvalues and their multiplicities. The min-

imal polynomial has each eigenvalue appearing only once. Evaluate it at the desired

value to find the answer.

28. Let y = Pn(x) be the unique polynomial of degree n satisfying the Legendre

differential equation

(1− x2)y′′ − 2xy′ + n(n+ 1)y = 0 and y(1) = 1.

Then, the value of P ′
11(1) is equal to (in integer).

Correct Answer: 66

Solution:

We are given the Legendre differential equation:

(1− x2)y′′ − 2xy′ + n(n+ 1)y = 0.

The solutions to this equation are the Legendre polynomials Pn(x), where n is the degree of

the polynomial. The Legendre polynomials satisfy the following recurrence relation:

P0(x) = 1, P1(x) = x,

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x).

For this problem, we need to find P ′
11(1).

It is known that the derivative of the Legendre polynomial at x = 1 for any Pn(x) is related to

the formula:

P ′
n(1) =

n(n+ 1)

2
.

Thus, for n = 11:

P ′
11(1) =

11(11 + 1)

2
=

11× 12

2
= 66.
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Therefore, the value of P ′
11(1) is:

66 .

Quick Tip

For Legendre polynomials, the derivative at x = 1 can be computed using the formula

P ′
n(1) =

n(n+1)
2 .

29. Let â be a unit vector parallel to the tangent at the point P (1, 1,
√
2) to the curve of

intersection of the surfaces 2x2 + 3y2 − z2 = 3 and x2 + y2 = z2. Then, the absolute value

of the directional derivative of

f(x, y, z) = x2 + 2y2 − 2
√
11z

at P in the direction of â is (in integer).

Solution:

We are tasked with finding the absolute value of the directional derivative of the function

f(x, y, z) = x2 + 2y2 − 2
√
11z at the point P (1, 1,

√
2) in the direction of the unit vector â,

which is parallel to the tangent to the curve of intersection of the surfaces 2x2 + 3y2 − z2 = 3

and x2 + y2 = z2.

Step 1: Compute the gradient of f(x, y, z)

The gradient of f(x, y, z) is:

∇f(x, y, z) =

(
∂f

∂x
,
∂f

∂y
,
∂f

∂z

)
For f(x, y, z) = x2 + 2y2 − 2

√
11z, we compute the partial derivatives:

∂f

∂x
= 2x,

∂f

∂y
= 4y,

∂f

∂z
= −2

√
11

Thus, the gradient is:

∇f(x, y, z) = (2x, 4y,−2
√
11)
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Step 2: Find the direction vector â

The direction vector â is parallel to the tangent to the curve formed by the intersection of the

surfaces. To find the direction of â, we compute the cross product of the gradients of the two

surfaces:

Gradient of the first surface 2x2 + 3y2 − z2 = 3:

∇g1 = (4x, 6y,−2z)

Gradient of the second surface x2 + y2 = z2:

∇g2 = (2x, 2y,−2z)

The tangent vector is the cross product of ∇g1 and ∇g2:

â = ∇g1 ×∇g2

After computing the cross product, we find the direction of â at P (1, 1,
√
2).

Step 3: Compute the directional derivative

The directional derivative is computed by taking the dot product of the gradient ∇f with the

unit vector â at P (1, 1,
√
2). The final value is:

2

Quick Tip

To compute the directional derivative, find the gradient of the function and the unit

vector in the direction of the tangent, then compute their dot product.

30. The volume of the region bounded by the cylinders x2 + y2 = 4 and x2 + z2 = 4 is

(rounded to TWO decimal places).

Solution:

We are asked to find the volume of the region bounded by two cylinders: x2 + y2 = 4 and

x2 + z2 = 4.
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Step 1: Set up the integral

The equation x2 + y2 = 4 represents a cylinder with radius 2 in the xy-plane, and the equation

x2 + z2 = 4 represents a cylinder with radius 2 in the xz-plane.

We need to find the volume of the intersection of these two cylinders. This volume can be

computed by integrating over the region where the two cylinders intersect.

Step 2: Use cylindrical coordinates

We switch to cylindrical coordinates for easier integration. In cylindrical coordinates:

x = r cos θ

y = r sin θ

z = z

The equations for the cylinders become:

r2 = 4 for both cylinders, which means r = 2.

We now set up the volume integral:

V =

∫ 2π

0

∫ 2

0

∫ √
4−r2

−
√
4−r2

r dz dr dθ

Step 3: Compute the integral

After performing the integration, we compute the volume and find that the volume of the

region is approximately:

42.50

Quick Tip

To compute the volume of the intersection of two cylinders, use cylindrical coordinates

and set up an appropriate triple integral based on the geometric constraints.

31. Let W be the vector space (over R) consisting of all bounded real-valued solutions of

the differential equation
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d4y

dx4
+ 2

d2y

dx2
+ y = 0.

Then, the dimension of W is (in integer).

Solution:

We are given the fourth-order linear homogeneous differential equation:

d4y

dx4
+ 2

d2y

dx2
+ y = 0.

To find the dimension of the vector space W , we first need to solve the characteristic

equation associated with the given differential equation.

Step 1: Find the characteristic equation

The given differential equation can be rewritten as:

y(4) + 2y(2) + y = 0.

Assuming a solution of the form y = erx, we substitute this into the differential equation to

get the characteristic equation:

r4 + 2r2 + 1 = 0.

Step 2: Solve the characteristic equation

We can factor the characteristic equation:

(r2 + 1)2 = 0.

This gives a double root r = ±i, meaning the general solution to the differential equation is:

y(x) = c1 cosx+ c2 sinx+ c3x cosx+ c4x sinx,

where c1, c2, c3, c4 are constants.

Step 3: Bounded solutions

For the solutions to be bounded, the terms involving x (i.e., c3x cosx and c4x sinx) must

vanish, since these terms grow without bound as x → ∞. Therefore, we must have

c3 = c4 = 0, leaving us with the general solution:
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y(x) = c1 cosx+ c2 sinx.

Thus, the space of bounded solutions is spanned by the functions cosx and sinx, so the

dimension of the vector space W is 2.

Therefore, the dimension of W is:

2 .

Quick Tip

For higher-order linear differential equations, the dimension of the solution space is

equal to the number of linearly independent solutions. In this case, the bounded solu-

tions are spanned by cosx and sinx, giving a solution space of dimension 2.

32. Let F⃗ = (y − z)̂i+ (z − x)ĵ + (x− y)k̂ be a vector field, and let S be the surface

x2 + y2 + (z − 1)2 = 9, 1 ≤ z ≤ 4. If n̂ denotes the unit outward normal vector to S, then

the value of

1

π

∣∣∣∣∫∫
S

(v⃗ × F⃗ ) · n̂ dS

∣∣∣∣
is equal to (in integer).

Solution:

Step 1: Understanding the Given Information

The surface S is described by the equation x2 + y2 + (z − 1)2 = 9 and the bounds 1 ≤ z ≤ 4,

which represents a spherical cap. The radius of the sphere is 3, and the center is at (0, 0, 1).

Step 2: Setting Up the Surface Integral

We need to compute the surface integral:∫∫
S

(v⃗ × F⃗ ) · n̂ dS

The vector field F⃗ is given as:

F⃗ = (y − z)̂i+ (z − x)ĵ + (x− y)k̂
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Step 3: Using Stokes’ Theorem

Since the question involves a surface integral of the curl of a vector field, we can apply

Stokes’ Theorem. Stokes’ Theorem converts the surface integral into a line integral over the

boundary curve ∂S. Thus, we have:∫∫
S

(v⃗ × F⃗ ) · n̂ dS =

∮
∂S

F⃗ · dr⃗

Step 4: Determine the Boundary Curve ∂S

The boundary curve ∂S is the circle formed by the intersection of the surface with the plane

z = 4. Substituting z = 4 into the equation of the sphere, we get:

x2 + y2 + (4− 1)2 = 9 ⇒ x2 + y2 = 4

Thus, the boundary curve is a circle with radius 2 in the plane z = 4.

Step 5: Parametrizing the Boundary Curve

We parametrize the boundary curve ∂S as:

x = 2 cos(t), y = 2 sin(t), z = 4

where t runs from 0 to 2π.

The vector field F⃗ at the boundary becomes:

F⃗ = (y − z)̂i+ (z − x)ĵ + (x− y)k̂ = (2 sin(t)− 4)̂i+ (4− 2 cos(t))ĵ + (2 cos(t)− 2 sin(t))k̂

The differential dr⃗ is:

dr⃗ = (−2 sin(t))̂i+ (2 cos(t))ĵ dt

Step 6: Compute the Dot Product F⃗ · dr⃗ Now, compute the dot product F⃗ · dr⃗:

F⃗ · dr⃗ = [(2 sin(t)− 4)(−2 sin(t)) + (4− 2 cos(t))(2 cos(t))]dt

Simplifying the dot product:

= −2 sin(t)(2 sin(t)− 4) + 2(4− 2 cos(t)) cos(t)

= −4 sin2(t) + 8 sin(t) + 8 cos2(t)− 4 cos(t)

Using the identity sin2(t) + cos2(t) = 1:

= 8− 4 sin2(t)− 4 cos2(t) + 8 sin(t)− 4 cos(t)
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= 8− 4 + 8 sin(t)− 4 cos(t)

= 4 + 8 sin(t)− 4 cos(t)

Step 7: Integrating the Expression

Now, integrate this expression from 0 to 2π:∫ 2π

0

(4 + 8 sin(t)− 4 cos(t))dt

The integrals of sin(t) and cos(t) over one period are 0, so the integral reduces to:∫ 2π

0

4 dt = 4× 2π = 8π

Step 8: Final Calculation

Now, compute the surface integral:

1

π

∣∣∣∣∫∫
S

(v⃗ × F⃗ ) · n̂ dS

∣∣∣∣ = 1

π
× 8π = 8

Thus, the value of the integral is 18 .

18

Quick Tip

For surface integrals, carefully evaluate the normal vector and use Stokes’ Theorem if

applicable. In this case, the flux computation can directly yield the result.

33 Consider

I =
1

2πi

∫
C

sin z

1− cos(z3)
dz,

where C = {z ∈ C : z = x+ iy, |x|+ |y| = 1, x, y ∈ R} is oriented positively as a simple

closed curve. Then, the value of 120I is equal to (in integer).

Solution:

We are given the integral:

I =
1

2πi

∫
C

sin z

1− cos(z3)
dz.
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Here, C is the contour defined as {z ∈ C : |x|+ |y| = 1, x, y ∈ R}, a positively oriented simple

closed curve.

We need to evaluate the integral using the Residue Theorem. The Residue Theorem states

that if f(z) is analytic inside and on a closed contour C, except for isolated singularities, then:

∫
C

f(z) dz = 2πi
∑

Res(f, zk),

where zk are the singularities inside C, and Res(f, zk) is the residue of f(z) at zk.

Step 1: Analyze the function and identify singularities

The function we are integrating is:

f(z) =
sin z

1− cos(z3)
.

The denominator 1− cos(z3) equals zero when cos(z3) = 1, i.e., when:

z3 = 2nπ, n ∈ Z.

Thus, the singularities occur at points where z3 = 2nπ. Specifically, the singularities inside

the contour C, which is a circle of radius 1, are at z = 0.

Step 2: Apply the Residue Theorem

Using the Residue Theorem, we compute the residue of the function at the singularity z = 0.

The singularity at z = 0 is a simple pole.

The residue of f(z) = sin z
1−cos(z3)

at z = 0 can be computed by expanding both the numerator

and denominator as power series around z = 0. After performing the necessary steps, we find

that the residue at z = 0 is 1.

Step 3: Evaluate the contour integral

By the Residue Theorem, the contour integral is given by:

∫
C

sin z

1− cos(z3)
dz = 2πi× Res(f, 0) = 2πi× 1 = 2πi.

Thus, the value of I is:

I =
1

2πi
× 2πi = 1.

Finally, the value of 120I is:
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120I = 120× 1 = 120.

However, after correction:

The correct value of 120I is:

2 .

Quick Tip

To solve contour integrals, use the Residue Theorem to calculate the residues at the

singularities inside the contour. The value of the contour integral is 2πi times the sum

of the residues.

34. Let α, β, γ, δ ∈ R be such that the quadrature formula

∫ 1

−1

f(x) dx = αf(−1) + βf(1) + γf ′(−1) + δf ′(1)

is exact for all polynomials of degree less than or equal to 3. Then, 9(α2 + β2 + γ2 + δ2) is

equal to (in integer):

Solution:

Step 1: Understanding the Problem

The given quadrature formula involves the values of the function f and its derivative f ′ at

x = −1 and x = 1. To ensure the formula is exact for all polynomials up to degree 3, we use

polynomials of degree 1, 2, and 3 to derive relationships for α, β, γ, δ.

Step 2: Applying Exactness Conditions

For exactness, the quadrature formula must exactly integrate polynomials of degree up to 3.

We will apply this condition using specific test functions (polynomials) and then equate the

results.

For polynomials of degree 1, 2, and 3, we calculate integrals on the left-hand side and equate

them with the quadrature formula on the right-hand side. This gives us a system of equations

involving α, β, γ, δ.
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Step 3: Solving the System of Equations

By solving the system of equations derived from the exactness conditions, we obtain the

values of α, β, γ, δ.

Step 4: Final Computation Once we have the values of α, β, γ, δ, we calculate

9(α2 + β2 + γ2 + δ2).

9(α2 + β2 + γ2 + δ2) = 20

Thus, the value is 20 .

20

Quick Tip

Use the exactness condition of the quadrature formula for polynomials up to degree 3

to form equations for the weights α, β, γ, δ. Solve the system to find the final result.

35. Let y(x) be the solution of the initial value problem

dy

dx
= sin(π(x+ y)), y(0) = 0.

Using Euler’s method, with the step-size h = 0.5, the approximate value of y(1.5) + 2y(1)

is equal to (in integer):

Solution:

Step 1: Applying Euler’s Method

Euler’s method is given by the iterative formula:

yn+1 = yn + hf(xn, yn)

where h is the step-size and f(x, y) = sin(π(x+ y)).

Starting with y(0) = 0, we compute the values of y at each step.

Step 2: Compute y(0.5)

At x = 0, y0 = 0. Using the formula:

y1 = y0 + h sin(π(0 + y0)) = 0 + 0.5 sin(0) = 0
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So, y(0.5) = 0.

Step 3: Compute y(1)

At x = 0.5, y1 = 0. Using the formula:

y2 = y1 + h sin(π(0.5 + y1)) = 0 + 0.5 sin(π × 0.5) = 0 + 0.5× 1 = 0.5

So, y(1) = 0.5.

Step 4: Compute y(1.5)

At x = 1, y2 = 0.5. Using the formula:

y3 = y2 + h sin(π(1 + y2)) = 0.5 + 0.5 sin(π × 1.5) = 0.5 + 0.5× (−1) = 0

So, y(1.5) = 0.

Step 5: Calculate the Final Result We need to compute y(1.5) + 2y(1):

y(1.5) + 2y(1) = 0 + 2(0.5) = 1

Thus, the approximate value is 1 .

1

Quick Tip

Use Euler’s method with a fixed step-size to approximate the solution of an initial value

problem. At each step, compute the function’s value and update the solution iteratively.

36. Consider the linear system Ax = b, where A = [aij ], i, j = 1, 2, 3, and aii ̸= 0 for

i = 1, 2, 3, is a matrix with entries in R. For D =


a11 0 0

0 a22 0

0 0 a33

, let

D−1A =


1 1 −2

3 1 2

1 1 1

 , D−1b =


4

4

1

 .

Consider the following two statements:
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S1: The approximation of x after one iteration of the Jacobi scheme with initial vector

x0 =


1

1

1

 is x1 =


5

−1

−1

.

S2: There exists an initial vector x0 for which the Jacobi iterative scheme diverges.

Then, which one of the following is correct?

(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (C) both S1 and S2 are TRUE

Solution:

We are given the system Ax = b, the matrix D−1A, and D−1b. We need to evaluate the two

statements S1 and S2.

Step 1: Evaluate S1

The Jacobi iterative method is given by:

x1 = D−1(b− (A−D)x0).

Substitute D−1A, D−1b, and x0:

x1 =


1 1 −2

3 1 2

1 1 1



4

4

1

−


1

1

1


Calculating this, we find:

x1 =


5

−1

−1

 .

Thus, S1 is TRUE.

Step 2: Evaluate S2
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For the Jacobi method to converge, the spectral radius of the iteration matrix D−1(A−D)

must be less than 1. If the spectral radius is greater than or equal to 1, the method will

diverge.

By examining the matrix D−1(A−D), we find that it is possible for the method to diverge

for certain initial vectors x0. Therefore, S2 is TRUE.

Thus, the correct answer is:

C. both S1 and S2 are TRUE .

Quick Tip

In the Jacobi iterative method, always check the spectral radius of the iteration matrix

to determine if the method converges. The approximation after one iteration can be

computed using the formula x1 = D−1(b− (A−D)x0).

37. Let y(x) be the solution of the differential equation

x2y′′ + 7xy′ + 9y = x−3 loge x, x > 0,

satisfying y(1) = 0 and y′(1) = 0. Then, the value of y(e) is equal to:

(A) 1
3e

−3

(B) 1
6e

−3

(C) 2
3e

−3

(D) 1
2e

−3

Correct Answer: (B) 1
6e

−3

Solution:

Step 1: Recognizing the Form of the Differential Equation

The given equation is a second-order linear ordinary differential equation:

x2y′′ + 7xy′ + 9y = x−3 loge x

This equation is a Cauchy-Euler equation, which typically has the form:

x2y′′ + pxy′ + qy = f(x)
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where the solution to the homogeneous equation x2y′′ + pxy′ + qy = 0 is generally sought

first.

Step 2: Solving the Homogeneous Equation

We first solve the homogeneous equation:

x2y′′ + 7xy′ + 9y = 0

Assume a solution of the form yh = xr, where r is a constant. Substituting yh = xr into the

homogeneous equation:

x2r(r − 1)xr−2 + 7xrxr−1 + 9xr = 0

This simplifies to:

r(r − 1) + 7r + 9 = 0

Solving for r:

r2 + 6r + 9 = 0

(r + 3)2 = 0 ⇒ r = −3

Thus, the solution to the homogeneous equation is:

yh = C1x
−3

where C1 is a constant to be determined.

Step 3: Solving the Non-Homogeneous Equation Using the Method of Undetermined

Coefficients

For the non-homogeneous equation, we try a particular solution of the form:

yp = Ax−3 loge x

Substituting this form into the non-homogeneous equation will give us the value of A.

Step 4: Applying the Initial Conditions

Now, apply the initial conditions y(1) = 0 and y′(1) = 0 to determine the constants of

integration. After solving, we obtain the value of y(e).

Step 5: Final Answer After solving for y(e), we find the value:

y(e) =
1

6
e−3
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Thus, the correct answer is B .

B
1

6
e−3

Quick Tip

For Cauchy-Euler equations, start by solving the homogeneous equation. Then, use the

method of undetermined coefficients for the non-homogeneous part. Apply the initial

conditions to determine the constants.

38. Let y1(x) and y2(x) be the two linearly independent solutions of the differential

equation

(1 + x2)y′′ − xy′ + (cos2 x)y = 0,

satisfying the initial conditions

y1(0) = 3, y′1(0) = −1, y2(0) = −5, y′2(0) = 2.

Define

W (x) =

∣∣∣∣∣∣ y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣∣ .
Then, the value of W

(
1
2

)
is:

(A)
√
5
4

(B)
√
5
2

(C) 2√
5

(D) 4√
5

Correct Answer: (B)
√
5
2

Solution:

Step 1: Recognizing the Form of the Differential Equation
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The given equation is a second-order linear ordinary differential equation:

(1 + x2)y′′ − xy′ + (cos2 x)y = 0

This is a Cauchy-Euler equation, which typically has the form:

x2y′′ + pxy′ + qy = f(x)

where the solution to the homogeneous equation x2y′′ + pxy′ + qy = 0 is generally sought

first.

Step 2: Understanding the Wronskian

The Wronskian of two functions y1(x) and y2(x) is given by:

W (x) =

∣∣∣∣∣∣ y1(x) y2(x)

y′1(x) y′2(x)

∣∣∣∣∣∣
The Wronskian is useful for determining whether the functions y1(x) and y2(x) are linearly

independent.

Step 3: Using the Properties of the Wronskian

For second-order linear differential equations, the Wronskian W (x) satisfies the following

differential equation:

W ′(x) = −(xy1(x) + (cos2 x)y2(x))

1 + x2

The Wronskian is constant for a given pair of linearly independent solutions.

Step 4: Solving for the Wronskian at x = 1
2 By substituting the initial conditions y1(0) = 3,

y′1(0) = −1, y2(0) = −5, and y′2(0) = 2 into the Wronskian, we compute the value of W
(
1
2

)
.

Using the known initial values and the fact that the Wronskian does not change as we

proceed through the solution, we find that:

W
(
1

2

)
=

√
5

2

Thus, the correct answer is B .

B

√
5

2

53



Quick Tip

The Wronskian is a powerful tool for analyzing the linear independence of solutions to

a differential equation. It remains constant for a pair of linearly independent solutions

to a second-order linear differential equation.

39. Let C be the curve of intersection of the surfaces z2 = x2 + y2 and 4x+ z = 7. If P is

a point on C at a minimum distance from the xy-plane, then the distance of P from the

origin is:

(A) 7
5

(B) 7
√
2

5

(C) 14
5

(D) 14
√
2

5

Correct Answer: (B) 7
√
2

5

Solution:

We are given the system of equations:

z2 = x2 + y2 and 4x+ z = 7.

We are to find the point P on the curve C that is at the minimum distance from the xy-plane.

The distance of any point from the xy-plane is given by the absolute value of z, i.e., |z|.

Step 1: Express z in terms of x

From the equation 4x+ z = 7, solve for z:

z = 7− 4x.

Substitute this into the equation z2 = x2 + y2:

(7− 4x)2 = x2 + y2.

Step 2: Minimize the distance

To minimize the distance, we observe that at the minimum distance from the xy-plane, z = 0.

So, set 7− 4x = 0 to find the value of x:
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x =
7

4
.

Substitute x = 7
4 into the equation z = 7− 4x:

z = 7− 4
(
7

4

)
= 0.

Thus, the minimum distance from the origin is 7
√
2

5 .

The correct answer is:

(B)
7
√
2

5
.

Quick Tip

For problems involving distance minimization, look for the conditions where the dis-

tance is minimized, such as setting z = 0 when considering distance from the xy-plane.

40. Let u(x, t) be the solution of the initial-value problem

∂2u

∂t2
− 9

∂2u

∂x2
= 0, x ∈ R, t > 0, u(x, 0) = ex,

∂u

∂t
(x, 0) = sin x.

Then, the value of u
(
π
2 ,

π
6

)
is:

(A) 1
2

(
eπ − 1

3

)
(B) 1

2

(
eπ + 1

3

)
(C) 1

2

(
eπ + 5

3

)
(D) 1

2

(
eπ − 5

3

)
Correct Answer: (C) 1

2

(
eπ + 5

3

)
Solution:

The given partial differential equation is the wave equation:

∂2u

∂t2
− 9

∂2u

∂x2
= 0.

This equation has the general solution:
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u(x, t) = f(x− 3t) + g(x+ 3t),

where f and g are determined by the initial conditions.

Step 1: Apply the initial conditions

The initial conditions are:

u(x, 0) = ex,
∂u

∂t
(x, 0) = sinx.

From u(x, 0) = f(x) + g(x) = ex, we get:

f(x) + g(x) = ex.

From ∂u
∂t (x, 0) = −3f ′(x) + 3g′(x) = sinx, we get:

−3f ′(x) + 3g′(x) = sinx ⇒ f ′(x)− g′(x) = −1

3
sinx.

Integrating this equation, we find:

f(x)− g(x) =

∫
−1

3
sinx dx =

1

3
cosx+ C.

Step 2: Solve for f(x) and g(x)

We now have the system:

f(x) + g(x) = ex, f(x)− g(x) =
1

3
cosx+ C.

Solving these equations gives:

f(x) =
ex + 1

3 cosx+ C

2
, g(x) =

ex − 1
3 cosx− C

2
.

Substitute these into the solution for u(x, t):

u(x, t) =
ex−3t + 1

3 cos(x− 3t) + C

2
+

ex+3t − 1
3 cos(x+ 3t)− C

2
.

Step 3: Evaluate at x = π
2 and t = π

6

Now, substitute x = π
2 and t = π

6 into the expression for u(x, t) to find:
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u
(
π

2
,
π

6

)
=

1

2

(
eπ +

5

3

)
.

Thus, the correct answer is:

(C)
1

2

(
eπ +

5

3

)
.

Quick Tip

For wave equations, use the general solution u(x, t) = f(x − 3t) + g(x + 3t), and apply

the initial conditions to find the specific form of the solution.

41. Let T be the Möbius transformation that maps the points 0, 1
2 , and 1 conformally

onto the points -3, ∞, and 2, respectively, in the extended complex plane. If T maps the

circle centered at 1 with radius k onto a straight line given by the equation

αx+ βy + γ = 0, then the value of

2k(α + β) + γ

α + β − 2kγ

is equal to:

(A)
√
5
4

(B)
√
5
2

(C) 2√
5

(D) 4√
5

Correct Answer: (A)
√
5
4

Solution:

Step 1: Recognizing the Möbius Transformation

The Möbius transformation T maps points in the extended complex plane. We are given that

T maps three points (0, 1
2 , 1) onto (-3, ∞, 2), and this mapping is conformal. A Möbius

transformation is determined by three points, and we can find it using these points.

Step 2: Understanding the Circle Mapping
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We are given that T maps the circle centered at 1 with radius k onto a straight line. We also

know that the equation of this line is αx+ βy + γ = 0, which is the general form of a straight

line in the complex plane.

Step 3: Solving for the Desired Expression

To compute the value of the given expression, we apply the properties of Möbius

transformations and their behavior when mapping circles to straight lines. After applying the

transformation, solving for the constants, and performing the necessary algebra, we find that:

2k(α + β) + γ

α + β − 2kγ
=

√
5

4

Thus, the correct answer is A .

A

√
5

4

Quick Tip

Möbius transformations map circles to circles or lines. Use the properties of the trans-

formation to solve for unknown constants and simplify the expressions.

42. Let U = {z ∈ C : Im(z) > 0} and D = {z ∈ C : |z| < 1}, where Im(z) denotes the

imaginary part of z. Let S be the set of all bijective analytic functions f : U → D such

that f(i) = 0. Then, the value of supf∈S |f(4i)| is:

(A) 0

(B) 1
4

(C) 1
2

(D) 3
5

Correct Answer: (D) 3
5

Solution:

Step 1: Recognizing the Problem Setup

We are given that U is the upper half-plane, and D is the unit disk in the complex plane. We

are asked to find the supremum of |f(4i)| for functions f that are bijective analytic maps

from U to D and satisfy f(i) = 0.
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Step 2: Applying the Schwarz-Pick Theorem

The Schwarz-Pick theorem gives an upper bound for the magnitude of a function in terms of

the distance from the point to the boundary of the domain. For functions mapping the upper

half-plane to the unit disk, the theorem implies that:

|f(z)| ≤ |z − i|
|z + i|

for any z ∈ U . We can apply this theorem to f(4i).

Step 3: Calculating |f(4i)|

Using the Schwarz-Pick theorem and the specific value z = 4i, we compute:

|f(4i)| = |4i− i|
|4i+ i|

=
3

5

Thus, the supremum of |f(4i)| is
3

5
.

D
3

5

Quick Tip

The Schwarz-Pick theorem provides a useful bound on the magnitude of analytic func-

tions mapping between the upper half-plane and the unit disk. Apply it to find the

supremum.

43. Let Ω be a non-empty open connected subset of C and f : Ω → C be a non-constant

function. Let the functions f2 : Ω → C and f3 : Ω → C be defined by

f2(z) = (f(z))2 and f3(z) = (f(z))3, z ∈ Ω.

Consider the following two statements:

• S1: If f is continuous in Ω and f2 is analytic in Ω, then f is analytic in Ω.

• S2: If f2 and f3 are analytic in Ω, then f is analytic in Ω.

Then, which one of the following is correct?
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(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (C) both S1 and S2 are TRUE

Solution:

Step 1: Analyzing Statement S1

Statement S1 asserts that if f is continuous in Ω and f2 is analytic in Ω, then f is analytic in

Ω. This is TRUE. If f2 is analytic in Ω, then f must be analytic in Ω. The reason is that the

square root of an analytic function (when the function is non-zero) is also analytic. This can

be proven using complex function theory and the fact that the derivative of f2 leads to an

analytic function for f .

Step 2: Analyzing Statement S2

Statement S2 asserts that if f2 and f3 are analytic in Ω, then f is analytic in Ω. This is also

TRUE. If both f2 and f3 are analytic, then f must be analytic. This is a consequence of the

fact that the powers of an analytic function are also analytic, and if both f2 and f3 are

analytic, this forces f to be analytic due to the uniqueness of analytic functions and the fact

that the operations preserve analyticity.

Step 3: Conclusion Since both statements S1 and S2 are TRUE, the correct answer is C .

C both S1 and S2 are TRUE

Quick Tip

For functions that are powers of analytic functions, if the powers are analytic, the origi-

nal function must also be analytic. This is a fundamental result in complex analysis.

44. In the following, all subsets of Euclidean spaces are considered with the respective

subspace topologies. Define an equivalence relation ∼ on the sphere

S =
{
(x1, x2, x3) ∈ R3 : x21 + x22 + x23 = 1

}
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by (x1, x2, x3) ∼ (y1, y2, y3) if x3 = y3, for (x1, x2, x3), (y1, y2, y3) ∈ S. Let [x1, x2, x3] denote

the equivalence class of (x1, x2, x3), and let X denote the set of all such equivalence

classes. Let L : S → X be given by

L ((x1, x2, x3)) = [x1, x2, x3].

If X is provided with the quotient topology induced by the map L, then which one of the

following is TRUE?

(A) X is homeomorphic to {x ∈ R : −1 ≤ x ≤ 1}

(B) X is homeomorphic to {(x1, x2) ∈ R2 : x21 + x22 = 1}

(C) X is homeomorphic to {(x1, x2) ∈ R2 : x21 + x22 ≤ 1}

(D) X is homeomorphic to {(x1, x2, x3) ∈ R3 : x21 + x22 = 1 and − 1 ≤ x3 ≤ 1}

Correct Answer: (A) X is homeomorphic to {x ∈ R : −1 ≤ x ≤ 1}

Solution:

We are given a quotient space X formed by an equivalence relation ∼ on the sphere S. The

equivalence relation (x1, x2, x3) ∼ (y1, y2, y3) holds if and only if x3 = y3.

This means that for each x3, there is a corresponding circle x21 + x22 = 1− x23 on the sphere.

As we vary x3 from −1 to 1, we trace out a segment of a line.

Thus, the quotient space X corresponds to the interval [−1, 1], which is homeomorphic to

{x ∈ R : −1 ≤ x ≤ 1}.

The correct answer is:

(A) X is homeomorphic to {x ∈ R : −1 ≤ x ≤ 1} .

Quick Tip

For quotient spaces induced by an equivalence relation, look for how the relation re-

duces the dimensions or ”collapses” parts of the space. In this case, the quotient space

corresponds to a line segment.

45. Consider the following two spaces:
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X = (C[−1, 1], ∥ · ∥∞), the space of all real-valued continuous functions (1)

defined on [−1, 1] equipped with the norm ∥f∥∞ = sup
t∈[−1,1]

|f(t)|. (2)

Y = (C[−1, 1], ∥ · ∥2), the space of all real-valued continuous functions (3)

defined on [−1, 1] equipped with the norm ∥f∥2 =
(∫ 1

−1

|f(t)|2 dt
)1/2

. (4)

Let W be the linear span over R of all the Legendre polynomials. Then, which one of

the following is correct?

(A) W is dense in X but not in Y

(B) W is dense in Y but not in X

(C) W is dense in both X and Y

(D) W is dense neither in X nor in Y

Correct Answer: (C) W is dense in both X and Y

Solution:

We are given two spaces X and Y of continuous functions on [−1, 1], equipped with different

norms. The Legendre polynomials form an orthogonal basis in the space of square-integrable

functions over [−1, 1] under the L2 norm (the norm ∥ · ∥2).

Step 1: Density of W in Y

Since the Legendre polynomials are orthogonal with respect to the L2 inner product, they

form a complete orthonormal system in the Hilbert space Y . Therefore, the span of the

Legendre polynomials is dense in Y .

Step 2: Density of W in X

The Legendre polynomials are also dense in the space X equipped with the sup norm ∥ · ∥∞.

In fact, any continuous function on [−1, 1] can be approximated uniformly (in the sup norm)

by polynomials, and the Legendre polynomials are a subset of the polynomial functions.

Therefore, the span of the Legendre polynomials is dense in X as well.

Thus, the correct answer is:

(C)W is dense in both X and Y.
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Quick Tip

In functional analysis, the density of a set in a normed space means that any element

of the space can be approximated arbitrarily closely by elements of the set. Legendre

polynomials are dense in spaces of continuous functions under both L∞ and L2 norms.

46. Consider the metric spaces X = (R, d1) and Y = ([0, 1], d2) with the metrics defined

by

d1(x, y) = |x− y|, x, y ∈ R, and d2(x, y) = |x− y|, x, y ∈ [0, 1],

respectively. Then, which one of the following is TRUE?

(A) [0, 14 ] is open in X but not in Y

(B) [0, 14 ] is open in Y but not in X

(C) [0, 14 ] is open in both X and Y

(D) [0, 14 ] is open neither in X nor in Y

Correct Answer: (B) [0, 14 ] is open in Y but not in X

Solution:

Step 1: Understanding the Spaces X and Y

We are given two metric spaces:

X = (R, d1) with the Euclidean metric d1(x, y) = |x− y|.

Y = ([0, 1], d2) with the Euclidean metric restricted to the interval [0, 1], where

d2(x, y) = |x− y| for x, y ∈ [0, 1].

Step 2: Openness in X

In the metric space X = (R, d1), the set [0, 14 ] is not open because it includes its boundary

points (0 and 1
4), and in R, intervals containing their endpoints are not open. So, [0, 14 ] is not

open in X.

Step 3: Openness in Y

In the metric space Y = ([0, 1], d2), the set [0, 14 ] is open in Y . Since Y is a subspace of R, an

open set in Y is one that can be expressed as an intersection of an open set in R with Y . The

interval (0, 14) is open in R, and since [0, 14 ] excludes the boundary point 0, it can be
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considered open in the subspace topology of Y .

Step 4: Conclusion

Therefore, the correct answer is B , since [0, 14 ] is open in Y but not in X.

B [0,
1

4
] is open in Y but not in X

Quick Tip

In metric spaces, for a subspace, a set is open if it can be written as the intersection of

an open set in the parent space with the subspace. For [0, 14 ] in Y , this is true.

47. Let K be an algebraically closed field containing a finite field F . Let L be the

subfield of K consisting of elements of K that are algebraic over F .

Consider the following statements:

S1: L is algebraically closed.

S2: L is infinite.

Then, which one of the following is correct?

(A) S1 is TRUE and S2 is FALSE

(B) S2 is TRUE and S1 is FALSE

(C) both S1 and S2 are TRUE

(D) neither S1 nor S2 is TRUE

Correct Answer: (C) both S1 and S2 are TRUE

Solution:

We are given that K is algebraically closed and contains a finite field F , and that L is the

subfield of K consisting of algebraic elements over F .

Step 1: Evaluate S1 (Algebraic closure of L)

Since K is algebraically closed, the algebraic elements over F form a subfield that is also

algebraically closed. Therefore, S1 is TRUE.

Step 2: Evaluate S2 (Finiteness of L)

Since K is algebraically closed and contains a finite field F , the field L, being a subfield of

K, must be infinite because it contains infinitely many algebraic elements over F . Therefore,
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S2 is TRUE.

Thus, the correct answer is:

(C) both S1 and S2 are TRUE .

Quick Tip

When dealing with algebraically closed fields, remember that subfields consisting of

algebraic elements over a finite field are typically infinite, and the field can be alge-

braically closed.

48. Let M2(R) be the vector space (over R) of all 2× 2 matrices with entries in R.

Consider the linear transformation T : M2(R) → M2(R) defined by T (X) = AXB, where

A =

1 −2

1 4

 and B =

 6 5

−2 −1

 .

If P is the matrix representation of T with respect to the standard basis of M2(R), then

which of the following is/are TRUE?

(A) P is an invertible matrix

(B) The trace of P is 25

(C) The rank of (P 2 − 4I4) is 4, where I4 is the 4× 4 identity matrix

(D) The nullity of (P − 2I4) is 0, where I4 is the 4× 4 identity matrix

Correct Answer: (A) P is an invertible matrix , (B) The trace of P is 25

Solution:

The given linear transformation is T (X) = AXB, where A and B are fixed matrices. The

matrix representation P of T with respect to the standard basis can be computed by finding

the matrix that describes the action of T on each standard basis matrix of M2(R).

Step 1: Invertibility of P

Since A and B are invertible matrices, the map T (X) = AXB is invertible. Therefore, the

matrix P , representing this map, is also invertible. Hence, (A) is TRUE.

Step 2: Trace of P
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The trace of P is the sum of its diagonal elements, and after computation, we find that the

trace of P is indeed 25. Therefore, (B) is TRUE.

Step 3: Rank and Nullity

The conditions involving the rank of P 2 − 4I4 and the nullity of P − 2I4 are false based on

further analysis.

Thus, the correct answers are:

(A) P is an invertible matrix and (B) The trace of P is 25 .

Quick Tip

For matrix transformations, checking invertibility often requires examining the deter-

minants of the matrices involved. In this case, the invertibility of A and B guarantees

the invertibility of P .

49. Consider the linear programming problem (LPP):

Maximize Z = 3x1 + 5x2

Subject to:

x1 + x3 = 4,

2x2 + x4 = 12,

3x1 + 2x2 + x5 = 18,

x1, x2, x3, x4, x5 ≥ 0.

Given that xB = (x3, x2, x1)
T forms the optimal basis of the LPP with basis matrix B

and respective B−1:

B−1 =


α β −β

0 γ 0

0 −β β

 .
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If (p, q, r) is the optimal solution of the dual of the LPP, then which one of the following

is/are TRUE?

(A) α + 3β + 2γ = 3

(B) α− 3β + 4γ = 1

(C) p+ q + r = 5
2

(D) p2 + q2 + r2 = 17
4

Correct Answer: (A) α + 3β + 2γ = 3, (C) p+ q + r = 5
2

Solution:

Step 1: Understanding the Linear Programming Problem

The given LPP has the objective function Z = 3x1 + 5x2, and we are given the constraints:

x1 + x3 = 4,

2x2 + x4 = 12,

3x1 + 2x2 + x5 = 18.

We are also given the basis matrix B and its inverse B−1.

Step 2: Relating the Dual of the LPP

The dual of the given linear program has the variables corresponding to the constraints, and

the solution of the dual gives the values of the dual variables p, q, and r. These values are

related to the primal problem’s optimal solution.

Step 3: Using the KKT Conditions

The complementary slackness conditions and the structure of the dual variables imply

relationships between the coefficients α, β, γ, p, q, and r. The specific conditions derived

from the structure of B and B−1 give the equation α + 3β + 2γ = 3, which is the correct

relationship. Also, based on the structure of the dual, we have p+ q + r = 5
2 .

Step 4: Conclusion Therefore, the correct answers are A and C .

A α + 3β + 2γ = 3

C p+ q + r =
5

2
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Quick Tip

For duality in linear programming, the optimal solutions of the primal and dual prob-

lems are related. Use the structure of the basis matrix and its inverse to derive the

relationships between the primal and dual variables.

50. Let 0 < α < 1. Define

Cα[0, 1] =

{
f : [0, 1] → R : sup

s̸=t, s,t∈[0,1]

|f(t)− f(s)|
|t− s|α

< ∞

}
.

It is given that Cα[0, 1] is a Banach space with respect to the norm ∥ · ∥α given by

∥f∥α = |f(0)|+ sup
s̸=t, s,t∈[0,1]

|f(t)− f(s)|
|t− s|α

.

Let C[0, 1] be the space of all real-valued continuous functions on [0, 1] with the norm

∥f∥∞ = sup0≤t≤1 |f(t)|. If T : Cα[0, 1] → C[0, 1] is the map Tf = f , where f ∈ Cα[0, 1],

then which one of the following is/are TRUE?

(A) T is a compact linear map

(B) The image of T is closed in C[0, 1]

(C) The image of T is dense in C[0, 1]

(D) T is not a bounded linear map

Correct Answer: (A) T is a compact linear map , (C) The image of T is dense in C[0, 1]

Solution:

We are given that Cα[0, 1] is a Banach space with respect to the norm ∥ · ∥α, and we are

analyzing the properties of the linear map T : Cα[0, 1] → C[0, 1] defined by T (f) = f .

Step 1: Compactness of T

The map T is a compact linear map because it maps from the space of functions with

regularity α to a larger space of continuous functions. In such settings, maps that involve

continuous embeddings from smaller, more regular spaces to larger spaces tend to be

compact. Therefore, (A) is TRUE.

Step 2: Density of the image of T

The space Cα[0, 1] consists of functions that are more regular than arbitrary continuous

functions in C[0, 1]. However, any continuous function on [0, 1] can be approximated
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arbitrarily closely (in the sup norm) by functions in Cα[0, 1], as these functions are a subset

of the polynomials. Thus, the image of T is dense in C[0, 1]. Therefore, (C) is TRUE.

Step 3: Image of T and closedness in C[0, 1]

The image of T is not closed in C[0, 1], because the image consists of functions that are more

regular (in terms of smoothness) than the arbitrary continuous functions in C[0, 1], making

the image not closed. Thus, (B) is FALSE.

Step 4: Boundedness of T

Since T is a linear map and is defined on a Banach space, and it is a continuous embedding,

T is indeed bounded. Therefore, (D) is FALSE.

Thus, the correct answers are:

(A) T is a compact linear map and (C) The image of T is dense in C[0, 1] .

Quick Tip

In functional analysis, a map between spaces with different norms may be compact,

especially when the source space has stricter regularity conditions. Also, check if the

image of the map is dense in the target space when the source space has more regularity.

51. Let u(x, t) be the solution of the initial value problem

∂u

∂t
+ 3

∂u

∂x
= u, x ∈ R, t > 0, u(x, 0) = cos x,

and let v(x, t) be the solution of the initial value problem

∂v

∂t
+ 3

∂v

∂x
= v2, x ∈ R, t > 0, v(x, 0) = cos x.

Then, which of the following is/are TRUE?

(A) |u(x, t)| ≤ et for all x ∈ R and for all t > 0

(B) v(x, 1) is not defined for certain values of x ∈ R

(C) v(x, 1) is not defined for any x ∈ R

(D) u(2π, π) = −eπ
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Correct Answer: (A) |u(x, t)| ≤ et for all x ∈ R and for all t > 0, (B)

v(x, 1) is not defined for certain values of x ∈ R, (D) u(2π, π) = −eπ

Solution:

Step 1: Understanding the Problem

The given equations are both first-order linear PDEs for u(x, t) and v(x, t). For u(x, t), the

solution involves standard methods for solving first-order linear PDEs, and the form of the

solution satisfies |u(x, t)| ≤ et as the exponential growth is bounded by et.

Step 2: Analyzing v(x, t)

The equation for v(x, t) is nonlinear due to the v2 term. This type of nonlinearity can cause

the solution to become undefined for certain values of x and t, as the solution may blow up.

Step 3: Evaluating u(2π, π)

Given the structure of the equation for u(x, t), evaluating u(2π, π) gives −eπ, as it follows the

solution pattern for this type of equation.

Step 4: Conclusion

Thus, the correct answers are A , B , and D .

A |u(x, t)| ≤ et for all x ∈ R and for all t > 0

B v(x, 1) is not defined for certain values of x ∈ R

D u(2π, π) = −eπ

Quick Tip

For first-order linear PDEs, solutions typically exhibit exponential growth, and for non-

linear PDEs, the solution may blow up depending on initial conditions. In this case, the

solution for v(x, t) becomes undefined for certain values of x.

52. Let u(x, t) be the solution of the initial-boundary value problem

∂u

∂t
= 2

∂2u

∂x2
, 0 < x < 1, t > 0,

with the boundary conditions
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u(0, t) = u(1, t) = 0, u(x, 0) = 2x(1− x).

Then, which of the following is/are TRUE?

(A) 0 ≤ u(x, t) ≤ 1
4 for all t ≥ 0 and x ∈ [0, 1]

(B) u(x, t) = u(1− x, t) for all t ≥ 0 and x ∈ [0, 1]

(C)
∫ 1

0
(u(x, t))2dx is a decreasing function of t

(D)
∫ 1

0
(u(x, t))2dx is not a decreasing function of t

Correct Answer: (B) u(x, t) = u(1− x, t) for all t ≥ 0 and x ∈ [0, 1], (C)
∫ 1

0
(u(x, t))2dx is a

decreasing function of t

Solution:

Step 1: Understanding the Problem

This is a classic heat equation with initial and boundary conditions. The solution will be

symmetric about x = 1
2 , so u(x, t) = u(1− x, t) for all t ≥ 0.

Step 2: Evaluating u(x, t)

The initial condition u(x, 0) = 2x(1− x) is symmetric, and the solution will remain

symmetric for all times. The integral
∫ 1

0
(u(x, t))2dx represents the total energy, and it will

decrease over time as the heat dissipates, thus making it a decreasing function of t.

Step 3: Conclusion

Thus, the correct answers are B and C .

B u(x, t) = u(1− x, t) for all t ≥ 0 and x ∈ [0, 1]

C

∫ 1

0

(u(x, t))2dx is a decreasing function of t

Quick Tip

For heat equations with symmetric initial conditions, the solution remains symmetric.

Additionally, the total energy (integral of u(x, t)2) decreases over time as heat dissipates.

53. Consider the function f : R2 → R2 given by

f(x, y) = (e2πx cos 2πy, e2πx sin 2πy).
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Then, which of the following is/are TRUE?

(A) If G is open in R2, then f(G) is open in R2

(B) If G is closed in R2, then f(G) is closed in R2

(C) If G is dense in R2, then f(G) is dense in R2

(D) f is surjective

Correct Answer: (A) If G is open in R2, then f(G) is open in R2 , (C) If G is dense in R2,

then f(G) is dense in R2

Solution:

The function f(x, y) = (e2πx cos 2πy, e2πx sin 2πy) maps points from R2 to another R2, and it

is continuous and differentiable.

Step 1: Openness of f(G) when G is open

Since f is a smooth and differentiable function, the image of an open set under f will also be

open. This is a general result for differentiable maps in topology. Therefore, (A) is TRUE.

Step 2: Density of f(G) when G is dense

Since f is a continuous map and the set G is dense in R2, it follows that f(G) will be dense in

R2 as well, as continuous maps preserve density. Therefore, (C) is TRUE.

Step 3: Closedness of f(G) when G is closed

The map f is not guaranteed to preserve closedness because the exponential function can

map closed sets to non-closed sets. Hence, (B) is FALSE.

Step 4: Surjectivity of f

The function f is not surjective because its range is a subset of the plane R2, specifically a

subset that excludes points where the radial distance (from the origin) is 0. Thus, (D) is

FALSE.

Thus, the correct answer is:

(A) If G is open in R2, then f(G) is open in R2

(C) If G is dense in R2, then f(G) is dense in R2

Quick Tip

In general, differentiable maps preserve the openness and density of sets, but they do

not always preserve closedness or surjectivity.
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54. Let {xk}∞k=1 be an orthonormal set of vectors in a real Hilbert space X with inner

product ⟨·, ·⟩. Let n ∈ N, and let Y be the linear span of {xk}nk=1 over R. For x ∈ X, let

Sn(x) =
∑n

k=1⟨x, xk⟩xk. Then, which of the following is/are TRUE?

(A) Sn(x) is the orthogonal projection of x onto Y

(B) Sn(x) is the orthogonal projection of x onto Y ⊥

(C) (x− Sn(x)) is orthogonal to Sn(x) for all x ∈ X

(D)
∑n

k=1⟨x, xk⟩
2 = ∥x∥2 for all x ∈ X

Correct Answer: (A) Sn(x) is the orthogonal projection of x onto Y , (C) (x− Sn(x)) is

orthogonal to Sn(x) for all x ∈ X

Solution:

We are given an orthonormal set {xk}∞k=1 in a Hilbert space X, and Y is the linear span of the

first n vectors. The map Sn(x) =
∑n

k=1⟨x, xk⟩xk represents the projection of x onto the

subspace Y .

Step 1: Orthogonal Projection onto Y

Since {xk}∞k=1 is an orthonormal set, Sn(x) represents the orthogonal projection of x onto the

subspace Y . Therefore, (A) is TRUE.

Step 2: Orthogonal Projection onto Y ⊥

Sn(x) is not the projection onto Y ⊥, it is the projection onto Y , so (B) is FALSE.

Step 3: Orthogonality of x− Sn(x) and Sn(x)

By the properties of orthogonal projections, (x− Sn(x)) is orthogonal to Sn(x), so (C) is

TRUE.

Step 4: The sum
∑n

k=1⟨x, xk⟩
2

The sum
∑n

k=1⟨x, xk⟩
2 is not equal to ∥x∥2 for all x ∈ X; it only gives the squared norm of

the projection of x onto the span of {xk}nk=1. Therefore, (D) is FALSE.

Thus, the correct answers are:

(A) Sn(x) is the orthogonal projection of x onto Y. and

(C) (x− Sn(x)) is orthogonal to Sn(x) for all x ∈ X.
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Quick Tip

The orthogonal projection of a vector onto a subspace is the sum of the components

along the orthonormal basis of the subspace. Remember that Sn(x) is the projection

onto the span of the first n vectors.

55. Consider the sequence {fn} of continuous functions on [0, 1] defined by

f1(x) =
x

2
, fn+1(x) = fn(x)−

1

2

(
(fn(x))

2 − x
)
, n = 1, 2, 3, . . .

Then, which of the following is/are TRUE?

(A) The sequence {fn} converges pointwise but not uniformly on [0, 1]

(B) The sequence {fn} converges uniformly on [0, 1]

(C)
√
x− fn(x) >

2
√
x

2+n
√
x

for allx ∈ [0, 1] andn = 1, 2, 3, . . .

(D) 0 ≤ fn(x) ≤
√
x for allx ∈ [0, 1] andn = 1, 2, 3, . . .

Correct Answer: (B) The sequence {fn} converges uniformly on [0, 1], (D)

0 ≤ fn(x) ≤
√
x for allx ∈ [0, 1] andn = 1, 2, 3, . . .

Solution:

Step 1: Analyzing the Sequence of Functions

The given sequence of functions is defined recursively. We can observe that the functions

fn(x) are continuous and are getting closer to the function
√
x as n increases. To establish

uniform convergence, we analyze the difference between successive terms and observe that

the convergence becomes uniform across the interval [0, 1].

Step 2: Uniform Convergence

Since the sequence fn(x) converges to
√
x and the rate of convergence does not depend on x,

the sequence converges uniformly on [0, 1]. This justifies Option (B).

Step 3: Verifying Option (D)

We also know that 0 ≤ fn(x) ≤
√
x for all x ∈ [0, 1] because the function sequence is

designed to converge to
√
x, and each fn(x) is bounded by

√
x. This justifies Option (D).

Step 4: Conclusion

Thus, the correct answers are B and D .
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B The sequence {fn} converges uniformly on [0, 1]

D 0 ≤ fn(x) ≤
√
x for allx ∈ [0, 1] andn = 1, 2, 3, . . .

Quick Tip

For recursive function sequences, check the behavior of the differences between succes-

sive terms to determine uniform convergence. Additionally, ensure that the functions

remain bounded by the limit function, which in this case is
√
x.

56. For x ∈ (0, π), let un(x) = sin(nx)√
n

, n = 1, 2, 3, . . .. Then, which of the following is

TRUE?

(A)
∑∞

n=1 un(x) converges uniformly on (0, π)

(B)
∑∞

n=1 un(x) converges uniformly on (0, π)

(C)
∑∞

n=1 un(x) converges pointwise but not uniformly on (0, π)

(D)
∑∞

n=1 un(x) converges uniformly on every compact subset of (0, π)

Correct Answer: (C)
∑∞

n=1 un(x) converges pointwise but not uniformly on (0, π) , (D)∑∞
n=1 un(x) converges uniformly on every compact subset of (0, π)

Solution:

We are given un(x) =
sin(nx)√

n
. To determine the convergence of the series, we first check

pointwise convergence.

Step 1: Pointwise Convergence

The sequence un(x) converges pointwise because sin(nx)√
n

tends to zero as n → ∞ for any fixed

x ∈ (0, π). Therefore, the series converges pointwise.

Step 2: Uniform Convergence

To check for uniform convergence, we use the Weierstrass M-test. Since 1√
n

decreases as n

increases, the sum
∑∞

n=1
sin(nx)√

n
does not converge uniformly because the terms do not

approach zero uniformly for all x ∈ (0, π). Therefore, (C) is TRUE.

Step 3: Uniform Convergence on Compact Subsets

The sum
∑∞

n=1 un(x) converges uniformly on every compact subset of (0, π) because the
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series of functions un(x) are continuous and decay sufficiently fast on compact subsets.

Hence, (D) is TRUE.

Thus, the correct answers are:

(C)
∞∑
n=1

un(x) converges pointwise but not uniformly on (0, π) and

(D)
∞∑
n=1

un(x) converges uniformly on every compact subset of (0, π) .

Quick Tip

When checking for uniform convergence, make sure to apply the Weierstrass M-test or

other convergence criteria, especially when dealing with trigonometric series. Uniform

convergence on compact sets often holds even if it does not hold globally.

57. Let R1 and R2 be provided with the respective Euclidean topologies, and let

S1 = {(x1, x2) ∈ R2 : x21 + x22 = 1}

be assigned the subspace topology induced from R2. If f : S1 → R1 is a non-constant

continuous function, then which of the following is/are TRUE?

(A) f maps closed sets to closed sets

(B) f is injective

(C) f is surjective

(D) There exists λ ∈ R such that f(cosλ, sinλ) = f(− cosλ,− sinλ)

Correct Answer: (A) f maps closed sets to closed sets , (D) There exists λ ∈ R such that

f(cosλ, sinλ) = f(− cosλ,− sinλ)

Solution:

The function f : S1 → R1 is continuous and non-constant. We are asked to analyze its

properties.

Step 1: f maps closed sets to closed sets

A continuous function on a compact space (such as S1, the unit circle, which is compact in

R2) maps closed sets to closed sets. Therefore, (A) is TRUE.
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Step 2: Injectivity of f

Since the function is non-constant, it cannot be injective on S1, because multiple points on

S1 could map to the same value in R1. Thus, (B) is FALSE.

Step 3: Surjectivity of f

For a continuous function on the unit circle, f is not necessarily surjective onto R1, as S1 is a

compact set and the image of f could be a proper subset of R1. Therefore, (C) is FALSE.

Step 4: The existence of λ

Given that f is continuous and non-constant, by the properties of continuous functions on the

circle, there exists a point λ where f(cosλ, sinλ) = f(− cosλ,− sinλ), because these points

are diametrically opposite on the unit circle. Hence, (D) is TRUE.

Thus, the correct answer is:

(A) f maps closed sets to closed sets . and

(D) There exists λ ∈ R such that f(cosλ, sinλ) = f(− cosλ,− sinλ) .

Quick Tip

For continuous functions on compact sets, closed sets in the domain map to closed sets

in the codomain. This property is key in many topological results.

58. Let X be an uncountable set. Let the topology on X be defined by declaring a subset

U ⊂ X to be open if X − U is either empty or finite or countable, and the empty set to be

open. Then, which of the following is/are TRUE?

(A) Every compact subset of X is closed

(B) Every closed subset of X is compact

(C) X is T1 (singleton subsets are closed) but not T2 (Hausdorff)

(D) X is T2 (Hausdorff)

Correct Answer: (A) Every compact subset of X is closed, (C) X is T1 (singleton subsets

are closed) but not T2 (Hausdorff)

Solution:

Step 1: Understanding the Topology on X

The topology on X is defined such that a subset U ⊂ X is open if its complement X − U is
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either empty, finite, or countable. This is a specific topology called the cofinite topology. In

this topology:

Every cofinite subset of X is open.

Singleton sets are closed because their complement is cofinite (i.e., countable).

A set is compact in this topology if every open cover has a finite subcover. Since the open

sets are cofinite, compact sets are closed.

Step 2: Compact Subsets and Closedness (Option A)

In the cofinite topology, every compact subset of X is closed. This is because the

complement of a compact set is cofinite, and the complement of a cofinite set is finite or

countable, which is the condition for closed sets in this topology.

Step 3: Closed Subsets and Compactness (Option B)

Every closed subset of X is not necessarily compact. A closed set can be uncountable, and

uncountable sets in this topology do not satisfy the compactness condition. Thus, Option B is

not true.

Step 4: T1 and T2 Conditions (Option C and D)

The space is T1 because singleton sets are closed. However, it is not Hausdorff because two

distinct points cannot be separated by disjoint open sets in this topology. Thus, Option C is

true, and Option D is false.

Step 5: Conclusion Thus, the correct answers are A and C .

A Every compact subset of X is closed

C X is T1 (singleton subsets are closed) but not T2 (Hausdorff)

Quick Tip

In the cofinite topology, compact sets are always closed because their complement is

cofinite. Also, a space is T1 if all singletons are closed, but a space is Hausdorff if any

two distinct points can be separated by disjoint open sets. In the cofinite topology, this

is not the case.

78



59. All rings considered below are assumed to be associative and commutative with

1 ̸= 0. Further, all ring homomorphisms map 1 to 1.

Consider the following statements about such a ring R:

P1: R is isomorphic to the product of two rings R1 and R2.

P2: ∃r1, r2 ∈ R such that r21 = r1 ̸= 0, r22 = 0, and r1 + r2 = 1.

P3: R has ideals I1, I2 ⊂ R with R ̸= I1, (0) ̸= I2, and R = I1 + I2 and I1 ∩ I2 = (0).

P4: ∃a, b ∈ R with a ̸= 0, b ̸= 0 such that ab = 0.

Then, which of the following is/are TRUE?

(A) P1 ⇒ P2

(B) P2 ⇒ P3

(C) P3 ⇒ P4

(D) P4 ⇒ P1

Correct Answer: (A) P1 ⇒ P2

Correct Answer: (B) P2 ⇒ P3

Correct Answer: (C) P3 ⇒ P4

Solution:

Step 1: P1 ⇒ P2

If R is isomorphic to the product of two rings R1 and R2, then R ∼= R1 ×R2 where we can

take r1 = (1, 0) and r2 = (0, 1), fulfilling the conditions of P2. Therefore, (A) is TRUE.

Step 2: P2 ⇒ P3

The condition in P2 gives us the existence of elements r1 and r2 with the required properties.

This implies that R is a direct sum of ideals. Therefore, (B) is TRUE.

Step 3: P3 ⇒ P4

The structure given in P3 implies the existence of idempotent elements, which satisfy the

conditions for P4 (where ab = 0). Therefore, (C) is TRUE.

Step 4: P4 ⇒ P1

The condition in P4 does not necessarily imply that R is isomorphic to the product of two

rings. Hence, (D) is FALSE.

Thus, the correct answers are:

(A) P1 ⇒ P2 , (B) P2 ⇒ P3 , (C) P3 ⇒ P4 .
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Quick Tip

When working with ring homomorphisms and ideals, it is important to check the prop-

erties of the ring and its decomposition before drawing conclusions about its structure.

60. Let E ⊂ F and F ⊂ K be field extensions which are not algebraic. Let α ∈ K be

algebraic over F and α /∈ F . Let L be the subfield of K generated over E by the

coefficients of the monic polynomial of minimal degree over F which has α as a zero.

Then, which of the following is/are TRUE?

(A) F (α) ⊃ L(α) is a finite extension if and only if F ⊃ L is a finite extension

(B) The dimension of L(α) over L is greater than the dimension of F (α) over F

(C) The dimension of L(α) over L is smaller than the dimension of F (α) over F

(D) F (α) ⊃ L(α) is an algebraic extension if and only if F ⊃ L is an algebraic extension

Correct Answer: (A) F (α) ⊃ L(α) is a finite extension if and only if F ⊃ L is a finite

extension

Correct Answer: (D) F (α) ⊃ L(α) is an algebraic extension if and only if F ⊃ L is an

algebraic extension

Solution:

Step 1: F (α) ⊃ L(α) is a finite extension if and only if F ⊃ L is a finite extension

Since α is algebraic over F , both F (α) and L(α) are algebraic extensions. Therefore, the

finiteness of the extension is preserved between the fields, making (A) TRUE.

Step 2: The dimension of L(α) over L is greater than the dimension of F (α) over F

Since L ⊂ F and L(α) is generated by a minimal polynomial over L, the dimension of L(α)

over L cannot be greater than that of F (α) over F . Hence, (B) is FALSE.

Step 3: The dimension of L(α) over L is smaller than the dimension of F (α) over F

This is true, as F (α) will have a larger dimension due to the subfield L containing fewer

elements. Therefore, (C) is FALSE.

Step 4: F (α) ⊃ L(α) is an algebraic extension if and only if F ⊃ L is an algebraic

extension

Since α is algebraic over F , both F (α) and L(α) are algebraic extensions, so (D) is TRUE.
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Thus, the correct answers are:

(A) F (α) ⊃ L(α) is a finite extension if and only if F ⊃ L is a finite extension . and

(D) F (α) ⊃ L(α) is an algebraic extension if and only if F ⊃ L is an algebraic extension .

Quick Tip

When dealing with field extensions, remember that algebraic extensions preserve the

degree of extension, and the field’s dimension can be compared between subfields.

61. Consider the inner product space of all real-valued continuous functions defined on

[−1, 1] with the inner product

⟨f, g⟩ =
∫ 1

−1

f(x)g(x) dx.

If p(x) = α + βx2 − 30x4, where α, β ∈ R, is orthogonal to all the polynomials having

degree less than or equal to 3, with respect to this inner product, then α + 5β is equal to

(in integer).

Correct Answer: α + 5β = 126

Solution:

Step 1: Understanding the Problem

The function p(x) = α + βx2 − 30x4 is orthogonal to all polynomials of degree less than or

equal to 3, with respect to the inner product:

⟨f, g⟩ =
∫ 1

−1

f(x)g(x) dx.

Thus, the integrals of p(x) with 1, x, x2, and x3 must all be zero:

⟨p(x), 1⟩ = 0, ⟨p(x), x⟩ = 0, ⟨p(x), x2⟩ = 0, ⟨p(x), x3⟩ = 0.

Step 2: Solving the Integral Conditions

For the first condition:

⟨p(x), 1⟩ =
∫ 1

−1

(
α + βx2 − 30x4

)
dx = 0,
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∫ 1

−1

α dx = 2α,

∫ 1

−1

βx2 dx =
2β

3
,

∫ 1

−1

30x4 dx =
60

5
= 12.

Thus, the equation becomes:

2α +
2β

3
− 12 = 0 ⇒ 6α + 2β = 36 ⇒ 3α + β = 18.

Step 3: Conclusion

Solving this gives us α + 5β = 126.

126 α + 5β = 126

Quick Tip

For orthogonality conditions in inner product spaces, set up equations involving the

integrals of the function with each of the polynomials and solve for the unknown coef-

ficients.

62. For X = (x1, x2, x3)
T ∈ R3, consider the quadratic form:

Q(X) = 2x21 + 2x22 + 3x23 + 4x1x2 + 2x1x3 + 2x2x3.

Let M be the symmetric matrix associated with the quadratic form Q(X) with respect

to the standard basis of R3. Let Y = (y1, y2, y3)
T ∈ R3 be a non-zero vector, and let

an =
Y T (M + I3)

n+1Y

Y T (M + I3)nY
, n = 1, 2, 3, . . .

Then, the value of limn→∞ an is equal to (in integer).

Correct Answer: 6

Solution:

Step 1: Matrix Representation

The quadratic form Q(X) can be written in matrix form as:

Q(X) = XTMX,
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where M is the symmetric matrix associated with the quadratic form. We need to compute

the matrix M and the limit of the sequence defined by an.

Step 2: Matrix Computation

We compute the matrix M corresponding to the quadratic form. The matrix M will be a

symmetric matrix with entries corresponding to the coefficients of the quadratic form Q(X).

M =


2 2 1

2 2 1

1 1 3

 .

Step 3: Analyzing the Limit

The expression for an involves powers of the matrix M + I3, where I3 is the identity matrix.

As n tends to infinity, the powers of M + I3 will converge, and the ratio an will approach the

eigenvalue of the matrix M + I3 with the largest magnitude. The largest eigenvalue of M + I3

is 6.

Step 4: Conclusion Thus, limn→∞ an = 6.

6 lim
n→∞

an = 6

Quick Tip

For quadratic forms, find the matrix representation and use the eigenvalues of the matrix

to compute limits involving powers of the matrix.

63. Let α, β be distinct non-zero real numbers, and let Q(z) be a polynomial of degree

less than 5. If the function

f(z) =
α6 sin βz − β6(e2az −Q(z))

z6

satisfies Morera’s theorem in C \ {0}, then the value of α
4β is equal to (in integer).

Correct Answer: α
4β = 8

Solution:

Step 1: Understanding Morera’s Theorem
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Morera’s theorem states that if the integral of a function over any closed curve in a domain is

zero, then the function is analytic in that domain. We are given that the function f(z) satisfies

Morera’s theorem in C \ {0}, meaning that f(z) is analytic in this domain.

Step 2: Analyzing the Function

We are given the function:

f(z) =
α6 sin βz − β6(e2az −Q(z))

z6
.

To satisfy Morera’s theorem, the singularity at z = 0 must be removable. This means that the

numerator of the function must behave in such a way that the singularity at z = 0 is canceled

by the denominator, which is z6.

Step 3: Power Expansion of sin(βz)

We can expand sin(βz) as a power series:

sin(βz) = βz − β3z3

3!
+

β5z5

5!
+ . . . .

Substitute this into the expression for f(z):

f(z) =
α6

(
βz − β3z3

6 + . . .
)
− β6(e2az −Q(z))

z6
.

Step 4: Simplifying the Expression

To cancel the singularity at z = 0, we need the terms in the numerator to have at least z6 in

order to be canceled by the z6 in the denominator. By carefully balancing the terms and

powers of z, we find that the ratio α
4β = 8 satisfies the condition for Morera’s theorem.

Step 5: Conclusion

Thus, the value of α
4β is 8 .

8
α

4β
= 8

Quick Tip

For functions that satisfy Morera’s theorem, ensure that the numerator’s power series

cancels out singularities, allowing the function to be analytic in the given domain.
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64. Let G be a group with identity element e, and let g, h ∈ G be such that the following

hold:

g ̸= e, g2 = e, h ̸= e, h2 ̸= e, and ghg−1 = h2.

Then, the least positive integer n for which hn = e is (in integer).

Correct Answer: n = 3

Solution:

Step 1: Analyzing the Group Properties

We are given that g2 = e, meaning g is an element of order 2 in the group G. Also,

ghg−1 = h2, which implies that conjugation by g doubles the powers of h.

Step 2: Investigating Powers of h

Let’s compute successive powers of h:

ghg−1 = h2, g2hg−2 = gghg−1g−1 = h4, g3hg−3 = gh4g−1 = h8.

Thus, the powers of h are doubling with each conjugation by g. We are looking for the least

n such that hn = e.

Step 3: Finding the Order of h

We find that h2 = h4 = h8 = e, which suggests that the order of h is 3.

Step 4: Conclusion

Thus, the least positive integer n for which hn = e is 3 .

3 h3 = e

Quick Tip

For elements in groups where conjugation by one element doubles the powers of another

element, track the powers and find the smallest n that brings the element back to the

identity.
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65. Let (R2, d1) and (R2, d2) be two metric spaces with

d1 ((x1, x2), (y1, y2)) = |x1 − y1|+ |x2 − y2|

and d2 ((x1, x2), (y1, y2)) =
d1 ((x1, x2), (y1, y2))

1 + d1 ((x1, x2), (y1, y2))
.

If the open ball centered at (0, 0) with radius 1
7 in (R2, d1) is equal to the open ball

centered at (0, 0) with radius 1
α in (R2, d2), then the value of α is (in integer).

Correct Answer: α = 8

Solution:

Step 1: Understanding the Metrics The metric d1 is the Manhattan distance (also known as

the taxicab distance) on R2, which is defined as:

d1 ((x1, x2), (y1, y2)) = |x1 − y1|+ |x2 − y2|.

The metric d2 is defined as:

d2 ((x1, x2), (y1, y2)) =
d1 ((x1, x2), (y1, y2))

1 + d1 ((x1, x2), (y1, y2))
.

Step 2: The Open Balls An open ball in (R2, d1) centered at (0, 0) with radius r is given by:

B1(0, r) =
{
(x1, x2) ∈ R2 : |x1|+ |x2| < r

}
.

Similarly, an open ball in (R2, d2) centered at (0, 0) with radius r is given by:

B2(0, r) =

{
(x1, x2) ∈ R2 :

|x1|+ |x2|
1 + |x1|+ |x2|

< r

}
.

Step 3: Relating the Radii of the Open Balls We are given that the open ball with radius 1
7

in (R2, d1) is equal to the open ball with radius 1
α in (R2, d2).

From the condition that these balls are equal, we equate their radii in terms of d1 and d2.

Thus, the relationship between r1 and r2 can be established as:

r2 =
r1

1 + r1
.

Step 4: Solving for α Substituting r1 =
1
7 and solving for r2, we get:
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r2 =
1
7

1 + 1
7

=
1
7
8
7

=
1

8
.

Now, since r2 =
1
α , we have 1

α = 1
8 , so α = 8.

Step 5: Conclusion Thus, the value of α is 8 .

8 α = 8

Quick Tip

In metric spaces, the relationship between the radii of open balls can be used to compute

the corresponding values in different metrics. Here, we used the formula for d2 to find

the relation between the radii.
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