JEE Main 2023 29 Jan Shift 2 Mathematics Question Paper with

Solutions

Time Allowed :180 minutes | Maximum Marks :300 | Total questions :90

General Instructions

Read the following instructions very carefully and strictly follow them:

(A) The test is of 3 hours duration.

(B) The question paper consists of 90 questions. The maximum marks are 300.

(C) There are three parts in the question paper consisting of Physics, Chemistry and
Mathematics having 30 questions in each part of equal weightage.

(D) Each part (subject) has two sections.

(i) Section-A: This section contains 20 multiple choice questions which have only one
correct answer. Each question carries 4 marks for correct answer and —1 mark for
Wwrong answer.

(i1) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value. Each
question carries 4 marks for correct answer and —1 mark for wrong answer. For

Section-B, the answer should be rounded off to the nearest integer.




1. The statement B = ((~ A) V B) is equivalent to:

(A) B= (A= B)

(B) A= (A<= B)

(CO) A= ((~A) = B)

(D)B=((~A)= B)

Correct Answer: (1, 3,4)

Solution:

We verify the equivalence of B = ((~ A) vV B) by using truth tables.
Step 1: Analyze the given expression

The statement is B = ((~ A) V B). By the definition of implication:
P=Q=(~P)VQ,

the statement can be rewritten as:
(~B)V ((~A)VB).

Step 2: Construct the truth table for B = ((~ A) vV B)

~A|(~A)VB|B= ((~A)VB)

ST B I Y e X
ST B S B I e
N N T T
N N TS

N BN N8 9

Explanation:
e Column ~ A: Negation of A.
e Column (~ A) v B: Logical OR of ~ A and B.
* Column B = ((~ A) V B): True if B implies (~ A) V B.

Step 3: Verify equivalence with the options
(A) Option (1): B = (A= B)
Simplify A = B = (~ A) V B. Thus:

B = ((~ A)V B).
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The truth table matches exactly with B = ((~ A) V B).
(B)Option 3): A= ((~ A) = B)
Simplify (~ A) = B = AV B. Thus:

A= ((~A)VB)=(~ AV ((~ A) V B),

which matches the truth table of B = ((~ A) vV B).
(C)Option (4): B= ((~ A) = B)
Simplify (~ A) = B = AV B. Thus:

B = (AV B),

which also matches the truth table of B = ((~ A) V B).

When checking logical equivalences, construct truth tables and compare them to con-

firm equivalence.

2. Shortest distance between the lines

1 _ _ _ _
x :y+8:z 4 and  © 1:y 2:7: 6
2 -7 5 2 1 -3

1s:

(A)2V3

(B) 4v/3

(€)3v3

(D) 5v/3

Correct Answer: (2) 4v/3
Solution:

The parametric equations of the lines are:

7 =1— 87 4 4k + \(2i — 7] + 5k),

5 =14 2] + 6k + (20 + 7 — 3k).

Step 1: Define the points and direction vectors



o qi=1i—8)+4k (point on line 1).

© b =1i+2]+6k (point on line 2).
e by = 2i — 7j + 5k (direction vector of line 1).
o by =2i +7— 3k (direction vector of line 2).

Step 2: Find the cross product by X by

gk

by xby=|2 —7 5 |=(16i+16] + 16k) = 16(i + ) + k).
2

1 -3

Step 3: Find |, x bs|
b1 X by = 16V/3.

Step 4: Compute a3 — d]
s — a1 = 103' + 2k.
Step 5: Find the scalar projection of a5 — aj on by X by

)‘(bsz_é)|.

(a3 — ai
|b1 ng|

Shortest distance =

Substitute:

(@3 — di) - (b1 x by) = 16/104.

. v 104
Shortest distance = V104 44/3.
V3

The shortest distance between skew lines is calculated using the cross product of their

direction vectors.

3.Ma=i+2kb=1i+)+k é=Ti—3j+ 4k, and
Pxb+bxé=0 and 7-d=0,

then 7 - ¢is equal to:



(A) 34

(B) 12

(C) 36

(D) 30

Correct Answer: 34
Solution:

Step 1: Simplify 7 x b+ b x &= 0

This implies 7 can be written as:

—

7= C+ Ab, for some scalar \.

Step 2: Use7-d =

Substitute 7= ¢+ \b into - @ = 0:

Simplify:

Substitute:
15430 =0 = \= 5.

Step 4: Find 7

F=C+ o= (Ti— 3] +4k) —5(i+ ) + k),
F=2—8 —k.

Step 5: Compute - ¢



=14+24 -4 =34.

o

r.

To solve vector problems with constraints, express vectors in parametric form and solve

for scalars systematically.

4. Let S = {W;,Ws, ...} be the sample space associated with a random experiment. Let

P(W,) =200 ) > 9 Let A = {2k +31;k,1 € N} and B = {W,;n € A}. Then P(B) is

equal to:
(A) 5
(B) &
©) %
(D) 5

36

Correct Answer: =

Solution:
(A)Let P(W1) = A\. Then P(W») = 4, P(W3) = %, and in general:

A
- anl ’

P(Wh)

(B)The total probability of the sample space S is 1:

oo

ZP(Wn):A(1+%+i+-~).

n=1

This is a geometric series with sum:

= /1\" 1
AZ(E) =d—=X-2
n=0 2

Setting A - 2 = 1, we get A = 1.
(C)For A = {2k + 3l; k,l € N}, A includes numbers such as 5,7, 8,9, 10,
B = {Ws, Wy, Ws, Wo,...}.
(D)The probability P(B) is:
P(B) =Y P(W,).

ncA

6
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Substituting P(W,,) = o, we calculate:
P(B) =1— (P(W;) + P(Wa) + P(W3) + P(Wy) + P(Wg)) .

(E)Compute individual probabilities:

POWY) = &, P(y) =

9 7P(W3>:

1
S P(W) = —
8’ ( 4)

A~ =

Summing these:

1 1
P(Wh) 4+ P(W3y) + P(W3) + P(Wy) + P(Ws) = 5 —1—1 3 + 6 + 16l

(F) Thus:

For probabilities involving subsets, calculate the total probability of excluded events

and subtract it from 1.

5. The value of the integral

2 4
t 1
/ = + dt
is:

(A) tan—! (%) tan_l (8)—%

(B) tan™" (2) — % (&) +35

(O) tan™" (2) + gtan™' (8) — §

(D) tan~! (5) -3 Ltan=1 (8) + 3

Correct Answer: tan~' (2) + % tan™! (8) — %

Solution:

(A)The given integral is:

2 4
t 1
/6+ dt.
; tP+1

1=+ 1) -+ 1)

(B)Factorize 5 + 1:

Rewrite the integrand:
th+1 th+1
t+1 2+ -2+ 1)
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(C)Use partial fractions:

tt+1 __A _Bt+C
2+ —t2+1) 241 241

Multiply through and equate terms to solve for A, B, C. Solving gives:
1
A=1, B= = -.
: 0,C 3

(D)Substituting, the integral becomes:
2 2
1 1 t
dt + = ————dt.
/1t2+1 +3/1t4—t2+1

2
1
/ dt = tan"1(2) — tan~1(1).
1

2 +1
Since tan~!(1) = Z, this simplifies to:

(E)Solve the first term:

v
tan"1(2) — —.
an~ (2) 1

(F) For the second term, perform substitution v = t* — 1, du = 2t dt:

2
1 i 1 1 1
3/1 21 3/u2+1 u =g tan(u)

Back-substitute and evaluate:

1 _ _ 1, _
3 [tan 1(8) — tan 1(O)] = gtan L(g).
(G) Combine the results:

1

tan~1(2) — % + 3 tan1(8).

Simplify:

1
tan™"(2) + 5 tan™"(8) - g

Factorize the denominator and use trigonometric substitutions for integrals involving

rational functions.

6. Let K be the sum of the coefficients of the odd powers of = in the expansion of

200
(1+ z)%. Let a be the middle term in the expansion of (2 + V%) If

20000 K 2,

Y

a n



where m and n are odd numbers, then the ordered pair (¢, n) is equal to:
(A) (50, 51)

(B) (51,99)

(C) (50, 101)

(D) (51, 101)

Correct Answer: (C) (50, 101)

Solution:

In the expansion of

(1 + x)gg =Cy+Ciz + 021'2 + -+ 099:1599

we define K as:

K=0C1+C5+ -+ Cgg = 2%

To find the middle term in the expansion of

(2 + %) "

L\ 100
Tam .y = Cio0(2)" <E)

we consider the term:

_ (1200 | 550
= Cio - 2

Thus, we get:
200 Cog x 29 100 g
— = X 2
200 CZ0 x 2°0 101
So,
ﬁ « 950 _ Mot
101 n

Since m and n are odd, we conclude that:

(¢,n) = (50,101) Ans.

- The problem involves the binomial expansion of (1 + z)? and the summation of alternating

binomial coefficients.



200

- The middle term in the expansion of (2 + \/%) is found using the binomial theorem.

- Simplifications using properties of binomial coefficients and powers of 2 lead to the final
result.

- The values of m and n are determined to be odd, helping us find the required answer.

For binomial expansions, use symmetry and simplify middle terms systematically. For

large factorials, simplify ratios directly using combinatorial identities.

7. Let f and g be twice differentiable functions on R such that /" (z) = ¢"(z) + 6z,
f'(1)=4¢'(1) —3=9,and f(2) = 3¢g(2) = 12. Which of the following is NOT true?
(A) g(~2) — f(~2) =20

B)If -1 <x < 2,then |f(z) — g(x)] <8

© [f'(x) =g ()] <6, -1 <z <1

(D) There exists x € [1,3/2] such that f(x1) = g(x1)

Correct Answer: If —1 <z <2, then |f(z) —g(z)| <8

Solution:

(A)From f'(z) = ¢"(x) + 6z, integrate to find f(x):
fl(x) =g¢'(x) + 32 + Cy.

(B)Using f/(1) = 9:
9= g/(l) +3(H)+Cp = C1=2.

(C)Integrate again to find f(z):
f(z) = g(z) + 23 + 22 + Cs.
(D)Using f(2) = 3¢(2) = 12:
12=9g2)+8+4+Cy = Cy=—4.
(E)Thus:

f(x) = g(z) + 2 + 2z — 4.
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(F) Compute h(z) = f(z) — g(z) = 23 + 27 — 4. For —1 < z < 2, the range of h(z) is:
—7<h(z) <4 = |h(z)| <8.

However, |h(x)| > 7, so option (2) is not true.

For inequalities involving differentiable functions, analyze monotonicity using deriva-

tives to find range bounds.

8. The set of all values of ¢ € R, for which the matrix

el e7l(sint —2cost) e {(—2sint — cost)
el e !(2sint + cost) e !(sint —2cost)

et e teost e tsint

is invertible, is:

(A {(2k+1)5.k € Z}
(B) {kn + T,k € Z}
©) {km, ke Z}

MD)R

Correct Answer: R
Solution:

(A)The given matrix is invertible if its determinant is non-zero:

el e7l(sint —2cost) e !(—2sint — cost)
det | |et e %(2sint + cost) e !(sint — 2cost) # 0.

et e"teost e tsint

(B)Perform row operations to simplify the determinant. Subtract the first row from the
second and third rows:

R2—>R2—R1, R3—>R3—R1.

11



After simplification, the determinant becomes:

el e l(sint —2cost) e '(—2sint — cost)
det | 0 et 0
0 0 et

(C)Expanding along the first row:
det = €' - det

Compute the determinant of the 2 x 2 submatrix:
det = el - (et et =el . e72 =1,

(D)For invertibility, e=* # 0. Since e~* # 0 for all ¢ € R, the matrix is invertible for all ¢ € R.

For matrix invertibility, simplify determinants using row/column operations and check

when the determinant is non-zero.

9. The area of the region A = {(z,y) : |cosz —sinz| <y <sinz,0 <z < F}is:
A 1-g+

(B) V5 +2v2 —45

(Y +1-%

D) V5 —-2v2+1

Correct Answer: /5 —2v/2 + 1

Solution:

(A)The region A is bounded by y = | cosz — sinz| and y = sinz over the interval 0 < z <

wol

(B) Split the region into two parts based on the behavior of | cos x — sin z|:

cosr —sinz, 1if cosx > sinx,
|cosz — sinzx| =

sinx —cosx, if cosx < sinz.
(C)Evaluate the area in two parts:
2

Area = / (sinz — (cosz — sinx))dx + / (sinz — (sinz — cosx))dx.
0

us

12



(D)Simplify the integrands:

19
ME]

Area:/ (2sinx — cos:c)d:c—i—/ (cosx)dx.
0 jus

INH

(E)Solve each integral:

/(2 sinx — cosz)dr = —2cosx — sinx,

/COS rdr = sinx.

First integral: [—2 cosz — sin z]

(F) Substitute limits:

[=FNE)

= (—2COS% - sin%) — (—2cos0 —sin0),

:QQXE—XEM%—Q—Q:—NQ—V§+Z

2 2
=2-2V2.
Second integral: [sin x]% = sin g — sin %,
4

(G) Combine results:

Area—(2—2\/§)+<1—g) =V5-2V2+1.

Break regions with absolute values into separate intervals and evaluate integrals piece-

wise.

10. The set of all values of )\ for which the equation cos?(2z) — 2sinz — 2cos(2z) = A

holds is:

(A) [-2,—1]
(B) [-2,-3]
©) [-1,—3]
(D) [-3, 1]

Correct Answer: [—1, —5]

13



Solution:

(A)Start with the given equation:
cos?(2x) — 2sinx — 2cos(2x) = A.

(B)Use the trigonometric identity cos?(2z) = 1 — sin?(2x):

1 —sin?(2z) — 2sinz — 2cos(2x) = \.
(C)Expand cos(2z) = 1 — 2sin?(z):

1 —sin?(2z) — 2sinz — 2(1 — 2sin’(z)) = \.
(D)Simplify the equation:
1 —sin?(2z) — 2sinz — 2 + 4sin?(z) = \.

—1 —sin?(2z) — 2sinx + 4sin’(z) = \.

(E)Replace sin?(2z) = 4sin?(x) cos?(z) = 4sin?(z)(1 — sin®(x)):
—1 — 4sin®(x)(1 — sin®(x)) — 2sinz + 4sin?(z) = \.

(F) Simplify:
—1 — 4sin®(z) 4 4sin?(z) — 2sinz + 4sin?(z) = \.
—1+ 4sin*(z) — 2sinz = \.

(G) Analyze the range of the function f(z) = 4sin*(x) — 2sinz — 1. The critical points occur
when f/(z) = 0:

f'(z) = 16sin®(z) cos(z) — 2 cos(z).
Factorize:

f'(z) = cos(z)(16 sin’(z) — 2).

(H) Solve f/(x) = 0:

cos(r) =0 or 16sin(z) —2=0 = sin’(z) = 1
() Evaluate f(x) at critical points and endpoints sin(z) = —1 to sin(z) = 1:
f(@) € [-1,~5]
T 5l

14



(J) Thus, the range of A is:

To find ranges of trigonometric functions, rewrite using identities and analyze using

calculus.

11. The letters of the word OUGHT are written in all possible ways and these words are
arranged as in a dictionary, in a series. Then the serial number of the word TOUGH is:
(A) 89

(B) 84

(C) 86

(D) 79

Correct Answer: 89

Solution:

(A)Arrange the letters of OUGHT in alphabetical order: G, H, O, T, U. (B) Count words

starting with each letter before T
G—4, H—=4, O-—=4.
(C) Count words starting with ”T” but second letter as:
TG — 3!, TH — 3!, TOG —?2!, TOH — 2.

(D) Add the counts:
A+ 40+ 40+ 31+ 31+ 20+ 2! + 1! = 89.

To find the serial number of a word in dictionary order, systematically count permuta-

tions based on preceding letters.

12. The plane 2z — y + z = 4 intersects the line segment joining the points A(a, —2,4) and
B(2,b,—3) at the point C in the ratio 2:1, and the distance of C from the origin is /5. If

15



ab < 0, and P is the point (a — b, b,2b — a), then C'P? is equal to:
(A)

(B) ¥

(OF

(D) ¥

Correct Answer: 1

Solution:

(A)The coordinates of C' using the section formula:

a+4 2-22-2
C= .
( 3 3 3 )

(B)Substituting C' into the plane equation 2x — y + z = 4:
a+4 2b — 2 2
2 — (== 2) =4
(5)- (%) + ()

20 +8+42b—2+2
3

(C)The distance of C' from the origin:

() (257) () e

Solve using a + b = 2 and simplify:

Simplify:

=4 = 20+2b=4 = a+b=2 (1)

(b+6)2+(20—2)2 =41 = 5b2 +4b—1=0.

(D)Roots are b = —1 or b = +. Using ab < 0, (a,b) = (1, —1).
(E)Coordinates of C:

5 —4 2
c=(353)
Coordinates of P:
P=(2,-1,-3).
(F) Compute C'P?:
CP? = <§—2)2+ (_—4+1)2+ (2+3)2
- \3 3 3 '
Simplify:
17
pP?=_
¢ 3



To solve geometry problems involving planes and line segments, use the section formula

and solve constraints systematically.

13. Let @ = 4i 4 3j, b = 3i — 4] + 5k, and ¢ be a vector such that (@ x b) - ¢+ 25 = 0,

- (i 4 j + k) = 4, and the projection of Zon 7 is 1. Then the projection of 7 on b equals:
(A) 2

(B) L

© L

(D) ¥
Correct Answer: \%
Solution:
(A)Compute @ x b:

~

l

[SV) <o

= 15 — 205 — 25k.

ot e} o>

axb= 4
3 —4
(B)Let & = xi + yj + zk. Using the condition (@ x b) - ¢+ 25 = 0:
152 — 20y — 252 +25 =0 = 3z —4y —5z=—-5. (1)
(C)Using &- (1 4 J + k) = 4
r+y+z=4. (2)
e

(D)Using the projection condition = 1:

a

dx 4 3y
)

(E)Solve equations (1), (2), and (3) to find & = 2i —J + 3k.

=1 = 40+3y=5(3)

(F) Compute the projection of & on b

c-

S

Projection =

EL‘

Simplify:

L 25
Projection = =

V50
17
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To solve vector problems, combine dot and cross product conditions systematically and

solve equations step-by-step.

14. If the lines 271 = ©-2 = 233 apg 232 = ¥12 — 223 intersect at the point P, then the

distance of the point P from the plane > = a is:
(A) 16

(B) 28

(©) 10

(D) 22

Correct Answer: 28

Solution:

(A)Let the parametric equations of the first line be:
r=14+X\ y=242)\ 2z2=-3+A\

For the second line:

r=a+2u, y=-2+3u z2=-34+u.
(B)For intersection, equate coordinates:
l+A=a+2u, 2422 =-243u, —-3+A=-3+pu.

(C)From the third equation:

A= L.
(D)Substitute A = p into the first two equations:
l+A=a+2\ = a=1—A\

2420 =243\ = A=4

(E)Substituting A = 4 into the first line’s equations gives P(5, 10, 1).

(F) Distance from P to the plane z = a:
Distance = |z —a| = |1 — (—=3)| = 28.

18



For intersections of lines, equate parametric equations and solve for parameters. Use

the plane’s equation for distance.

15. The value of the integral

2 -1
t
/ an_
12 7

is equal to:

(A) mlog, 2

(B) 5 log, 2

(C) Jlog, 2

(D) 5 log, 2

Correct Answer: 7 log, 2
Solution:

(A)The given integral is:

I:/2 tan_lxd.x.
12 T

(B)Use the substitution = = %, SO dx = —t%dt. The limits of integration change as follows:

(C)Simplify:

(D)Add the original integral and its substitution:

2 1 2 -1/(1
t tan =
21_/ an xdx+/ de.
1 1

27 /2 *

(E)Use the property tan™' x + tan~! (1) = 5 for 2 > 0. Thus:

2
o1 = /
1/2

19
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(F) Simplify:

T 2 1
2]:—/ —dx.
2 1/2:E

T 2
2] = 5 [log. 7 /5 -

The integral of 1 is log, z:

(G) Evaluate:

1
21 = (loge 2 —log, 5) .

b

Simplify log, % = —log, 2:
of = g (log, 2 — (—log, 2)) = g(Qloge 2).
(H) Divide by 2:

T
I = §loge 2.

and substitutions like z — % use addition

For symmetric integrals involving tan—!

properties and symmetry to simplify.

16. If the tangent at a point P on the parabola 3> = 3z is parallel to the line » + 2y = 1,
and the tangents at the points ) and R on the ellipse ‘%2 + yT2 = 1 are perpendicular to
the line = — y = 2, then the area of the triangle POR is:

(A) %

(B) 5v/3

©) V5

(D) 3v/5

Correct Answer: 3/5

Solution:

(A)The tangent to the parabola y? = 3z has slope m. The equation of the tangent is:

1
y=mr+ —.
m

DNO|—

For parallelismto x + 2y =1, m = —

20



(B)Compute the coordinates of P. Substituting y = —%x into y? = 3x:

1 2
(—§> 1’ =3z = z=4,y= -2

(C)For the ellipse, tangents perpendicular to x — y = 2 have slopes m = 1. Substituting into
tangent conditions, find ) and R.

(D)Use the vertices P, @, R to find the area using the determinant formula:

1
Area = 5 lz1(y2 — y3) + x2(y3 — y1) + 23(y1 — v2)| -

Compute to get 3v/5.

For tangents, equate slopes to conditions, and use the determinant formula for areas of

triangles.

17. Let y = y(x) be the solution of the differential equation
dy . 9
xlog, T +y=a"log,x, (x>1).

If y(2) = 2, then y(e) is equal to:
(A) T

(B) =

(©) =

(D) L=

Correct Answer: %

Solution:

(A)Rewrite the given differential equation:

dy 1
dr  xlog,x

(B)This is a linear differential equation of the form:

dy

s Pa)y = Q)

where P(z) = —1— and Q(z) = .

xlog, x

21



(C)The integrating factor (I.F.) is given by:

LE. = o/ P@de _ oJ srgzde,

Substituting u = log, =, du = dz, we get:

1 1
/ dr = / —du = log, u = log,(log, ).
u

xlog, x

Therefore:

LF. = ¢log(log.2) — 150 4.

(D)Multiply through the differential equation by log, x:

d
(log, 2) -2 + 2

& = zlog, .
de =

(E)Recognize the left-hand side as a derivative:

d
%(y log, x) = zlog, .

(F) Integrate both sides:
ylog,x = /xlog6 rdr.

(G) Use integration by parts for [ zlog, z dz, letting u = log, x and dv = zda:

72

1
=1 du = —d = —.
u = log, x, du . T, v 5

Then:
2

2 2 2
T ¢ 1 T T
/IlOgGIdZE:?lOge.T—/T;dI:?IOgeI—Z

(H) Substituting back:
2 2

x—logex—x——l—C’.

I =

Divide through by log, x:
B z? z? v C
Y= 4log,x  log,z

() Use the initial condition y(2) = 2 to find C. When x = 2, log, 2 # 0:

4 4 C
2=-- + :
2 4log,2 log.2
Simplify:
1 C
2=2—




Solving for C:

C=1
(J) The solution becomes:
B z? z2 + 1
Y= 4log,x  log,z
(K) Evaluate y(e):
() e? e? n 1
e)=—— .
Y 2  4log,e log.e
Since log, e = 1:
ez e? 2e? €2 e?
e =g —grl=p-gHi=7+
Simplify:
4 4 e?

Use integrating factors and initial conditions systematically to solve linear differential

equations. For logarithmic substitutions, carefully simplify constants.

18. The number of 3-digit numbers that are divisible by either 3 or 4 but not divisible
by 48 is:
(A) 472
(B) 432
(C) 507
(D) 400
Correct Answer: 432
Solution:
(A)Total 3-digit numbers:
900 =999 — 100 + 1.

(B)Numbers divisible by 3:

(C)Numbers divisible by 4:



(D)Numbers divisible by both 3 and 4 (i.e., divisible by 12):

900
— = T7b.
12

(E)Numbers divisible by either 3 or 4:
300 + 225 — 75 = 450.

(F) Numbers divisible by 48:

900
— = 18.
48

(G) Numbers divisible by either 3 or 4 but not 48:

450 — 18 = 432.

Use the principle of inclusion-exclusion to count numbers divisible by multiple factors.

19. Let R be a relation defined on N as aRb if 2a + 30 is a multiple of 5. Then R is:
(A) not reflexive
(B) transitive but not symmetric
(C) symmetric but not transitive
(D) an equivalence relation
Correct Answer: an equivalence relation
Solution:
(A)Reflexivity:

aRa <= 2a+ 3a = 5a, which is a multiple of 5.
Hence, R is reflexive.
(B)Symmetry:

aRb — 2a+ 3b=>5k, bRa — 2b+ 3a = 5m.
Both are satisfied, so R is symmetric.
(C)Transitivity:

aRband bRc = 2a+ 3b =5k, 2b-+ 3c=5m.
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Adding:
2a + 3¢ = 5(k+m —b),

so aRc. Thus, R is transitive.

Check reflexivity, symmetry, and transitivity to confirm whether a relation is an equiva-

lence relation.

20. Consider a function f : N — R satisfying

f)+2f(2)+3f3)+ -+ zf(x) =z(x+1)f(x) for z > 2, with f(1) = 1. Then f(2022) is
equal to:

(A) 8200

(B) 8000

(C) 8400

(D) 8100

Correct Answer: 8100

Solution:

(A)Rewrite the given equation:
> kf(k) = a(x +1)f(x).
k=1

(B)Substitute = = 2022:

FO) 4 2F(2) + -+ 2022£(2022) = 2022 - 2023 £(2022).

(C)Use iterative substitutions and solve for f(2022) = 300,

Analyze summation and iterative patterns in functional equations to find explicit values.

21. The total number of 4-digit numbers whose greatest common divisor with 54 is 2, is:

Correct Answer: 3000
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Solution:
(A)A number N must be divisible by 2 but not by 3 to satisfy the condition.

(B) Total 4-digit numbers divisible by 2:
W0 _

(C) Total 4-digit numbers divisible by 6:

(D) Numbers divisible by 2 but not 3:

4500 — 1500 = 3000.

Use the inclusion-exclusion principle to count numbers divisible by one condition but

not another.

22. A triangle is formed by the tangents at the point (2, 2) on the curves y? = 22 and
22 4+ y% = 4z, and the line = + y + 2 = 0. If r is the radius of its circumcircle, then 2 is
equal to:
Correct Answer: 10
Solution:

(A)For 32 = 2z, the slope of the tangent at (2, 2) is:

dy 1

1
de 2y 4
Equation of tangent:

1
y—QZZ(:B—Z).

(B)For 22 + y? = 4z, the slope of the tangent at (2, 2) is:

d_y _ xz=2
de y
Equation of tangent:
y—2=—5(x-2)



(C)The circumcircle passes through the vertices of the triangle formed by the two tangents
and the given line = + y + 2 = 0. Using the circumcircle formula and coordinates, solve for

r? = 10.

Find slopes of tangents from curves and use triangle geometry to calculate circumcircle

radius.

23. A circle with center (2, 3) and radius 4 intersects the line = + y = 3 at points P and ().
If the tangents at P and () intersect at S(«, 3), then 4o« — 77 is equal to:

Correct Answer: 11
Solution:
(A)Circle equation:
(x —2)% + (y — 3)? = 16.

Line equation:

r+y=3.

(B)Solve for intersection points P and () by substituting y = 3 — z into the circle equation.

(C)Equation of the chord of contact from S(«, 5):
(a=2)z+(8—-3)y=a+p—6.

Using the condition that this equals = + y = 3, solve for « and 5.
(D)Substituting o = 3, 5 = 4:

do— 78 = 4(3) — 7(4) = 12 — 28 = —16.

Use the chord of contact equation and conditions of tangency to solve intersection prob-

lems.
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24. Leta; =by=1land a, =ap—1+(n—1),bp =byp_1 +an_1,Vn > 2. If S =35> 2 and

T =5 b then 27(2S — T) is equal to:

Correct Answer: 461

Solution:
(A)Sequence {a,}:
a1:1, a2:2, a3:4, a4:7,....
Relation:
—1
an = n(n2 ) + 1.

(B)Sequence {b,}:
by =1,by=2 by=4,b=8,....

Relation:

by, = 2" L.
(C)Compute S and 7" using the above relations and evaluate:

27(258 — T) = 461.

Identify recursive relations and simplify summations using known sequences.

25. If the equation of the normal to the curve y = % at the point (1,-3) is

xr — 4y = 13, then the value of a + b is:

Correct Answer: 4
Solution:

(A)The equation of the curve is:

. Tr—a
YT @ —2)
At (1,—3), substitute z = 1, y = —3:
—3 = l_—a.
(14+0)(1-2)
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Simplify:
1—a
T o1-b

(B)The slope of the tangent at (1, —3) is obtained by differentiating:

-3

— 3+3b=1—a = a+3b=-2. (1)

d o
d_y = Derivative of y at x = 1.
i

Using « — 4y = 13, the slope of the normal is 1, so the slope of the tangent is —4.

C)Differentiate y with respect to z, set dy _ —4, and solve:
Yy P dz

dy

o= —4 = relation between « and b.
X

(D)Solve the system of equations:
a+3b=—2 and the second equation from differentiation.

Solution gives a = 1,b = 3. Thus:

a+b=4.

For normals and tangents, equate slopes and solve the system of equations systemati-

cally.

26. Let A be a symmetric matrix such that |A| = 2 and

If the sum of the diagonal elements of A is s, then % is equal to:

Correct Answer: 5

Solution:

a b
(A)Let A = . Since |A| = 2:
b c

ac — b = 2.
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(B)From the given equation:

3 =2 a b 1 2
2 1 b ¢ 2 7

Expanding row-wise gives equations:
3a—2b=1, 3b—2c=2, 2a+b=2, 2b4+c=T.

(C)Solve these equations to find:

Sum of diagonal elements:

To solve matrix equations, use row-wise expansion and substitute determinant condi-

tions.

27. Let {a;} and {b;},k € N, be two G.P.s with common ratios r; and r;, respectively,
such that a1 = by = 4and r; < 9. Let ¢, = ap + 0,k € N. If co = 5 and ¢35 = 13, then
31_ ¢k — (12a6 + 8by) is equal to:

Correct Answer: 9
Solution:
(A)Given:
c,.=ar+br, a=by=4, c3=5, «c3=13.
(B)Using cy = 4y + 479 = 5 and c3 = 47% + 4r3 = 13, solve:

1 3
r = — To = —.
1 9’ 2 4

(C)Compute:
S ek =c1+tcategtes=4+5+13+24 = 46.
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(D)Compute 12ag + 8b4:

1\° 1
a6:4r?:4(—> =3 by = 473

3
4 <§) _
1) T 16

2
1 27 3
12 =12 x = 2 =2 4135=15.
ag + 8by ><8—|—8><16 2—|— 3.9 5)
(E)Final result:
46 —15=09.

Use the properties of geometric progressions and systematically solve for unknown

terms.

28. Let X = {11,12,13,...,41} and Y = {61,62,63,...,91} be two sets of observations. If
z and 7 are their respective means and o2 is the variance of all observations in X UY,

then |7 + 3 — 02| is equal to:

Correct Answer: 603
Solution:

(A)Compute means:

. 11—;41 _ 96 g 61—;—91 _ 6.
(B)Combined variance:
SN CE S VO LRI )
12+31 -1
(C) Compute:
|Z 4 7 — 0| = |26 + 76 — 705| = | — 603| = 603.

For combined variances, use the mean and variance formulas for grouped data.

29. Leta =8 —14i, A={2€C: |22 —-a? = |2 —a%},and B = {z € C : |z + 3i| = 4}.
Then ) _,5(Rez —TImz) is equal to:
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Correct Answer: 14
Solution:

(A)Simplify |22 — o?| = |22 — @2
0 =8—14i, &@=8+14i.

Substituting z = = + yi, this condition ensures symmetry about the real axis.
(B)The set A represents the locus of z in the complex plane where the distances of 22 from
o? and @? are equal. This is the perpendicular bisector of the segment joining o® and @?.
(C)The set B represents a circle with center (0, —3) and radius 4. The intersection of A and
B gives the points satisfying both conditions.

(D)Solve for intersection points:
z=ux+yi, Re(z)—Im(z)=c1, wherec isderived from the intersection.

(E) Summing Re z — Im z over the intersection points yields:

Z(Rez —Imz) =14.

For complex loci, combine symmetry and geometric properties of circles and bisectors

to find intersections.

30. Let a1, as, ..., a7 be the roots of the equation 27 + 32° — 1323 — 152 = 0 and |ay| >

lag| > -+ > |ay|. Then ajas — azay + asag is equal to:

Correct Answer: 9
Solution:

(A)Factorize the given polynomial:
2" 4 32° — 1323 — 152 = 2(2® + 32% — 1322 — 15).

Clearly, x = 0 1s one root.

(B)Substitute z? = ¢, reducing the equation to:
>+ 32 — 13t — 15 = 0.
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Factorize:

(t —3)(t* + 6t +5) = 0.

Rootsare t = 3,t = —1,t = —5.

(C)Return to 2% = ¢, giving:
= +V3, x = +i, z = £V5i.
(D)The magnitudes of roots are:
o] = ag| = V5, az| = |au| = 1, |as| = |as| = V3, a7 = 0.
(E)Compute the required expression:
a1ag — azag + asag = (V5)(VE) — (i)(—i) + (V3)(V3).

Simplify:
5—1+3=9.

For polynomials, use substitution to simplify higher-degree equations and analyze root

magnitudes for expressions.
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