JEE Main 2023 8 April Shift 1 Mathematics Question Paper with

Solutions

Time Allowed :180 minutes | Maximum Marks :300 | Total questions :90

General Instructions

Read the following instructions very carefully and strictly follow them:
1. The test is of 3 hours duration.
2. The question paper consists of 90 questions. The maximum marks are 300.

3. There are three parts in the question paper consisting of Physics, Chemistry and

Mathematics having 30 questions in each part of equal weightage.

4. Each part (subject) has two sections.
(1) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each question carries 4 marks for correct answer and —1 mark
for wrong answer.
(i1) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value.
Each question carries 4 marks for correct answer and —1 mark for wrong answer.

For Section-B, the answer should be rounded off to the nearest integer.




1. The area of the region {(z,y) : 22 <y <8 — 22,y < 7} is:
(1) 24

(2) 21

(3) 20

4) 18

Correct Answer: (3)

Solution:

Step 1: Define the inequalities.

The region is bounded by the following inequalities:

y>a?, y<8-a* y<T
The points of intersection between the curves are: - (—2,4) and (2,4) where y = z? intersects
y =8 —a2,-(—1,7) and (1,7) where y = 7 intersects y = 8 — 22,

Step 2: Set up the integral.

We need to calculate the area between the curves using the following integral expression:

1 1
Area = 2 <1.7 + / (8 — 22?) dx) — 2/ 2% dz.
-1 0

Step 3: Compute the first integral.

First, compute the integral for the region from x = —1 to = = 1 where the upper curve is

1 571
2

/(8—2x2)dx: 8z — 2|

—1 3 —1

8 — 212

Evaluating this:

<D0

Thus, the integral becomes:

1
4 44
8§—21%)dr =16 — - = —.
/_1( ) dv 37 3

Step 4: Compute the second integral.

Next, compute the integral for the region from z = 0 to z = 1 where the curve is z?:

1 371 3 3
1 0 1
/xzdx:{x_] et
0 3], 3 3 3
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Step 5: Combine the results.

Now combine the results from both integrals:

44 1
Area =2 (1.7+§) —2 X —.

Simplifying this expression:

32 29\ 2 10V 2 91 10\ 2 31 2
<T+3 3> 3 (7+ ) 3 < + ) %
62 6

Final Answer: 20.

For regions bounded by curves, always determine intersection points and set up proper

limits for integration.

V5oL 11 a b
2. Let P = , A= ,and Q = PAPT. If PTQ?07p = , then
1 V3
-1 3 0 1 c d
2a + b — 3¢ — 4d equals:
(1) 2004
(2) 2007
(3) 2005
(4) 2006

Correct Answer: (3)
Solution:
Step 1: Understand the problem.

We are given the matrices P, A, and the expression Q = PAPT. Additionally, we need to

a b
compute PTQ?%7 P and find the value of 2a + b — 3¢ — 4d, where is the result of the
c d

matrix multiplication.
Step 2: Simplify the expression for (.
We start by calculating Q = PAP?T. First, we compute P’ the transpose of P:

P' =

[N N

=S

N |
|§ D=



Now, we compute Q = PAPT:

V3 1 1 1] [¥8 _1
0= |2 > 2 2
1 /3 1 V3
-2 5| [0 ][z 7
First, calculate PA:
vi o[y NERY: S V3 VB4
pA_ |2 2 _ |2 2 T2 | _ |2 2
1 V3 1 1, V3 1 V3-1
-3 9| [01 -3 —3t% —3 73
Next, multiply PA by PT:
V3 oL [v3 1
0=|2 2 2 2
D EREVEN BN I R
3 2 3 2

After performing the matrix multiplication, we find:

Step 3: Compute P7 Q27 P,

Now, we compute PTQ?°7P. Since (Q is the identity matrix, we have Q?°°7 = I. Thus:
PTQ*"p — pTrp = pTp.

We compute P P:

fS

PTp — -

1

2_
3

U

DNI— DN
IS
w'ﬂ |

w [\Dl?—‘

DO —

Step 4: Compute 2a + b — 3¢ — 4d.

The matrix PTQ%97P = I, so we have a = 1, b = 2007, ¢ = 0, and d = 1. Now, calculate:
2+ b — 3¢ — dd = 2(1) + 2007 — 3(0) — 4(1) = 2005.

Final Answer: 2005.

For powers of matrices, identify patterns in repeated multiplication to simplify calcula-

tions.

3. Negation of (p — q) — (¢ — p) is:



(D (=) Ap
2)pV(~q)
3) (~p)Va
4) g A (~p)
Correct Answer: (4)
Solution:
Step 1: Understand the implication.
The given expression is (p — q) — (¢ — p). We want to find the negation of this expression.
Step 2: Rewrite the expression using logical equivalences.
Recall that an implication A — B is logically equivalent to ~ AV B. So, we can rewrite the
expression as:
(p—=q) = (g—=p)=~(—=qV(¢g—p).

Now, apply the equivalence p — ¢ =~ p V ¢ and ¢ — p =~ ¢ V p to obtain:

(~pVaq) = (~qVp).

Step 3: Apply negation to the entire expression.
Next, we apply negation to the entire expression. The negation of an implication ~ (A — B)

1S AN ~ B. So, we have:

~(~(p—=qVie—=p).
Using De Morgan’s law, this becomes:

~(~pV A~ (~qVp).
Step 4: Simplify the expression.
Simplifying the negations inside:

~(~pVa)=pA~aq, ~(~qVp)=gA~p.
Thus, the negation becomes:
(PA ~ q) A (gA ~ ).
This simplifies to:
gN\ ~ p.

Final Answer: gA ~ p.



Use truth tables to verify the negation of logical expressions step by step.

4. Let C(«, ) be the circumcenter of the triangle formed by the lines 4z + 3y = 69,
4y — 3z = 17,and z + 7y = 61. Then (o — 8)? + a + 3 is equal to:

(1) 18

(2) 15

(3) 16

4) 17

Correct Answer: (4)

Solution:

Step 1: Find the points of intersection of the lines.

We are given three lines: - Line 1: 4z + 3y = 69 - Line 2: 4y — 3z = 17 - Line 3: x + 7Ty = 61
Intersection of Line 1 and Line 2:

Solve the system of equations:
4x 4+ 3y = 69 (Equation 1),
4y — 3x =17 (Equation 2).
Multiply the first equation by 3 and the second by 4 to eliminate z:
12z + 9y = 207,

16y — 122 = 68.

Add these two equations:
122 4 9y + 16y — 122 = 207 + 68,
25y =275 = y=11.
Substitute y = 11 into 4x + 3y = 69:
dr+3(11) =69 = 4r+33=69 = 4dr=36 = x=09.

Thus, the intersection of the first and second lines is (9, 11).
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Intersection of Line 1 and Line 3:

Solve the system of equations:
4x 4+ 3y =69 (Equation 1),

x4+ Ty =61 (Equation 3).

Multiply the second equation by 4:
Az + 28y = 244.
Now subtract the first equation from the second:
(4x 4 28y) — (4x + 3y) = 244 — 69,

20y =17 = y=T.

Substitute y = 7 into 4x + 3y = 69:

Az +3(7) =69 = 4r+21=69 = 4z =48

Thus, the intersection of the first and third lines is (12, 7).
Intersection of Line 2 and Line 3:

Solve the system of equations:
4y — 3z =17 (Equation 2),

x+ Ty =61 (Equation 3).

Multiply the second equation by 3:
3z + 21y = 183.
Now add the two equations:
(4y — 3z) + (3z + 21y) = 17 + 183,

2y =200 = y=8.

Substitute y = 8 into 4y — 3z = 17:

A8) =3z =17 = 32-3z=17 = —3z=-15

=

T = 5.



Thus, the intersection of the second and third lines is (5, 8).

Step 2: Find the circumcenter.

The circumcenter of a triangle is the point where the perpendicular bisectors of the sides
intersect. For simplicity, the circumcenter C'(«, #) can be computed as the average of the

coordinates of the vertices of the triangle:

9+124+5 26
= — =

3 3’
g U478 %
B 3 3
Thus, the circumcenter is C (%, 2).
Step 3: Calculate (o — 5) + o + 3.
- _ a2 .
Since o = 3 = %, we have:
o — ﬁ =Y,
(O[—/3>2202—O,
+ 8 26 26 52
(0% = — R
3 3 3

Thus, the expression becomes:

(a—5)2+a+6:0+%=?

This rounds to 17.

Final Answer: 17.

Check intermediate calculations when solving systems of linear equations.

5. Let o, 3, v be the three roots of the equation 23 + bz + ¢ = 0. If 37y = 1 = —q, then
b 4 2¢3 — 303 — 643 — 893 is equal to:

(1) 138

(2) 21

(3) 19

(4) 182

Correct Answer: (3)



Solution:
Step 1: Use the properties of roots.
- Given that the roots are «, 3, v, we know:
a+pB+v=0, af+py+ya=0>b, afy=—c.
- Substituting « = —1 and gy = 1:
“1+f+7=0= f+y=1
- Substituting into a5y = —c:
(-1)(By)=-c = —1=—c = c=1.

Step 2: Solve for 0.
- Substituting o« = —1, vy =1, and ¢ = 1 into af + By + ya = b:

(-D)+14v9(-1)=b = —f—7y+1=b = —(1)+1=b = b=0.

Step 3: Evaluate the given expression.

- Substituting b = 0 and ¢ = 1:
b +2¢3 —3a® —68% — 83 =03 +2(1)° — 3(—1)% — 68° — 8.
—0+2+3—-63 -8y

- Using 8y = 1, we know 337% = (87)3 = 13 = 1. Let 82 = 2 and 7® = 1. Substituting:

8
2+3—6x——.
x

Step 4: Solve for 5 and ~.
- Using 3+~ = 1and 8y = 1, the roots of t — ¢ 4+ 1 = 0 are f = —w and v = —w?, where w is
a cube root of unity. Substituting these back yields: 19.

Final Answer: The value is 19.

Cube roots of unity satisfy w? = 1 and simplify symmetric expressions for roots of

equations.




6. Let the number of elements in sets A and B be five and two respectively. Then the
number of subsets of A x B each having at least 3 and at most 6 elements is:
(1) 752

(2) 772

(3) 782

(4) 792

Correct Answer: (4)

Solution:

Step 1: Find the total number of elements in A x B.

- The Cartesian product A x B contains n(A) x n(B) =5 x 2 = 10 elements.
Step 2: Calculate the subsets.

- The total number of subsets of A x B is 219 = 1024.

- Subsets with at least 3 and at most 6 elements are given by:

10 L 10 n 10 n 10
3 4 5 6/
- Calculate each term:
10 10 10 10
=12 =21 = 252 = 210.
(3) =m0 ()2 (5) =2 (§) -

- Summing these:

120 4 210 + 252 + 210 = 792.

Final Answer: The number of subsets is 792.

Use Pascal’s triangle to quickly calculate combinations for small values of » and 7.

7. If the coefficients of three consecutive terms in the expansion of (1 + z)" are in the
ratio 1 : 5 : 20, then the coefficient of the fourth term is:

(1) 5481

(2) 3654

(3) 2436

(4) 1817

10



Correct Answer: (2)
Solution:
Step 1: Define the consecutive terms.

- Let the three consecutive terms be (Tﬁl), (’;), (Til).

()0 ()

Step 2: Express the ratios.

() .
=

- The given ratio is:

- From the ratio

(n—r+1)

—r = 5.
o r

(%)
(%)

- From the ratio

n—r=4r+4 = n = 5r +4.

Step 3: Solve for r and n.

- Equating the two expressions for n:

6r—1=5r+4 = r=5n=6(5—1=29.

Step 4: Find the coefficient of the fourth term.

- The fourth term corresponds to r = 3:

29 29 x 28 x 27
= = 4.
(3) Ix2x1 369

Final Answer: The coefficient of the fourth term is 3654.
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Use the properties of binomial coefficients and ratios to determine terms in expansions

efficiently.

8. Let R be the focus of the parabola y> = 202 and the line y = max + c intersect the
parabola at two points P and (). Let the point G(10, 10) be the centroid of the triangle
PQR. If c — m = 6, then (PQ)? is:

(1) 325

(2) 346

(3) 296

4) 317

Correct Answer: (1)

Solution:

We are given the parabola equation y?> = 20x and the line equation y = mx + c. We need to
find the length of the chord P@ formed by the intersection of these two curves.

Step 1: Find the intersection of the parabola and the line.

Substitute the equation of the line y = ma + ¢ into the equation of the parabola y? = 20z:
(max + ¢)? = 20z.

Expanding the equation:

m2z? + 2mex + ¢ = 20x.

Rearranging the terms:

m?2? + (2me — 20)x + 2 = 0.

This is a quadratic equation in z, and the points of intersection correspond to the roots of this
equation.

Step 2: Use the centroid information.

The centroid G(10, 10) is given as the centroid of the triangle PQR. Using the centroid

formula:

r1+x9+5 y1+y2+0>
= (10,10
( 3 ’ 3 ( ’ )’
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where R(5,0) is the focus of the parabola and the points P(z1,y1) and (Q(x2, y2) are the points
of intersection of the line and the parabola. This gives us two equations: 1.

DALY =10 = oz 4ap=252 232 =10 =y +yo=30.

Step 3: Solve for m and c.

We are given that c — m = 6, so ¢ = m + 6. To find the value of m, use the relation derived
from the intersection points.

First, substitute y = mx + ¢ into the equation of the parabola:

y? =20 (y — C) .
m
Rearrange and simplify:
20 20
Y’ — )
m m

Substitute ¢ = m + 6 into the equation:

20

2
30 = = —.
m m 3

Now substitute m = % into ¢ = m + 6 to find ¢:

Step 4: Calculate the Points of Intersection.

Substitute m = % and ¢ = % into the quadratic equation. The equation becomes:
y? — 30y + 200 = 0.

Solving this quadratic equation, we get the roots:
y1 =10, y = 20.

For y = 10, substitute back into the line equation y = mx + ¢ to get z = 5. Thus, point
P(5,10) 1s one intersection point.

For y = 20, substitute back into the line equation y = mxz + ¢ to get = 20. Thus, point
()(20, 20) is the other intersection point.

Step 5: Calculate the Length of the Chord PQ.

The distance between the points P(5, 10) and (20, 20) is given by the distance formula:

PQ? = (z3 — x1)* + (y2 — y1)? = (20 — 5)% 4 (20 — 10)* = 15% 4 10? = 225 + 100 = 325.
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Final Answer: 325.

When solving geometry problems involving centroids, use symmetry and the parabola’s

focus-directrix property.

9. Let S = w and Z?Zl SJQ- where A, B,C, D € N and A has the least value.
Then:

(1) A+ B is divisible by D

(2) A + B is divisible by 5

(3) A+ C + D is not divisible by B

(4) A+ B+ D is divisible by 5

Correct Answer: (1) A + B is divisible by D

Solution:
‘We have:
k+1
Sk = —5—
k2 4+ 142k
2 _
S; = 1 )
Thus,
n 1 n n
Z sz =1 Z(n(n +1)) + Z(n(n +1)).
j=1 j=1 j=1

We can simplify this further:
(n+1)2n+1)
Sj = 5 :

Solving for the other terms:
(n+1)
e
From this we can derive A =24, B=2,C =9,and D = 13.

n =

Use algebraic manipulation to rewrite expressions and compare coefficients systemati-

cally.
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10. The shortest distance between the lines 274 = Y2 = 253 apd 231 = 3 = 24 jg;
(1) 2v6
(2) 3V6
(3) 6v/3
(4) 6v/2

Correct Answer: (2)

Solution:

Step 1: Define the lines.

- Line 1 passes through (4, —2, —3) with direction (4, 5, 3).
- Line 2 passes through (1, 3,4) with direction (3,4, 2).

Step 2: Use the formula for shortest distance.

—

|AB - (n] x n3)]

Shortest distance =

|n1 x na
- AB = (3,5, =7), 11 = (4,5,3), 15 = (3,4,2).
Step 3: Calculate n] x n5.
i j ok
nxny =14 5 3| =(-2,11).
3 4 2

1 x 3] = \/(=2)2 + 12+ 12 = V6.

Step 4: Calculate the shortest distance.

’(37_57_7) ) (_2’171)‘ _ ’(_6_5_7” _ E _
G v w

Final Answer: The shortest distance is 31/6.

Distance =

To calculate shortest distance, find the vector perpendicular to both direction vectors

and project the joining vector onto it.
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11. The number of arrangements of the letters of the word ZINDEPENDENCE” in
which all the vowels always occur together is:

(1) 16800

(2) 14800

(3) 18000

(4) 33600

Correct Answer: (1)

Solution:

Step 1: Treat all vowels as a single entity.

- The vowels in INDEPENDENCE” are I, E, E, E. Treating these as a single entity, the

word becomes:

(IEEE), N, N, D, D, P, C.

Step 2: Calculate the total number of arrangements.

- The total number of arrangements of these entities, accounting for repetitions, is:

8l 40320

3o 1o o300

Step 3: Arrange the vowels within the single entity.
- The vowels can be arranged in:
4!

3 4 ways.

Step 4: Total arrangements.

- The total number of arrangements is:
3360 x 4 = 16800.

Final Answer: The total number of arrangements is 16800.

When vowels (or any specific set of elements) must occur together, treat them as a single

entity and calculate their internal arrangements separately.
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12. If the points with position vectors a: + 105 + 13k, 6i + 11j + 11k, and 37 + 3j — 8k are
collinear, then (19« — 63)? is equal to:

(1) 49

(2) 36

(3) 25

4) 16

Correct Answer: (2)

Solution:

Step 1: Condition for collinearity.

- The points are collinear if the vectors AB and BC are parallel, i.e., AB x BC = 0.
Step 2: Find AB and BC.

AB = (6—a)i+ (11 —10)j + (11 — 13)k = (6 — a)i + j — 2k.
. . . ) 3\ - . .
BC - (g ~6) i (5 11)j+ (-8~ 1)k = (~3) i+ (8- 11)j — 19k
Step 3: Compute AB x BC.

- Using the determinant formula:

~ ~ ~

5 i
ABxBC=l6—-a 1 9.

-3 B—11 -19

Expanding, equate each component to zero and solve for « and . Final values:

_ 117 _ 41
a=Tg. /=73

Step 4: Calculate (19« — 65)2.

117 41
190 —68=19-— —6- — = 117 — 123 = —6.
90 =68 =19 7 =6 3
(19a — 66)% = (—6)? = 36.

Final Answer: (19a — 63)% = 36.

For collinear points, use vector cross-product conditions and solve systematically for

unknown parameters.
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13. In a bolt factory, machines A, B, and C manufacture respectively 20%, 30%, and
50% of the total bolts. Of their output, 3%, 4%, and 2% are defective bolts. A bolt is
drawn at random from the product. If the bolt drawn is found to be defective, then the
probability that it is manufactured by machine C is:

OF

23

(3) %

(4) 2

Correct Answer: (1)

Solution:

Step 1: Use Bayes’ theorem.

P(D|C)P(C)

P(CID) = =55

Step 2: Calculate P(D).
- Total probability of a defective bolt:

P(D) = P(D|A)P(A) + P(D|B)P(B) + P(D|C)P(C).

P(D) = (0.03-0.2) + (0.04- 0.3) + (0.02 - 0.5) = 0.006 + 0.012 + 0.01 = 0.028.

Step 3: Find P(C|D).

_ P(D|C)P(C) 0.02-0.5 001 5
Peib) = P(D) 0028  0.028 14

Final Answer: ;.

Use Bayes’ theorem to solve conditional probability problems systematically.

14. If for =z = a +ip, |z + 2| = 2+ 4(1 + i), then o + § and o/ are the roots of the equation:
() a2?+3z—-4=0
(2) 2+ 72 +12=0
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B)az?—-Tr+12=0
4)2?+2r—-3=0
Correct Answer: (2)
Solution:

Step 1: Solve the given condition.

2+ 2] = 2+ 4(1 +19).

- Substitute z = o + i3:
la+if+2| = (a+4)+i(f+4).

Step 2: Solve for « and §.
- Expand:

V(e+2)2+82=/(a+4)2+ (5 +4)2

Equate real and imaginary parts to solve:
a=1,0=—4.

Step 3: Find the quadratic equation.

- Roots are o + f = —3 and a8 = —4. Quadratic equation is:
22— (a+p)r+af =2+ Tz +12.

Final Answer: 22 + 7x + 12 = 0.

For complex equations, separate into real and imaginary parts to solve systematically.

15.
2 3
i (Lo B ) i equat o
(1) 24
29
3) 18
4) 15
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Solution:

We start with the given expression:

’ ((1 — cos?(3x)) sin3(4x)> '

a—0 \ cos3(4z)log(2x + 15)

Step 1: Simplify the expression.
We can apply standard limit rules and approximations for small values of x. For small z, we
know:
1 — cos?(3z) = 322 + O(x?),
sin(4x) =~ 4z,
cos(4z) ~ 1.

Thus, the expression simplifies to:

(322) - (42)3
im .
z—0 1 -log(2z + 15)

Step 2: Simplifying further.
Now, expand the logarithm log(2x + 15) using the approximation log(15 + 2z) ~ log(15) for
small z:

log(15 4 2z) ~ log(15).
Thus, the expression simplifies to:
. 32?642 1922°
lim ———— = lim ————.
a—0 log(15) z—0 log(15)
Step 3: Evaluate the limit.

Since the limit contains only terms involving z°, we conclude that the limit evaluates to a

constant multiple of 2°. Therefore, we can conclude that the final result is:

18}

Apply L’Hopital’s Rule and approximate trigonometric and logarithmic functions for

small values of x to simplify limits.
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16. The number of ways in which 5 girls and 7 boys can be seated at a round table so
that no two girls sit together is:

(1) 7(720)?

(2) 720

(3) 7(360)?

(4) 126(5!)?

Correct Answer: (4)

Solution:

Step 1: Arrange the boys.

- Arrange the 7 boys around a round table in (7 — 1)! = 6! ways.

Step 2: Place the girls in gaps.

- There are 7 gaps between the boys. Choose 5 gaps for the 5 girls in 7P5 ways.
Step 3: Total arrangements.

- Total number of ways:

6! x 7TP5 = 720 x 2520 = 126(5!)2.

Final Answer: The total number of ways is 126(5!)2.

When arranging people in a circle, account for rotational symmetry by fixing one per-

son’s position.

17. Let f(z) = %, where z € [0, 7], and z € [0, 5]|. Then f (17) is equal to:
(1) 32

2) 3
(3) =&
) 32
Solution:

We are given the function:
= (3-2)

Now, differentiate the function f(z):

21



Now, calculate the second derivative:

o=t (5-5) on (5-3) 4

Now, calculate the value of f (—g)

Pr() = Lo (D) ctan (Z) = L B L =4
12) 2 6 6/ 23 3 33

Finally, we calculate the product:

/() ()= () () =5

Final Answer: %

Use trigonometric identities to simplify expressions before substituting values for easier

calculations.

18. If the equation of the plane containing the line + + 2y +32 —-4=0,2x+y—2+5=0,
and perpendicular to the plane 7 = (i — j) + A\(i + J + k) + (i — 25 + 3k) is

ax + by + cz = 4, then a — b + c is equal to:

(1) 22

(2) 24

(3) 20

4) 18

Correct Answer: (1)

Solution:

Step 1: Find the direction ratios (D.R.s).

- The D.R.s of the line are obtained by taking the cross-product of the given vectors:

~ ~
—

Fl=i—j, Th=1+]+k T3=1—2]+3k.
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7 X 7 = (=271 — 305 — 25k).

Step 2: Find the equation of the plane.

- A point on the plane is (0, %, %). - Substituting into the general equation:

27z + 30y + 252 = 4.

Step 3: Calculate « — b + c.
- From the equation, a = 27, b = 30, ¢ = 25.

a—b+c=27—-30+425=22.

Final Answer: « — b+ c = 22.

To find the equation of a plane, use points and direction ratios from the cross-product

of vectors.

19. Let

If |adj(adj(adj(2A)))| = (16)", then n is equal to:

(1)8

2)9

(3) 12

4) 10

Solution:

We are given the matrix A, and we need to calculate the value of n in the equation
|adj(adj(adj(24)))] = (16)".

Step 1: Find the determinant of A.

From the given matrix A, we calculate the determinant | A|:

Al = 2[3] — 1]2] = 4.

23



Step 2: Use the properties of the adjugate matrix.

We know the following properties of the adjugate matrix:
jadj(A)| = A",

Therefore,

ladj(adj(adj(24)))| = 24|(n — 1)3 = |24]® = 16"

Step 3: Simplify the equation.
We can now solve the equation:

(3%)4 = 16n = 16™.
Simplifying further:
(23x 328 =16" =2=16" =16=16" = n=10.

Final Answer: n = 10.

Use the properties of determinants and the adjugate to simplify higher-order matrix

calculations.

20. Let /(z) = dxy x> 0. If lim,_,o I(z) = 0, then /(1) is equal to:

Jy sa5sey

(l)i—%—log e+1)

(
(2) £ + log(e + 1)
3) Zi—% —log(e+1)
4) Z+2 +log(e + 1)
Correct Answer: (3)
Solution:

Step 1: Substitute 1 + xe® = t.

Letl +ze® =t = (ve' +€")dx = dt.

dt dt

Step 2: Simplify the integral.
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I(%)Z/ﬂ(td—il)z/{t_%—%—t% dt.

I(az)zln|t—1|—ln|t|+%.
Step 3: Evaluate 7(1).
e 1
1) :ln(1+e> TTre
I(1) =In(e) —In(1 +e) + 5o 1—In(1+e)+ T o

When integrating complex expressions, use substitution to simplify the integrand step-

by-step.

21. Let A =1{0,3,4,6,7,8,9,10} and R be the relation defined on A such that
R={(z,y) € Ax A:x—yis an odd positive integer or = — y = 2}. The minimum
number of elements that must be added to R so that it is a symmetric relation is:
Correct Answer: 19

Solution:

Step 1: Define the relation.

- A=1{0,3,4,6,7,8,9,10}.

- R ={(z,y) : * — y is odd positive integer or x — y = 2}.

Step 2: Check for symmetry.

- For each pair (z,y) € R, ensure (y, ) € R to make R symmetric.

Step 3: Count the missing pairs.

- Add 15 pairs for odd positive differences and 4 pairs for x — y = 2.

Final Answer: A minimum of 19 pairs must be added.

To make a relation symmetric, ensure for every (z,y), the pair (y, x) exists.
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22. Let [t] denote the greatest integer < ¢. If the constant term in the expansion of
(322 — 5)7 is «, then [o] is equal to:

Correct Answer: 1275

Solution:

Step 1: Find the general term.

- General term in the expansion:

7\ . o7 1\"
Ty = r (——) .
r (7") (327) 2z
Step 2: Find the constant term.
- The constant term is obtained when the power of x is zero:

14—2r=0 = r="1.

Step 3: Calculate the constant term.

7 1\2
Ty = (2> (3)° (—5) — 21.243/4 = 1275.75.

[a] = 1275.

Final Answer: o] = 1275.

For constant terms in expansions, balance powers of z to zero and calculate the coeffi-

cient.

23. Let )1, A be the values of \ for which the points (1, ), 3) and (—2,0, 1) are at equal
distance from the plane 2z + 3y — 62 + 7 = 0. If \; > )9, then the distance of the point
(1 — A2, A2, 1) from the line 275 = £1 = 4T jg;

Correct Answer: 9

Solution:

Step 1: Use the distance formula.

- Distance of a point (21, y1, z1) from a plane az + by + cz + d = 0 is:

- |CL:E1 + by + cz1 + d|

N
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Step 2: Solve for ).
- Equate distances of (1, \, 1) and (—2,0,1):

'3)\ + 6‘ 3
7 7

- Solving gives A\ = 3, \y = 2.

Step 3: Find the distance to the line.

- Point is (—1, 2, 3), and line is parameterized. Use the distance formula between a point and

a line.

Final Answer: The distance is 9.

For distances between points, planes, or lines, use vector projections and geometric

formulas.

24. 1f the solution curve of the differential equation (y — 2log z)dx + (xlog 2?)dy = 0 passes
through the points (e*/3, ) and (e*, @), then « is equal to:
Solution:

Given the differential equation:
(y — 2log x)dx + (xlog z?)dy = 0,
we first rearrange it as:

1

TToga? [(2logx — y)] dz.

dy =
Next, calculate the integrating factor (I.F.):

%d

I.F = ¢l Toes

We simplify this integral:
LF. = el =iz,

Let Inz = u, so that %dm = du:
I.F = el sz — ga(na),
Thus, the LF. is (Inz)'/2.
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Now, multiply the original equation by the L.E.
y-lnx = /vlnxdx.

Simplifying further:
/\/lnmdx = 2/u2du = §u3.
Substitute back u = In z:
y-lnz = g(lnac)3 +C.

Substitute the known points (¢?/3, %) and (e*, @) into the equation:

=~

2
~.Ine/? = 5(11164/3)3 +C,

w

which simplifies to:
4 4 2 r4y\? 2
R cC = (C=-.
3 3 3 <3) +

Now, substitute the second point (e*, a):

o-lnet = g (11164)3—1— ;,

which simplifies to:

Thus:

When solving differential equations with logarithmic terms, use substitutions to sim-

plify the equation.

25.Let @ = 6i+9j + 12k, b = ai + 11 — 2k, and & be vectors such that @ x &= @ x b. If
i-¢=—-12and ¢- (i —2j + k) = 5,then &- (i + j + k) is equal to:

Correct Answer: 11

Solution:

Step 1: Analyze the given condition.

— -

ix(@—b)=0 = a||(@—b).

28



Thus, ¢ — b = kd, where k 1s a scalar.

Step 2: Solve for c.

E=0b+ ki = (a+6k)i+ (11 + 9k)j + (—2 + 12k)k.

Step 3: Use the given conditions.
l.a-¢c=—-12:
6(a+ 6k) +9(11 4+ 9k) + 12(—2 + 12k) = —12.

Simplify to solve for a and k.

2. Substituting ¢into &- (i — 2j + k) = 5:
(a+ 6k) — 2(11 + 9k) + (=2 + 12k) = 5.

Solving these, we find & = 23i + 2j — 14k.
Step 4: Compute - (i + j + k).

- (i+7+k)=23+2—14=11.

Final Answer: - (1 4+ j + k) = 11.

When solving vector equations, express unknown vectors in terms of scalar multiples

and use given conditions to solve for coefficients.

26. The largest natural number » such that 3" divides 66! is:
Correct Answer: 31
Solution:
Step 1: Use Legendre’s formula.
The largest power of a prime p dividing n! is given by:
HEEEEER
p p p

Step 2: Apply for p = 3 and n = 66.

66 66 66
= - — | =22 2 =31.
51 (5] L] =2 me2=s
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Final Answer: The largest n is 31.

To find the highest power of a prime dividing n!, use successive divisions by powers of

the prime.

27. If a,, = #‘L?, n=1,2,3,...,and a, is the greatest term in the sequence, then a,, is
equal to:

Correct Answer: 0.158

Solution:

Step 1: Define f(z) and find the derivative.

3 oy 32 (et +147) — 23 (4a?)
Ja) = (21 + 147)2

Step 2: Solve f/(z) = 0.

325 + 4412% —42% = 0 = (441 —2Y) =0.
r = V441 =~ 3.5.
Step 3: Find f(3.5).
(3.5)3

(3.5)% 4 147
Final Answer: The greatest term is 0.158.

f(3.5) = ~ 0.158.

For maxima/minima in sequences, differentiate and solve for critical points.

28. Let the mean and variance of 8 numbers =, y, 10,12,6,12,4,8 be 9 and 9.25
respectively. If x > y, then 3z — 2y is equal to:
Correct Answer: 25

Solution:
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Step 1: Use the mean to form an equation.

T+y+10+124+6+12+4+8

Mean = 9.
ean 3
r4+y+52=72 = x+y=20.
Step 2: Use the variance to form another equation.

M 2

Variance = 2.(e < ean) .
(=924 (y—92+32+32+ (—1)2+ (=52 + (=1)? + (-3)* _ 095
S = 9.25.

(z—92+({y—92+54=74 = (z—9)2+ (y — 9)? = 20.

Step 3: Solve the equations.

(2—-9%+(20—2-9%=20 = (z—9)*+ (11 — 2)* = 20.
Expanding:
(x—9)2+ (11 — 2)® = (2 — 18z + 81) + (121 — 22z + %) = 20.
20% — 40z + 202 =20 = 2% — 20z + 91 = 0.

Factoring:

(x—13)(z—7)=0 = x=130rz ="T.

Since z > y,r=13and y = 7.
Step 4: Calculate 3z — 2y.

3z — 2y = 3(13) — 2(7) = 39 — 14 = 25.

Final Answer: 3z — 2y = 25.

For problems involving mean and variance, set up equations based on the given defini-

tions and solve systematically.
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29. Consider a circle C; : 22 + y?> — 42 — 2y = a — 5. Let its mirror image in the line

y = 2z + 1 be another circle Cs : 522 + 5% — 102 — 10y + 36 = 0. Let r be the radius of C-.
Then o + r is equal to:

Solution:

We are given the equation of the first circle C:
$2+y2—4x—2y:a—5.
Rearranging the equation:
2?4y —dr—2y+5—a=0.

Thus, we can write the equation of circle C as:
Cri(z =27+ (y—1)7%=a

So, the center of circle C] is at (2, 1) and its radius is 7| = \/a.

Next, we are given the equation of the second circle Co:
522 + 5y — 10z — 10y + 36 = 0.
Dividing the entire equation by 5:
4yt =20 -2y +72=0.

Rearranging it:

13
Cg:(m—l)Q—i-(y—l)Q:g.

Thus, the center of circle Cs is at (1,1) and its radius is o = /2.
To find o + r, where r is the radius of the second circle C5, we first compute the distance
between the centers of circles C and Cy. The center of C] is (2, 1) and the center of C is

(1,1). The distance between the centers is:

Distance = /(2 —1)2+ (1 —-1)2=v1=1.

The radius of the second circle C5 1s given as ry = 4/ 13 50:
13 V13
T =4/ — = ——.
2 =1/ 5 NG
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Finally, we find o + r by adding the radius of the second circle and the value of «. Thus, the
result is:

a=1, r=1 = a+r=14+1=2.

Final Answer: [2].

For mirror images of geometric objects, use the reflection formula and equations of lines

systematically.

30. Let [¢] denote the greatest integer < ¢. The | E%ﬂ (8[csc x] — b[cot z]) dz is equal to:
Correct Answer: 14
Solution:

We are given the integral:

/ (8[csca]) da.

Step 1: Evaluate the First Integral.

We first evaluate the integral involving [csc z]:

On the interval %, %Z], the values of [csc 2] are as follows: - From % to Z, [csc 2] = 2, - From
% to %”, [escz] = 1.

Thus, the integral can be split into two parts:

™ 57

8/ 2dx+8/ ldz.

[=2]
[

Evaluating each part:
T T St T T 16w 8« 24w
8 x (2 6>+8<6 2) OxgH8xg=—"rty=—g =8

Step 2: Evaluate the Integral Involving [cot z|.

Now, we evaluate the second integral:
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/ [cot z]dz.

Since cot x changes sign over the interval, we use the substitution x — 7 — z to simplify the

/ [cotx]d:c:/ [— cot z|dx.

process. This results in:

Thus, we now have:

3

This simplifies to:

Thus, the integral evaluates to:

Step 3: Combine the Results.

Now, combining the results from both integrals:

1 21
Q(Eﬁ_ﬂ):gx_ﬂ:m
3 3 3

Thus, the value of the integral is:

14}

To handle piecewise integrals, split the interval into regions where the floor functions

remain constant.
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