JEE Main 2023 Jan 29 Shift-1 Paper with Solutions

Time Allowed :3 Hours | Maximum Marks :300 | Total Questions :90

General Instructions

Read the following instructions very carefully and strictly follow them:
1. The Duration of test is 3 Hours.
2. This paper consists of 90 Questions.

3. There are three parts in the paper consisting of Physics, Chemistry and

Mathematics having 30 questions in each part of equal weightage..

4. Each part (subject) has two sections.
(1) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each carries 4 marks for correct answer and —1 mark for

wrong answer..

5. (i1) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value.
Each carries 4 marks for correct answer and —1 mark for wrong answer. For

Section-B, the answer should be rounded off to the nearest integer.




Section-A

1: Match List I with List II:

List I (Physical Quantity) | List II (Dimensional Formula)
A. Pressure gradient (D) [MIL72T777]
B. Energy density (I [ML=1T=2)
C. Electric field (D) [M' LT =341
D. Latent heat (IV) [MOL*T 2]

Choose the correct answer from the options given below:
(1) A-I1I, B-1I, C-1, D-1V

(2) A-11, B-1II, C-1V, D-1

(3) A-I1I, B-II, C-1V, D-1

(4) A-11, B-11I1, C-1, D-1V

Answer: (3) A-III, B-II, C-1V, D-1

Solution

- Pressure gradient: 2 = LT _ g -2,

(L]
- Energy density: Sgl‘ffli = M {23]? | = (M7,
17r1p—2
- Electric field: gt = [M[ALlTCC} L= (M Lrr=347Y.
lr2m—2
- Latent heat: Heaenerey _ [M [ﬁﬂT L= [MO127-2].

Quick Tip

For matching dimensional formulas:

* Analyze the definition or physical meaning of the quantity.

* Break it into base quantities and derive the dimensional formula.

2: In a cuboid of dimensions 2L x 2L x L, a charge ¢ is placed at the center of the

surface S having area 4.2, The flux through the opposite surface to S is:

(D 2



(2) 5%
(3) 55
4) 55

Answer: (4) -

Solution
- The total flux through the cuboid is:
(I)total = g
€0
- As the cuboid has 6 faces, the flux through each face is:

o=-1
6¢eg

Quick Tip

For flux calculations:
* Use Gauss’s Law ® = Z for symmetric surfaces.

* Divide the flux equally among faces if the charge is symmetrically placed.

3: Ratio of thermal energy released in two resistors R and 3R connected in parallel in

an electric circuit is:

(1) 3:1
) 1:1
(3) 1:3
(4) 1:27

Answer: (1) 3:1

Solution

- The power dissipated in a resistor is:



- For R: Py « %, and for 3R: P; o 5. - The ratio of powers:

Pi 3R

— = 3: 1.
B R

Quick Tip

For power dissipation in parallel circuits:

» Power is inversely proportional to resistance in parallel arrangements.

o . . . l
Compare power ratios directly using P o 7.

4: A single current-carrying loop of wire carrying current / flows in the anticlockwise
direction (seen from the +z direction) and lies in the zy plane. The plot of ; component

of magnetic field (B,) at a distance « (less than radius of the coil) and on the yz plane vs
z coordinate looks like:

A ¥

e
sl
[}
|}

I

[
(T 'z

1

]

]

i
- ¥
X J

By (0, a, z) By (0 a, z)
Ll

N . 2 N A

(2) |

fil' |"UI i, zJ) v l:-'”‘ a. z)

(3) MI/\* (4) //|K 2

Answer: (3)

Solution

- At z = 0 (plane of the loop), B, = 0. - B, is opposite in sign for +z and —z, as per the
right-hand rule.

By = 0 in plane of coil By is opposite of each other in —z and +z positions.



Quick Tip

For magnetic field due to current loops:
* Use the right-hand rule to determine the direction of the field.

* Symmetry plays a critical role in analyzing magnetic field variations.

5: The magnitude of magnetic induction at the mid-point O due to the current

arrangement shown in the figure is:

I
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(1) bt
2)0
(3) 2

4ma

(4)

Answer: (4) ‘jr—‘);

Solution

- Magnetic field contributions due to segments BC and ET" are outward at point O. - Total

magnetic field:

B:NOI_FMO]:NOI.
Ad7r  4nr Ta



Quick Tip

For magnetic field calculations:
* Sum contributions from all current segments.

* Use the Biot-Savart law and symmetry for precise calculations.

6: Find the mutual inductance in the arrangement, when a small circular loop of radius
R is placed inside a large square loop of side L (L > R). The loops are coplanar and

their centers coincide:

L

(1) M = Y2l
@ M= e
() M= B
@) M= Yk

. _ 2V2uoR?
Answer: (3) M = ==t

Solution



Quick Tip

For mutual inductance in coplanar loops:

» Use the magnetic field from the larger loop and calculate flux through the smaller

loop.

* Divide flux by the current to obtain mutual inductance.

7: Which of the following are true?

A. Speed of light in vacuum depends on the direction of propagation.
B. Speed of light in a medium is independent of the wavelength of light.
C. Speed of light is independent of the motion of the source.

D. Speed of light in a medium is independent of intensity.

Choose the correct answer from the options given below :

(1) A and C only
(2) B and D only
(3) B and C only
(4) C and D only

Answer: (4) C and D only

Solution

1. Analysis of Statements:
- A: Incorrect. The speed of light in vacuum does not depend on the direction of propagation.
- B: Incorrect. Speed of light in a medium depends on the wavelength (dispersion).

- C: Correct. The speed of light is constant in vacuum, independent of the source’s motion.
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- D: Correct. The speed of light in a medium is not affected by light intensity.

Final Answer: |C and D only

Quick Tip

For questions on the speed of light:

* In vacuum, light speed is constant and independent of source motion.

* In a medium, dispersion occurs, making speed wavelength-dependent.

8: In a Young’s double slit experiment, two slits are illuminated with light of wavelength

800 nm. The first minimum is detected at P. The value of slit separation « is:

sJource P
F00 am |

(1) 0.4 mm
(2) 0.5 mm
(3) 0.2 mm
(4) 0.1 mm

Answer: (3) 0.2 mm

Solution

1. Condition for Minima: - Path difference for the first minimum:

A
Ax = =.
T
2. Slit Separation: - From geometry:
_AD
a=-

- Substituting values:

800 x 1079 x 5 x 102
a = = 0.2mm.
0.5 x 10—3

8



Final Answer: [0.2mm |

Quick Tip

For Young’s double-slit experiments:

* Use the condition for minima or maxima to relate wavelength, slit separation, and

screen distance.

* Ensure units are consistent when calculating.

9: A stone is projected at an angle of 30° to the horizontal. The ratio of kinetic energy at

projection to its Kinetic energy at the highest point is:

(1) 1:2
(2) 1:4
(3) 4:1
(4) 4:3

Answer: (4) 4:3

Solution
1. Kinetic Energy at Projection:
L 9
K Eprojection = Emu .
2. Kinetic Energy at the Highest Point: - Horizontal velocity remains constant:

1 o
K Ehighest = Em(u cos 30 )2.

3. Ratio:
K Eprojection . u? 1 4

K Epighest 2 cos? 30° T cos230° 3

Final Answer:



Quick Tip

For projectile motion:
* At the highest point, only horizontal velocity contributes to kinetic energy.

» Use trigonometric components to relate initial and final kinetic energies.

10: A block of mass m slides down a plane inclined at an angle of 30° with an

acceleration of %. The coefficient of Kinetic friction is:

(1) 2\/3-1—1
1

@ 5
3 £
4) 25

Answer: (2) ﬁg

Solution

1. Force Equation:
mg sin 30° — umg cos 30° = ma.

2. Substitute Values: - a = 4, sin30° = 1, cos 30° = \/T§:

1 V3

-
m92 mng2 —m4.

3. Solve for p:

10



Quick Tip

For inclined plane problems:
* Use force components along and perpendicular to the plane.

* Solve for friction using acceleration and the force equation.

11: A car is moving on a horizontal curved road with radius 50 m. The approximate
maximum speed of the car will be, if the friction coefficient between tyres and road is

0.34. (Take g = 10m/s%):

(1) 13.4m/s
(2) 22.4m/s
(3) 13m/s
(4) 17m/s

Answer: (3) 13m/s

11



Solution

1. Maximum Speed on a Curved Road: - The maximum speed of a vehicle on a curved road
is given by:
Umax = v/ HgT,

where p is the coefficient of friction, g is the acceleration due to gravity, and r is the radius of
curvature.

2. Substitute the Values: - p = 0.34, g = 10 m/s?, r = 50 m:

Umax = V0.34 x 10 x 50 = V170 ~ 13 m/s.

Final Answer: m

Quick Tip

For motion on curved roads:
* Use the formula vy = (/igr for safe turning.

e Ensure all values are in consistent units for accurate results.

12: Two particles of equal mass m move in a circle of radius » under the action of their

mutual gravitational attraction. The speed of each particle will be:

ONE
(2) 4GM
(3) /L
ORVE =

Answer: (4) /<M

Solution

1. Gravitational Force: - The gravitational force provides the centripetal force:

Gm?2  muv?

42y

12



2. Solve for v: - Simplify:

3. Final Speed:

GM
4r

Quick Tip

For orbital motion:

Final Answer:

 Use gravitational force as the source of centripetal force.

* Solve for velocity using F; = F..

13: The surface tension of a soap bubble is 2 x 1072 N/m. Work done to increase the

radius of the bubble from 3.5 cm to 7 cm will be:

(1) 4.072 x 1073]
(2)5.76 x 1073J
(3)1.848 x 1073J
(4)9.24 x 10737

Answer: (3) 1.848 x 1073]J

Solution

1. Work Done: - Work done is equal to the change in surface energy:
W = Surface tension x AA.

2. Surface Area of a Bubble: - Surface area of a sphere:

A =47 R2.

13



- Change in surface area for a bubble (two surfaces):
AA =2 x 47(R3 — R?).
3. Substitute Values: - B} = 3.5cm, Ry = 7cm, T = 2 x 1072 N/m:
W =2x10"% x 2 x 47 ((0.07)* = (0.035)%) .
- Simplify:

W =2x1072 x 2 x 47 x (0.0049 — 0.001225) ~ 1.848 x 1072,

Final Answer: | 1.848 x 1073J

Quick Tip

For work done on bubbles:

* Account for both inner and outer surfaces when calculating surface area.

* Use the formula W =T x AA consistently with units.

14: Assertion A: If dQ) and dIV represent the heat supplied to the system and the work
done on the system respectively, then according to the first law of thermodynamics

dQ = dU — dW.

Reason R: First law of thermodynamics is based on the law of conservation of energy.

In the light of the above statements, choose the correct answer from the option given below :

(1) A is correct but R is not correct
(2) A is not correct but R is correct
(3) Both A and R are correct, and R is the correct explanation of A

(4) Both A and R are correct, but R is not the correct explanation of A

Answer: (3) Both A and R are correct, and R is the correct explanation of A

Solution
- The first law of thermodynamics states:
AQ = AU + AW.

14



- Rearranging gives:

dQ) = dU — dW.

- This law is based on the conservation of energy.

Final Answer: | (3)

Quick Tip

For assertion-reason questions:

* Ensure the statement and reasoning align with the fundamental laws.

* Validate whether the reason provides a logical explanation for the assertion.

15: A bicycle tyre is filled with air at a pressure of 270 kPa at 27°C. The approximate

pressure of the air in the tyre when the temperature increases to 36°C is:

(1) 270kPa
(2) 262kPa
(3) 278 kPa
(4) 360kPa

Answer: (3) 278 kPa

Solution

1. Pressure-Temperature Relation: - Using Gay-Lussac’s law (volume is constant):

PP

T T
2. Substitute Values: - P, = 270kPa, 77 = 300K, 75 = 309 K:

T 309
P,=P — =270 X —.
2T " 300
3. Calculate Py:
PQ ~ 278 kPa.

Final Answer:

15



Quick Tip

For pressure-temperature problems:
* Use the relation % = % for constant volume processes.

* Ensure temperature is in Kelvin to avoid errors.

16: A person observes two moving trains, A reaching the station and B leaving the
station with equal speed of 30 m/s. If both trains emit sounds with frequency 300 Hz,

the approximate difference of frequencies heard by the person will be:

(1)33 Hz
(2) 55 Hz
(3) 80 Hz
(4) 10 Hz

Answer: (2) 55 Hz

Solution

1. Frequency Observed (Doppler Effect): - The observed frequency for train A

(approaching):

v+, 330
— 30022 — 330 Hz.
300 g

fa=Ff
- The observed frequency for train B (receding):

V30039 975 Hy

fB:fU+Us 360

2. Difference in Frequencies:
Af = fa— fg =330 — 275 = 55 Hz.

Final Answer:

16



Quick Tip

For Doppler Effect calculations:

eUse f'=Ff %, where v is the speed of sound, v, is the observer speed, and v, is

the source speed.

* Add velocities for approaching sources, and subtract for receding sources.

17: If the height of transmitting and receiving antennas are 80 m each, the maximum

line of sight distance will be:

(1) 32 km
(2) 28 km
(3) 36 km
(4) 64 km

Answer: (4) 64 km

Solution

1. Line of Sight Distance Formula: - The maximum line of sight distance is:

dmax = \/2Rh; + \/2Rh,,

where R = 6.4 x 105m (Earth’s radius) and h; = h, = 80m.
2. Substitute Values:

dmax = V2 X 6.4 x 106 x 80 + /2 x 6.4 x 106 x 80.

Simplify:
dmax = 2 X V1024000 = 2 x 32 = 64km.

Final Answer:

17



Quick Tip

For line of sight calculations:

e Use dmax = V2RI + V2Rh,.

* Ensure consistent units for the Earth’s radius and antenna height.

18: The threshold wavelength for photoelectric emission from a material is 5500 A.
Photoelectrons will be emitted when this material is illuminated with monochromatic

radiation from:

A. 75 W infra-red lamp
B. 10 W infra-red lamp
C. 75 W ultra-violet lamp
D. 10 W ultra-violet lamp

Choose the correct answer from the options given below :

(1) B and C only
(2) A and D only
(3) C only

(4) C and D only

Answer: (4) C and D only

Solution

1. Threshold Wavelength:

- Photoelectric emission occurs if A < Agyeshold- - Given Apreshold = 5500 A.
2. Analysis of Radiation:

- Infra-red radiation has A > 5500 A (no emission).

- Ultra-violet radiation has A < 5500 A (emission occurs).

Options that are correct: C and D

18



Quick Tip

For photoelectric effect:
* Compare the radiation wavelength with the threshold wavelength.

* Only radiation with A < Agreshold Causes emission.

19: If a radioactive element with a half-life of 30 min undergoes beta decay. The

fraction of the radioactive element that remains undecayed after 90 min is:

(1) g
(2) 15
©F;
OF

Answer: (1) 3

Solution

1. Number of Half-Lives: - Time elapsed: ¢ = 90 min. - Half-life: 7T}/, = 30 min. - Number

of half-lives:
t 90

T1/2 30

2. Remaining Fraction: - Fraction remaining after » half-lives:

(@) =) =%

n

Final Answer:
Quick Tip

For radioactive decay:

* Use the formula Nﬂo = (%)n, where n is the number of half-lives.

* Calculate n by dividing the total time by the half-life.

19



20: Which of the following statements is not correct in the case of light emitting diodes
(LEDs)?

A. It is a heavily doped p-n junction.

B. It emits light only when it is forward biased.

C. It emits light only when it is reverse biased.

D. The energy of the light emitted is equal to or slightly less than the energy gap of the

semiconductor used.

Choose the correct answer from the options given below :

(1) Cand D
2) A
3)C
(4)B

Answer: (3) C

Solution

1. Correct Statements:

- A: Correct. LEDs are made from heavily doped p-n junctions.

- B: Correct. LEDs emit light only in forward bias.

- D: Correct. The emitted light energy corresponds to the bandgap.
2. Incorrect Statement:

- C: Incorrect. LEDs do not emit light in reverse bias.

Final Answer:

Quick Tip

For LED behavior:
* LEDs work only in forward bias.

* The emitted photon energy corresponds to the semiconductor’s bandgap.

20



Section-B

21: A radioactive element 3]>X emits two a-particles, one electron, and two positrons.

The product nucleus is represented by %'y The value of P is .

Solution

1. Effect of Emission: - Emission of an a-particle reduces the mass number by 4 and the
atomic number by 2. - Emission of an electron (57) increases the atomic number by 1. -
Emission of a positron (31) decreases the atomic number by 1.

2. Calculate Atomic Number (P): - After two a-particles:
Atomic number = 92 — 2 x 2 =88, Mass number = 242 — 2 x 4 = 234.

- After one electron (57):

Atomic number = 88 + 1 = 89.

- After two positrons (281):
Atomic number = 89 — 2 = 87.

Final Answer:

Quick Tip

For radioactive decay:
* q-particle emission decreases atomic number by 2 and mass number by 4.
* 5~ emission increases atomic number by 1.

» 3T emission decreases atomic number by 1.

22: Two simple harmonic waves having equal amplitudes of 8 cm and equal frequency
of 10 Hz are moving along the same direction. The resultant amplitude is also 8 cm.

The phase difference between the individual waves is — degrees.

21



Solution

1. Resultant Amplitude Formula: - The resultant amplitude is given by:

Aresultant = \/A% + A% + 2A1A2 COS gb

2. Given Data: - A1 = Ay = 8cm, Apesultant = S CM.

3. Substitute Values:

8 = /82482 +2 x 8 x 8cos ¢.

Simplify:

64 = /128 + 128 cos ¢.

Square both sides:
64 = 128(1 + cos ¢).

Solve for cos ¢:

1
cos ¢ = —5

4. Phase Difference:
¢ = 120°.

Final Answer:
Quick Tip

For SHM superposition:

s Use Aresultant — \/A% ol A% + 2A1 A5 cos ¢.

* Substitute known values and solve for cos ¢ to find the phase difference.

23: A body cools from 60°C to 40°C in 6 minutes. If the temperature of the

surroundings is 10°C, then after the next 6 minutes, its temperature will be °C.

Solution

1. Newton’s Law of Cooling: - Average rate of cooling:

T T,
At

= k(T - TS)a

22



where T is the surrounding temperature.

2. First Interval;

—4 4
60 — 40 k(60+ 0_10)’

6 2
20
6 x50
3. Second Interval:
40 —-T 40+ T
= —1
k(M- w)
Solve:
T = 28°C.

Final Answer:
Quick Tip

For Newton’s Law of Cooling:
» Use average temperatures for consistent calculations.

* Ensure accurate time intervals and surrounding temperature values.

24: A solid sphere of mass 2 kg is making pure rolling on a horizontal surface with

kinetic energy 2240 J. The velocity of the center of mass of the sphere will be — ms—!.

Solution

1. Kinetic Energy of a Rolling Sphere: - Total kinetic energy:

1 1
KE = §mv2 + §Iw2,

where I = 2mr? for a sphere.

2. Relation Between v and w: - For pure rolling:

3. Substitute Values:



Simplify:

1 1 7
KFE = §mv2 + gmv2 = Emvz.

4. Solve for v:

2240:1><2><v2,
10

v? =1600, v=40ms '

Final Answer:
Quick Tip

For rolling motion:
* Include both translational and rotational kinetic energies.

* Use the pure rolling condition w = v/r to simplify calculations.

25: A 0.4 kg mass takes 8s to reach the ground when dropped from a certain height P

above the surface of Earth. The loss of potential energy in the last second of fall is
J. (Take g = 10m/s°)
Solution

1. Height Traveled in the Last Second: - The distance traveled in the nth second of free fall
is:
1
-Here,u =0, g = 1Om/s2, n=8:
1 1
hs =510+ (2-8 1) = 71015 =T5m.
2. Loss of Potential Energy: - The loss of potential energy is given by:
APE = mghy,.

- Substituting m = 0.4kg, g = 10 m/s?, and hg = 75m:

APE =04-10-75=3001J.

24



Final Answer: |300J
Quick Tip

For height traveled in the last second:

e Use hy, =u+ % g(2n — 1) for distance traveled in the nth second.

* Multiply the distance by m - g to calculate the potential energy loss.

26: A tennis ball is dropped onto the floor from a height of 9.8 m. It rebounds to a
height of 5.0 m. The ball comes in contact with the floor for 0.2s. The average

m/s°. (Given g =10 m/s°)

acceleration during contact is

Solution

1. Velocity Just Before Impact: - Using v? = u? + 2gh, where u = 0, h = 9.8 m:

v=+2-10-9.8 = V196 = 14 m/s.

2. Velocity Just After Rebound: - Using v? = u? + 2gh, where u = 0, h = 5.0 m:

v=1+2-10-5.0 = V100 = 10 m/s.
3. Change in Velocity During Contact: - Total change in velocity:
Av = Upefore impact T+ Vafter rebound = 14 + 10 = 24 m/s.
4. Average Acceleration: - Average acceleration:
Av 24

A2 oyt
0= R; T g Aomss

Final Answer: | 120 m/s’

Quick Tip

For average acceleration:

* Calculate the velocities before impact and after rebound using v = /2gh.

e Use Av = vpefore + Vafer fOr the total change in velocity.

25



27: A point charge ¢; = 4q is placed at the origin. Another point charge ¢> = —¢ is

placed at =+ = 12 cm. The proton is placed on the z-axis so that the electrostatic force on

the proton is zero. In this situation, the position of the proton from the origin is

cm.
. L N'
€ 12 >,
4.[;“ —], R ¢
Solution

1. Force Balance Condition: - The electrostatic force on the proton is zero when:
F, = F,,.

- Using Coulomb’s law:
k-l4ql _ k- lqo|

72 (12 —r)?
2. Simplify: - Cancel k and ¢o:
4 1
r2 (12 —7r)?
- Take the square root:
2 1
ro 12—7r'

- Cross-multiply:

- Solve for r:

3r=24 = r=8cm.

3. Position of Proton: - The proton is 12 + r = 24 cm from the origin.

Final Answer:
Quick Tip

For force equilibrium problems:
* Use Coulomb’s law to equate the forces due to charges on opposite sides.

* Solve for the distance r and adjust for the final position based on geometry.
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28: In a metre bridge experiment, the balance point is obtained if the gaps are closed by
2Q and 3 Q. A shunt of X () is added to the 3 ( resistor to shift the balancing point by

22.5cm. The value of X is —.

Solution

1. Initial Balance Point: - The ratio of resistances gives the balance length:
h_ I
ly Ry’

where /1 + I = 100 cm.

2. Initial Condition: - For R; = 2Q and Ry = 3

11 2 2
Lo 3 SO [1 5 00 0Ocm
3. After Adding Shunt: - The effective resistance of R, with a shunt X:

. RyX 03X
R+ X 34X

Ry
- The new balance point shifts by 22.5 cm:
1 =40+ 225 = 62.5cm.

4. New Condition: - The new ratio is:

h_ I
I, R
- Substituting I/} = 62.5, I}, = 37.5, R1 = 2Q, and R}, = 3?—)|—_XX:
62.5 2
375 3X
37.5 %
- Simplify:
5 23+ X)
33X

- Cross-multiply and solve for X:

15X =1846X = 9X=18 = X =20.
Final Answer:
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Quick Tip

For metre bridge problems:

¢ Use the balance condition % = g—;.

* Adjust resistance values with shunts using parallel resistance formulas.

29: A certain elastic conducting material is stretched into a circular loop. It is placed
with its plane perpendicular to a uniform magnetic field B = 0.8 T. When released, the
radius of the loop starts shrinking at a constant rate of 2 cm/s. The induced emf in the

loop at an instant when the radius of the loop is 10 cm will be — mV.

Solution
1. Magnetic Flux: - The magnetic flux through the loop is:
®=B-A=DB

where B=0.8T and r = 10cm = 0.1 m.
2. Rate of Change of Flux: - The emf induced is:

A

E=——.
dt

- Differentiate ® with respect to time:

d 9 dr
&= —a(Bm“ )=—-B- 27r7"E.

3. Substitute Values: - B =0.8T, r = 0.1m, % = —2cm/s = —0.02m/s:

E=08-27-0.1-0.02=0.010V.

4. Convert to mV:

£ =10mV.

Final Answer: [10mV |
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Quick Tip

For induced emf in circular loops:
e UseE =—B-27r- % for shrinking loops.

* Ensure all units (e.g., , %) are consistent before calculations.

30: Three identical polaroids P;, P, and P; are placed one after another. The pass axis

of P, and P; are inclined at angles of 60° and 90° with respect to the axis of P,. The

. . 256W . . . . . W
source S has an intensity of = >~. The intensity of light at point O is - o7
| I £
WERW AP 2 }
| 4 1 < ,| i
P | P

Solution

1. Intensity After First Polaroid (P;): - When unpolarized light passes through a polaroid, its
intensity is reduced by half:
Iy 256 W
T2 5 2
2. Intensity After Second Polaroid (/): - The intensity after P is given by Malus’s Law:
Iy = Iy cos® 60°.

- Substituting cos 60° = 3:
1\?2 1 w
ILh=128- (=) =128 - - =32 —.
2 s (2) ; 4 s m?2
3. Intensity After Third Polaroid (Ps): - The intensity after P; is again reduced according to
Malus’s Law:

I3 = I cos? 30°,

where the relative angle between P, and Ps is 30° (since 90° — 60° = 30°). - Substituting

2
po (L) cadon

cos 30° = \/73:



. \YY
Final Answer: |24 —
m

Quick Tip

For intensity through multiple polaroids:

* After the first polaroid, intensity is reduced to half.
» Apply Malus’s Law I = I; cos? @ successively for each additional polaroid.

* The angle used in Malus’s Law is the relative angle between the polaroids’ pass

axes.

Section-A

31: For 1 mol of gas, the plot of pV vs p is shown below. p is the pressure and V' is the

volume of the gas. What is the value of compressibility factor at point A?

T B

>
P
1) 11—+
2 1+
3 1-%
@) 1+ 5

Answer: (1) 1-— 57y
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Solution

For 1 mole of real gas,

PV =ZRT

From the graph, PV for a real gas is less than PV for an ideal gas at point A.
Z <1

The compressibility factor Z is given by:

a

Z=1-
Vi RT

Substituting into the definition of Z and simplifying:

Z= 1- gty

Quick Tip
When solving compressibility factor problems:

* Start by expressing Z = % and substitute the appropriate gas law (e.g., Van der

Waals equation).

* Expand and simplify using the given conditions to isolate terms involving V, a, and

b.

* Pay attention to the behavior of Z in real gas scenarios.

32: The shortest wavelength of hydrogen atom in the Lyman series is \. The longest

wavelength in the Balmer series of He™ is:

(1) 3
(2) 9\
(3) £
(4) 3

Answer: (2) 2)
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Solution

1. Energy Levels and Wavelengths: The energy of a transition in a hydrogen-like atom is

given by:
13.622
2 bl

E=-
n

where 7 is the atomic number and 7 is the principal quantum number. The wavelength A is
related to the energy difference between levels:

1 1 1

=02 (- og).
where R is the Rydberg constant, and n; and ny are the lower and higher energy levels,
respectively.
2. Lyman Series (Hydrogen): The shortest wavelength in the Lyman series corresponds to a

transition from ny = oo to n; = 1. For hydrogen (Z = 1):

1 1
T =ROP1-0) = A=

3. Balmer Series (He'): For He™ (Z = 2), the longest wavelength in the Balmer series

corresponds to a transition from ny = 3 to n; = 2. The wavelength is given by:

1 1 1
— R(2)? (_ - _) .
)\Balmer ( ) 22 32

1 1 1 9—-4 5)
(i) -an(5Y) <)
ABalmer 4 9 36 9

)\Balmer = g)\-

Simplify:

Thus:

Final Answer: g)\

Quick Tip

For problems involving spectral series:

* Use the Rydberg formula to calculate wavelengths for hydrogen-like atoms.

* Identify the energy levels (n1, no) and the corresponding transitions for the given

series.

e Simplify using the atomic number Z and the known relationships between series.
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33: Which of the following salt solutions would coagulate the colloid solution formed

when FeCl; is added to NaOH solution, at the fastest rate?

(1) 10 mL of 0.2 mol dm—3 AICl;

(2) 10 mL of 0.1 mol dm~3 NaySOy
(3) 10 mL of 0.1 mol dm—2 Ca3(PO,)s
(4) 10 mL of 0.15 mol dm—2 CaCl,

Answer: (1) 10 mL of 0.2 mol dm—3 AICl;

Solution

- The colloidal solution formed when FeCls is added to NaOH is negatively charged.

- The coagulation of colloidal solutions is governed by the Schulze-Hardy rule: the higher
the valence of the oppositely charged ion, the greater its coagulating power.

- Among the given options:

- AICI3 contains AI?>* ions, which have the highest coagulating power compared to other
cations such as Ca?* or Na™.

- Therefore, the solution containing AI3>* ions (AICIl3) will coagulate the colloidal solution at
the fastest rate.

Final Answer: | (1) 10 mL of 0.2 mol dm ™3 AICI;

Quick Tip

When determining coagulation rates:

* Apply the Schulze-Hardy rule: the higher the charge of the counter-ion, the

stronger its coagulating power.

* For negatively charged colloids, focus on the cation with the highest charge and

concentration.

34: The bond dissociation energy is highest for:
(1) Clp

33



(2) I
(3) Bry
4) Fy

Answer: (1) Cl,

Solution

- Bond dissociation energy is the energy required to break a bond in a molecule. - The bond
energy order for halogens is:

C12 > BI‘Q > F2 > IQ.

- Although F has a shorter bond length than Cl,, the bond energy of F; is lower due to lone
pair-lone pair repulsions. - Cls has the highest bond dissociation energy as it has the optimal
bond length and no significant repulsions.

Final Answer: | (1) Cl,

Quick Tip

When comparing bond dissociation energies:

* Consider bond length: shorter bonds generally have higher bond energy.

* Check for lone pair-lone pair repulsions, which can weaken bonds, as seen in Fs.

35: The reaction representing the Mond process for metal refining is:

(1) Ni +4CO 25 Ni(CO),

(2) 2K[Au(CN)s] + Zn 2 Ko[Zn(CN)4] + 2Au
(3) Zr + 21, 2 711,

(4) ZnO + C 2 Zn + CO

Answer: (1) Ni + 4CO A, Ni(CO)4

Solution

- The Mond process is used for refining nickel. - In this process, impure nickel reacts with

carbon monoxide at moderate temperatures to form volatile nickel tetracarbonyl (Ni(CO),). -
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The reaction is:

Ni + 4CO 25 Ni(CO),.

- The volatile Ni(CO), is then decomposed at high temperatures to obtain pure nickel.

Final Answer: | (1) Ni + 4CO 2 Ni(CO),

Quick Tip

For refining processes:

* Mond process is specific to nickel and involves the formation of a volatile carbonyl

compound.

* Identify the reactions forming volatile compounds for easy separation and purifi-

cation.

36: Which of the given compounds can enhance the efficiency of a hydrogen storage

tank?

(1) Li/P4

(2) SiHy

(3) NaNi;

(4) Di-isobutylaluminium hydride

Answer: (3) NaNi;

Solution

- Hydrogen storage materials should exhibit properties such as high absorption capacity and
easy reversibility.

- NaNis is a hydride-forming alloy that can efficiently store and release hydrogen under
suitable conditions.

- Other options, such as Li/P4, SiH4, and di-isobutylaluminium hydride, do not possess such

characteristics suitable for hydrogen storage.

Final Answer: | (3) NaNi;
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Quick Tip

For hydrogen storage materials:

* Look for compounds or alloys that form stable hydrides with high absorption ca-

pacities.

* Ensure reversibility of hydrogen absorption and release for practical applications.

37: The correct order of hydration enthalpies is:

(A) K+
(B) Rb+
(C) Mg**
(D) Cs*
(E) Ca?*

Choose the correct answer from the options given below:
(hDC>A>E>B>D
2Q)E>C>A>B>D
BC>E>A>D>B
4C>E>A>B>D

Answer: 4)C>E>A>B>D

Solution

- Hydration enthalpy depends on the charge density of ions, which is determined by the
charge on the ion and its ionic radius.

- Smaller ions with higher charges have higher hydration enthalpies due to stronger
electrostatic interactions with water molecules.

Analysis: 1. For alkali metal ions:
Kt >Rb" >Cst (A >B>D).
This is because KT is smaller than Rb™ and Cs™.
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2. For alkaline earth metal ions:
Mgt > Ca?t  (C > E).

Mg?* has a smaller radius and higher charge density than Ca?*.

Final Order:

Mg?t > Ca?" > Kt >Rb* > Cst (C>E>A>B>D).

Final Answer: |(4)C>E>A>B>D

Quick Tip

For hydration enthalpy trends:

* Smaller ions with higher charges have greater hydration enthalpies.

» Compare ionic radii and charges to establish trends within groups and periods.

38: The magnetic behaviour of Li;O, Na>O-, and KO, respectively, are:

(1) diamagnetic, paramagnetic, and diamagnetic
(2) paramagnetic, paramagnetic, and diamagnetic
(3) paramagnetic, diamagnetic, and paramagnetic

(4) diamagnetic, diamagnetic, and paramagnetic

Answer: (4) Diamagnetic, diamagnetic, and paramagnetic

Solution

1. LioO (Lithium Oxide): - Contains O?~ ions, which have a completely filled electronic
configuration. - Magnetic Behaviour: Diamagnetic.

2. Na2Os (Sodium Peroxide): - Contains OS’ ions, which also have a completely paired
electronic configuration. - Magnetic Behaviour: Diamagnetic.

3. KOy (Potassium Superoxide): - Contains O ions, which have one unpaired electron. -

Magnetic Behaviour: Paramagnetic.

Final Answer: | (4) Diamagnetic, Diamagnetic, Paramagnetic
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Quick Tip

For magnetic properties of oxides:
e 0% and Og_ ions are diamagnetic due to paired electrons.

* O ions are paramagnetic due to the presence of unpaired electrons.

39: ”’A” obtained by Ostwald’s method involving air oxidation of NH3, upon further air
oxidation produces ”’B”. ”’B” on hydration forms an oxoacid of nitrogen along with

evolution of ’A”. The oxoacid also produces ’A” and gives a positive brown ring test.

(1) NOg, N2O5
(2) NOg, N2Oy
(3) NO, NO,

(4) N2O3, NO2

Answer: (3) NO, NO,

Solution

1. Ostwald Process: - In the Ostwald process, ammonia (NHj3) is oxidized by air to form
nitric oxide (NO):

ANH; + 50, 222%C 4NO + 6H,0.

- Thus, ”A” is NO.
2. Further Oxidation of NO: - Nitric oxide (NO) reacts with oxygen to form nitrogen dioxide
(NO2):

2NO + Oy — 2NOs.

- Thus, ”B” is NO».
3. Hydration of NO,: - Nitrogen dioxide (NO-) reacts with water to form nitric acid (HNOs3)
and nitric oxide (NO):

3NO;y + H,O — 2HNO3 + NO.

4. Properties of HNOs: - Nitric acid is an oxoacid of nitrogen. - It gives a positive brown

ring test, confirming the presence of NO.
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Final Answer: | (3) NO, NO,

Quick Tip

For questions involving industrial processes:

* Understand key steps in the process (e.g., oxidation, hydration, and product forma-

tion).

* Focus on intermediate and final products to identify properties and tests.

40: The standard electrode potential (M3*/M?*) for V, Cr, Mn, and Co are -0.26 V,
-0.41V, +1.57 V, and +1.97 V, respectively. The metal ions which can liberate H; from a

dilute acid are:

(1) V2 and Mn?*t
(2) Cr2* and Co?*
(3) V2* and Cr**
(4) Mn?* and Co?*

Answer: (3) V2t and Cr?t

Solution

- Metal cations with negative values of reduction potential (M3+/M?*) or positive values of
oxidation potential (M?T/M3+) can reduce H ions and liberate H, gas from dilute acid.

- For the given metals:

- V2% has a reduction potential of -0.26 V. - Cr?>* has a reduction potential of -0.41 V.

- Both values are negative, meaning V2 and Cr?>* can reduce H* ions to liberate Hy gas.

Final Answer: | (3) V2" and Cr*"

39



Quick Tip

For questions involving H, liberation:

* Compare the reduction potential of the metal ion with the standard hydrogen elec-

trode (SHE).

» Negative reduction potentials indicate the ability to liberate Hy gas.

41: Correct statement about smog is:

(1) NOs is present in classical smog
(2) Both NO3 and SO, are present in classical smog
(3) Photochemical smog has a high concentration of oxidizing agents

(4) Classical smog also has a high concentration of oxidizing agents

Answer: (3) Photochemical smog has a high concentration of oxidizing agents

Solution

1. Classical Smog: - Also known as “reducing smog.” - It is caused by high concentrations of
SOs and particulate matter under cool, humid conditions. - Classical smog does not contain
oxidizing agents like NOs.

2. Photochemical Smog: - Formed in warm, sunny conditions. - It is caused by the reaction
of NOy and volatile organic compounds (VOCs) under sunlight, forming ozone and other
oxidizing agents. - This type of smog has a high concentration of oxidizing agents like O3

and peroxyacetyl nitrate (PAN).

Final Answer: | (3) Photochemical smog has a high concentration of oxidizing agents

Quick Tip

To differentiate between classical and photochemical smog:

¢ Classical smog occurs in cool, humid conditions and is reducing in nature.

* Photochemical smog occurs in sunny conditions and contains strong oxidizing

agents like ozone.
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42: Chiral complex from the following is:

(1) cis—[PtCly(en)]?*

(2) trans—[PtCly(en), >t
(3) cis—[PtClo(NH3)-]

(4) trans—[Co(NH3)4Clo]+

Answer: (1) cis—[PtCly(en),]?*

Solution

- Chirality in coordination complexes occurs when the complex lacks a plane of symmetry.

- For the given complexes: 1. cis—[PtCly(en);]?*: The cis arrangement of ethylene diamine
(en) ligands around the Pt center creates a chiral structure.

2. trans—[PtCly(en);]?*: The trans arrangement is symmetric, making the complex achiral.
3. cis—[PtCl2(NH3)2]: The complex has a plane of symmetry and is not chiral.

4. trans—[Co(NH3),Cl;]": The trans arrangement of ligands makes the complex symmetric
and achiral.

Final Answer: | (1) cis—[PtCly(en);]**

Quick Tip

For identifying chiral complexes:

* Check for the absence of planes of symmetry or center of symmetry.
* Cis configurations with bidentate ligands (like en) often result in chiral complexes.

* Trans configurations are usually symmetric and achiral.

43: Identify the correct order for the given property for the following compounds:
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(A) Boiling Point: ~~~0l < ~~C < ~~"¢

(B) Density: —~.Br < ~~~-Cl < |
Br Br
(C) Boiling Point: ~~Br < ~~Br < A g

cl
ity l< ~oBr< Ty

'[D}DE"IEIW_/’\E'F L

(E) Boiling Point: ~ ™~ > A_ci> -a

Choose the correct answer from the option given below :-

(1) (B), (C), and (D) only
(2) (A), (C), and (E) only
(3) (A), (C), and (D) only
(4) (A), (B), and (E) only

Answer: (2) (A), (C), and (E) only

Solution

1. Analysis of Boiling Point: - Boiling point increases with molecular mass and
intermolecular forces.

- For halogenated compounds, larger halogens contribute to higher boiling points due to
increased van der Waals forces. - The order (A) is correct as C1-Cl < CI-CI < C1-Cl-Cl.
2. Analysis of Density: - Density increases with molecular mass. - For halogenated
compounds, the density follows the order I-1 > Br—Br > CI-Cl.

- Option (B) is incorrect, as it contradicts the trend.

3. Analysis of Boiling Point (C): - A compound with multiple bromine atoms has a higher
boiling point due to stronger van der Waals forces.

- The order in (C) is correct: Br—Br < Br—Br—Br—Br—Br—Br—Br.

4. Analysis of Density (D): - The density order is C1-Cl < Br—Br < I-L.

- Option (D) is consistent with the general trend.

Final Answer: | (2)(A), (C), and (E) only
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Quick Tip

When analyzing boiling points and densities:
* Boiling points increase with molecular mass and stronger intermolecular forces.
* Densities increase with molecular mass and atomic size.

* For halogens, the trend is: Cl < Br < I for both properties.

44: The increasing order of pK, for the following phenols is:

(1) 2,4-Dinitrophenol

(2) 4-Nitrophenol

(3) 2,4,5-Trimethylphenol
(4) Phenol

(5) 3-Chlorophenol

Answer: (2) 2,4-Dinitrophenol < 4-Nitrophenol < 3-Chlorophenol < Phenol <
2,4,5-Trimethylphenol

Solution

1. Understanding pK,:

- Lower pK, values indicate stronger acids.

- Electron-withdrawing groups (e.g., —NO-, —Cl) stabilize the phenoxide ion, increasing
acidity (lower pK,)

- Electron-donating groups (e.g., —CH3) destabilize the phenoxide ion, decreasing acidity
(higher pK,).

2. Analysis of Substituents:

- 2,4-Dinitrophenol: Two —NO, groups strongly withdraw electrons, making it the most
acidic (lowest pK,).

- 4-Nitrophenol: One —NO, group withdraws electrons, making it less acidic than

2,4-Dinitrophenol.
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- 3-Chlorophenol: —Cl is a moderate electron-withdrawing group, making it less acidic than
—NO; compounds but more acidic than phenol.

- Phenol: The parent compound without additional substituents is less acidic than
substituted derivatives with electron-withdrawing groups.

- 2,4,5-Trimethylphenol: Three —CHj groups are electron-donating, making it the least
acidic (highest pK,).

3. Final Order:

2,4-Dinitrophenol < 4-Nitrophenol < 3-Chlorophenol < Phenol < 2,4,5-Trimethylphenol.

Quick Tip

For analyzing pK,, trends:
* Electron-withdrawing groups increase acidity (lower pK,).
* Electron-donating groups decrease acidity (higher pK,).

* Consider the position and number of substituents for their effect on the phenoxide

ion.

45: Match the reactions in List-I with the reagents in List-II:

List-I (Reaction) List-II (Reagents)
(A)Hoffmann Degradation (I)Conc. KOH, A
(B)Clemenson Reduction | (17)CHCl3, NaOH/H30™"

(C')Cannizzaro Reaction (111)Bry, NaOH
(D)Reimer-Tiemann Reaction (1V)Zn-Hg/HCI

(1) (A) —TII, (B) — IV, (C) - II, (D) - I
(2) (A) —1I, (B) = IV, (C) - I, (D) - III
(3) (A)—TII, (B) — IV, (C) - I, (D) - II
4) (A)—TI, (B) - I, (C) - 1II, (D) - IV
Answer: (3) (A) —1II, (B) IV, (C) - I, (D) - 1I
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Solution

- Hoffmann Degradation Reaction: This reaction uses Bro and NaOH to convert amides into
amines. Reagent: (III).

- Clemenson Reduction: This reaction reduces ketones or aldehydes to alkanes using Zn-Hg
in HCI. Reagent: (IV).

- Cannizzaro Reaction: This reaction involves disproportionation of aldehydes without
a-hydrogen in concentrated alkali. Reagent: (I).

- Reimer-Tiemann Reaction: This reaction introduces a —CHO group to phenols using
CHCI; and NaOH. Reagent: (IT).

Final Answer: | (3)(A) - 1I, (B) -1V, (C) -1, (D) -1I

Quick Tip

For reaction and reagent matching:

* Focus on identifying the reagents specific to each reaction’s mechanism.

* Recall key reagents used for reductions, substitutions, or rearrangements in named

reactions.

46: The major product *P’ for the following sequence of reactions is:

m DEa e ‘F
HCI .
MNH » major product
Fh ? 2) LiAIH, lor B
3 HO'

OH
(1) PhAAAOH

OH
(2) PAAAANH,

(3) Ph """\ NH,
OH OH
(4) Ph/l\#\/'\ NH.

Answer: (3)
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Solution

O O 1IErqu

ph A NH, —..mmn th\J“\NH
reduction 1. LiAlH,
lE Hqa*

Ph\NH,

1. First Step: Clemenson Reduction (Zn/Hg, HCI): - The Clemenson reduction converts the

ketone group (-C=0) into a methylene (-CHs-) group. - Starting compound:
Ph-CH,-CO-CH;y-CH2-NHs.

- After Clemenson reduction:
Ph-CH5-CH»-CH2-CH2-NHs.

2. Second Step: LiAlH4 Reduction: - LiAlH, reduces amides (-CONH>) to amines
(-CH2-NHbs). - In this compound, no further reduction occurs as the ketone has already been
reduced to -CHz- in the first step.

3. Final Product: - The major product (P) is:
Ph-CH3-CH2-CH2-CH,-NHos.
When solving reaction sequences:
* Analyze each reagent step-by-step and apply known reaction mechanisms.

* Clemenson reduction (Zn/Hg, HC]) is used to reduce carbonyl groups to methylene

(-CHy-).

e LiAlIH, reduces amides to amines.

47: During the borax bead test with CuSQO,, a blue-green colour of the bead was

observed in the oxidizing flame due to the formation of:
(1) CU3B2
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(2) Cu
(3) Cu(BOo)2
(4) CuO

Answer: (3) Cu(BOs),

Solution

1. Borax Bead Test: - The borax bead test is a qualitative test used to identify metal ions
based on the colour imparted to the bead in the oxidizing or reducing flame. - In this test,
borax (NayB4O7 - 10H20) decomposes to form sodium metaborate (NaBO3) and boric

anhydride (B2O3) when heated:
NayB,0; 25 2NaBO, + B,0s.

2. Reaction with CuSQOy: - Copper ions react with boric anhydride (B2O3) to form copper

metaborate (Cu(BO3)») in the oxidizing flame:
CuSO4 + B203 — Cu(BO,), + SOs.

3. Observation: - Cu(BOy); is responsible for the blue-green colour observed in the
oxidizing flame.

Final Answer: | (3)Cu(BO3)s

Quick Tip

For borax bead test:

* In the oxidizing flame, metal ions form metaborates, which produce characteristic

colours.

* The observed colour is a key indicator of the specific metal ion present.

48: Match List I with List I1:
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List I (Antimicrobials) List IT (Names)

(A)Narrow Spectrum Antibiotic (I)Furacin
(B)Antiseptic (11)Sulphur Dioxide
(C)Disinfectants (I111)Penicillin-G

(D)Broad Spectrum Antibiotic | (/V')Chloramphenicol

(1) (A)-1IL, (B) - L, (C) - 11, (D) - IV
(2) (A) -1, (B) — I, (C) — IV, (D) - IIT
(3) (A) -1, (B) - L, (C) - IV, (D) - IlI
4) (A)—T1II, (B) - L, (C) — IV, (D) - I
Answer: (1) (A) - 1II, (B) - I, (C) - II, (D) — IV

Solution

- Narrow Spectrum Antibiotic (A): Penicillin-G is effective against a limited range of
bacteria, making it a narrow-spectrum antibiotic. Match: (III).

- Antiseptic (B): Furacin is used for preventing infections in wounds and burns, making it an
antiseptic. Match: (I).

- Disinfectants (C): Sulphur dioxide is used as a disinfectant for its antimicrobial properties.
Match: (II).

- Broad Spectrum Antibiotic (D): Chloramphenicol is effective against a wide range of
bacteria, making it a broad-spectrum antibiotic. Match: (IV).

Final Answer: |(1)(A)-1I, (B)-L (C)-1I, (D) -1V

Quick Tip

For matching antimicrobials:

* Narrow-spectrum antibiotics target specific bacteria (e.g., Penicillin-G).
* Broad-spectrum antibiotics target a wide range of bacteria (e.g., Chloramphenicol).
* Antiseptics are used for external applications to prevent infections.

* Disinfectants are stronger agents used to sterilize non-living surfaces.
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49: Number of cyclic tripeptides formed with 2 amino acids A and B is:

(1)2
(2)3
(3)5
4)4

Answer: (4) 4

Solution

1. Cyclic Tripeptides:

- A cyclic tripeptide is a peptide consisting of three amino acids arranged in a cyclic structure
without any free ends.

- Given two amino acids, A and B, the tripeptide can have different arrangements depending
on the sequence of A and B.

2. Possible Arrangements:

- The cyclic nature of the tripeptide eliminates linear sequence redundancy.

- The distinct arrangements are:

1. A-A-A

2. A-A-B

3. A-B-A

4. A-B-B

Total: 4 unique cyclic tripeptides.

Final Answer: | (4)4

Quick Tip

For cyclic peptides:

* Count unique sequences considering the cyclic structure to avoid duplicates.

* Use the number of amino acids and their combinations to determine possible ar-

rangements.
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50: Compound that will give positive Lassaigne’s test for both nitrogen and halogen is:

(1) NoH,-HCI
(2) CH;NH,-HCI
(3) NH,CI

(4) NH,OH-HCl

Answer: (2) CHsNH,-HCl

Solution

1. Lassaigne’s Test:
- This test detects nitrogen, sulfur, and halogens in organic compounds.

- The compound is fused with sodium, converting nitrogen into NaCN and halogen into NaX
(X =Cl, Br, I).

2. Compound Analysis:

- (1) NoH4-HCI: Contains nitrogen but no halogen.

- (2) CH3NH;-HCI: Contains both nitrogen (from NHy group) and halogen (CI from HCI).

- (3) NH4Cl: Contains nitrogen and halogen but is not an organic compound.

- (4) NHyOH-HCI: Contains nitrogen and halogen but does not form the required products in
Lassaigne’s test.

3. Conclusion:

- Only CH3NH>-HCI gives a positive Lassaigne’s test for both nitrogen and halogen.

Final Answer: | (2)CH3;NH,-HCl

Quick Tip

For Lassaigne’s test:

* Organic compounds must contain nitrogen or halogens for detection.

* Both nitrogen and halogen must be part of the same compound to test positive for

both.
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Section-B

51: Millimoles of calcium hydroxide required to produce 100 mL of the aqueous

solution of pH 12 is  x 10~!. The value of z is (Nearest integer). Assume complete

dissociation.

Answer: 5

Solution
1. Given pH: - The pH of the solution is given as 12. - From the relation:
pH + pOH = 14,

we find:

pOH =14 — 12 = 2.

2. Hydroxide Ion Concentration: - The concentration of OH™ ions is:
[OH ] =10"PH = 1072 M.

3. Calcium Hydroxide Dissociation: - Calcium hydroxide dissociates completely as:
Ca(OH), — Ca** + 20H .

- From stoichiometry, the concentration of Ca(OH)s is half of the OH™ concentration:

[OH"] _107?

= 1073 M.
5 5 5 x 10

[Ca(OH),| =
4. Millimoles of Ca(OH),: - The number of millimoles of Ca(OH), in 100 mL of solution is:
Millimoles of Ca(OH), = Molarity x Volume (in mL) = 5 x 1072 x 100 = 5 x 1071,
5. Value of x: - Comparing with z x 107!, we find:

Tz =>5.

Final Answer:
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Quick Tip

For pH-based calculations:
* Use the relationship pH + pOH = 14 to find OH™ concentration.

* Consider the stoichiometry of the dissociation reaction to relate hydroxide ion con-

centration to the base concentration.

* Calculate millimoles using the formula Molarity x Volume (in mL).

52: The number of molecules or ions from the following, which do not have an odd

number of electrons, are .
(A) NO

(B) IC1;,

(C) BrF;

(D) ClO,

(E) NO;

(F) NO

Answer: 3

Solution

1. Odd-Electron Species: - Odd-electron species have an unpaired electron in their structure,
resulting in an odd total number of electrons.

2. Electron Count for Each Species: - (A) NOa:
N () +0(6)+ O (6) =17 (odd electrons).

- (B) ICI}:
I1(7)+4Cl1 (4 x 7) + 1 (charge) = 36 (even electrons).

- (C) BrFs:
Br (7) + 3F (3 x 7) = 28 (even electrons).
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- (D) ClOs:
Cl(7) + O (6) + O (6) = 19 (0odd electrons).

- (E)NO;5:
N (5)+ 0O (6) + O (6) — 1 (charge) = 16 (even electrons).

- (F) NO:
N (5) + O (6) = 11 (odd electrons).

3. Species Without Odd Electrons: - The species with an even number of electrons are: -
ICl,, BrF3, and NOj .
4. Count: - Total number of species without odd electrons: 3.

Final Answer:

Quick Tip

For identifying odd-electron species:
* Calculate the total number of valence electrons, considering charges on ions.

* Species with an odd total number of electrons will have unpaired electrons.

53: Consider the following reaction approaching equilibrium at 27°C and 1 atm
pressure:

A+B=C+D
K;=10°, K, =10
The standard Gibbs energy change (A,G°) at 27°C is (-) —— kJ mol~! (Nearest integer).
(Given: R =8.3JK 'mol ! and In10 = 2.3)
Answer: 6

Solution

1. Relationship Between A, G° and Equilibrium Constant: The standard Gibbs free energy

change is related to the equilibrium constant (K) as:

AG°=—-RTIhh K
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2. Calculate the Overall Equilibrium Constant (K): The equilibrium constant for the reaction
is:
Ky 10

= = 1.
K, 10
3. Substitute Values: Since K = 1, In K = 0. Therefore:

A,G°=—-RTInK =0 (because Inl=0).

4. Result: The standard Gibbs energy change is 6 kJ mol~!.

Quick Tip

For Gibbs free energy calculations:
e Use the relationship A,G° = —RT'In K.

* Ensure the equilibrium constant is correctly derived from forward and reverse re-

action constants.

54: Solid lead nitrate is dissolved in 1 litre of water. The solution was found to boil at
100.15°C. When 0.2 mol of NaCl is added to the resulting solution, it was observed that
the solution froze at —0.8°C. The solubility product of PbCl, formed is — x 10~6 at 298
K (Nearest integer).

Given: K;, = 0.5K kg mol !, Ky =18kg mol 1.

Answer: 13

Solution

1. Step 1: Determine the molality from boiling point elevation: - The boiling point elevation
ATy is given by:
ATb = K, p X m,

where m 1s the molality of the solution. Substituting the values:

0.15=05xm = m= % = 0.3 mol/kg.
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2. Step 2: Total molality after adding NaCl: - NaCl dissociates into two ions (Na* and CI™).
When 0.2 mol of NaCl is added to the solution, the molality increases by
0.2 x 2 = 0.4mol/kg. - Total molality after adding NaCl is:

Miotal = 0.3 + 0.4 = 0.7mol/kg.
3. Step 3: Freezing point depression: - The freezing point depression AT is given by:
ATy = K¢ X Myotal-
Substituting the given freezing point depression and K:
0.8 =1.8 X Miotal =  Miotal = % = 0.444 mol/kg.

4. Step 4: Solubility product of PbCls: - Lead chloride (PbCls) dissociates as:

PbCl, = Pb*" +2CI".
- Let s be the molarity of PbCl; in solution. The concentrations of the ions at equilibrium are:

[Pb* ] =s, [ClI7]=2s.
- The solubility product K, is:

Ko = [Pb*T] x [C17]2 = 5 x (25)% = 45°.

- From freezing point depression, the effective molality of ions is 0.444 mol/kg. Using the

relation for ionic dissociation:
0.444
Miotal = S +25=3s = s= 5 = 0.148 mol/L.
5. Calculate K): - Substituting s = 0.148 into the expression for K):

Koy =4 x (0.148)% = 4 x 0.00323 = 0.01292 0r 13 x 1076,

Final Answer: 13
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Quick Tip

For colligative property problems:
 Use boiling or freezing point changes to determine molality.

* Consider dissociation factors for ionic compounds to adjust molality for total par-

ticles.

* For solubility products, express ion concentrations in terms of molarity and solve

for K.

55: Water decomposes at 2300 K:
2H,0(g) = 2Ha(g) + Oa(9).

The percent of water decomposing at 2300 K and 1 bar is — (Nearest integer).
Equilibrium constant for the reaction is 2 x 10~3 at 2300 K.
Answer: 2

Solution:

H:0(2) = Ha(2) + 505(2)

Py[1 —a] atequilibrium: Py« %a (partial pressures at equilibrium).

2
(P (R
b PH2O
1/2
(R ()" =2x1073
Po[l — CK] ’




Since « is negligible with respect to 1, we approximate Py = 1 and 1 — a ~ 1:

8]
— =2x1073.
Oé\/g X

& 9x1078,

S5

B2 L o108

V2

a3? =22 x 1073,
a=(2V2 % 10*3)2/3.
a=2x10"2.

%a = 2%.

Quick Tip

For equilibrium decomposition problems:

* Write the equilibrium constant expression carefully using stoichiometric coeffi-

cients.
e Assume small z if K is very small to simplify calculations.

* Use the percentage decomposition formula x x 100 to find the final result.

56: Following figure shows the dependence of molar conductance of two electrolytes on
concentration. A7, is the limiting molar conductivity. The number of Incorrect

statement(s) from the following is
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Am'S emmol ™

Je (mol /LY *

(A) A% for electrolyte A is obtained by extrapolation.
(B) For electrolyte B, \/c vs. A, graph is a straight line with intercept equal to AY .

(C) Atinfinite dilution, the value of degree of dissociation approaches zero for electrolyte

B.

(D) A% for any electrolyte A or B can be calculated using \° for individual ions.

Answer: 2

Solution

1. Analysis of the Graph: - The graph shows the molar conductance A,, vs. /¢ for two
electrolytes, A and B. - A exhibits a linear decrease in A,, with /¢, characteristic of a strong
electrolyte. - B exhibits a sharp decrease, leveling off at higher concentrations, characteristic
of a weak electrolyte.

2. Key Points to Identify the Incorrect Statements: - Statement 1: ”Electrolyte A is a strong
electrolyte because A, extrapolates linearly to A;,.” - Incorrect. Strong electrolytes show
linear dependence on /c.

- Statement 2: “Electrolyte B is a weak electrolyte, as A,, does not extrapolate linearly to
Ay, - Correct. Weak electrolytes exhibit non-linear behavior due to incomplete
dissociation.

- Statement 3: “’For strong electrolytes, A, decreases significantly with increasing /c.” -
Incorrect. For strong electrolytes, the decrease in A, with increasing /c is gradual, not
significant.

- Statement 4: “Weak electrolytes exhibit a sharp decrease in A,,, at low concentrations due
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to incomplete dissociation.” - Correct. This behavior is due to the concentration dependence
of ionization.
3. Number of Incorrect Statements: - Only Statement 3 is incorrect.

Statements A and C are incorrect.

Quick Tip

For molar conductance:

* Strong electrolytes show a linear dependence of A, on /¢, with gradual decreases

at higher concentrations.

* Weak electrolytes exhibit non-linear dependence due to incomplete ionization, with

A, leveling off as concentration increases.

57: For a certain chemical reaction X — Y, the rate of formation of the product is

plotted against time as shown in the figure. The number of Correct statement(s) from

the following is -
Statements:

(A) Overall order of this reaction is one.

(B) Order of this reaction can’t be determined.

(C) In region-I and III, the reaction is of first and zero order respectively.

(D) In region-II, the reaction is of first order.

(E) In region-II, the order of the reaction is in the range of 0.1 to 0.9.

Answer:

Solution

1. Analysis of the Graph:

- In region-1, the rate of reaction increases linearly with the concentration, which is
characteristic of a first-order reaction.

- In region-11, the graph shows non-linear behavior, indicating that the reaction order is
fractional (in the range of 0.1 to 0.9).

- In region-1II, the rate becomes constant, indicating a zero-order reaction.
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2. Verification of Statements:

- (A) Incorrect. The overall order cannot be determined directly from the graph as it
changes across regions.

- (B) Incorrect. The order can be inferred for specific regions.

- (C) Correct. Region-I corresponds to first-order behavior, and region-III corresponds to
zero-order behavior.

- (D) Incorrect. In region-II, the reaction is not of first order.

- (E) Correct. In region-II, the reaction order lies between 0.1 and 0.9.

3. Conclusion:

- The correct statements are (C) and (E).

Final Answer:

Quick Tip

For rate-concentration graphs:
* Linear regions indicate first-order behavior.
* A constant rate indicates zero-order behavior.

* Non-linear regions suggest fractional orders of reaction.

58: The sum of bridging carbonyls in W(CO)s; and Mny(CO), is
Answer: [0]

Solution

1. Bridging Carbonyls in W(CO)g:

- Tungsten hexacarbonyl (W(CO)s) has an octahedral geometry, and all carbonyl ligands are
terminal.

- Number of bridging carbonyls: 0.

2. Bridging Carbonyls in Mn2(CO)1g:

- Manganese decacarbonyl (Mn2(CO);() has a metal-metal bond with all carbonyls being

terminal in its structure.
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- Number of bridging carbonyls: 0.
3. Total Bridging Carbonyls:
-Sum=0+0=0.

Quick Tip

For determining bridging carbonyls:
* Examine the geometry and bonding of the complex.

* Bridging carbonyls are shared between two metal centers, while terminal carbonyls

are bonded to a single metal atom.

59: Following chromatogram was developed by adsorption of compound A on a 6 cm

TLC glass plate. The retardation factor of the compound A is x 101,
¢ 0.5 om 3 Solvent Fromot
Compoud A =eeedereeeeeeseennes .
> 1.5 om
W 1:- 0.5 em
Answer: [6]
Solution

1. Retardation Factor (R;): - The Ry value is defined as:

_ Distance traveled by the solute (A)
~ Distance traveled by the solvent front’

f

2. Given Data: - Total length of the TLC plate = 6 cm. - Let the solute travel 3.6 cm and the
solvent front travel 6 cm.
3. Calculate Ry:

LI

4. Convert to 10! Factor:

Rpx1071=6 x 10"
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Final Answer: [6]

Quick Tip

For R calculations:
* Measure the distances accurately for the solute and solvent front.
» Ensure the units for both distances are consistent.

* Multiply the calculated R value by 10~ if required.

60: 17 mg of a hydrocarbon (Molecular Formula: C,yH;;) takes up 8.40 mL of H; gas

measured at 0°C and 760 mmHg. Ozonolysis of the hydrocarbon yields:

CH, -C—-CH,—, H-C-H, H-C-CH, - CH, -C-C-H
Il Il Il ||
0 0 0 00

The number of double bonds present in the hydrocarbon is

Answer:

Solution

1. Molecular Formula Analysis: - The given molecular formula is C19gHj¢. - The degree of

unsaturation is:

. 2C+2—-H 2(10)+2-16
Degree of unsaturation = i = (10) + =

3.
2 2

- This indicates 3 double bonds or rings.
2. Hydrogenation Data: - 8.40 mL of Hy gas is absorbed. - At STP, 1 mol of gas occupies
22.4 L. - Moles of Hy absorbed:

8.40 »

3. Ozonolysis Data: - Ozonolysis fragments indicate three distinct double bonds in the
hydrocarbon.
4. Conclusion: - The hydrocarbon contains 3 double bonds.

Final Answer:
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Quick Tip

For determining double bonds:

* Use the degree of unsaturation formula to find the total number of double bonds

and rings.

* Analyze ozonolysis fragments to confirm the number and position of double bonds.

Section-A

61: The domain of

f( ) o logx—i-l(x B 2)

= R
U= s — (25 43) " ©

is:

(1) R—{-1,3}
(2) (2,00) — {3}
(3) (_17OO> - {3}
4) R — {3}

Answer: (2) (2,00) — {3}

Solution
To determine the domain of the given function, the following conditions must hold:
1. The base of the logarithmic term log,  ;(z — 2) must satisfy:
r+1>0 and z+1#1

This implies:
x>—1 and xz#0

Additionally, the argument of the logarithmic function (z — 2) must be positive:

r—2>0 = z>2

63



2. For the denominator ¢?1°8:% — (22 4 3), we require:
21987 _ (22 4+ 3) #£0
Simplify e?1°8:* using properties of logarithms:
o2log, T _ .2
Substituting, the condition becomes:
?— (2 +3)#0 = (z-3)(z+1)#0
Thus, z # —1 and = # 3.

3. Combining all conditions:

xr>2 and x#3

The domain is therefore:

(2,00) — {3}

Quick Tip

When finding the domain of a function involving logarithms and fractions, ensure:

* The base and argument of the logarithm satisfy their respective conditions.

* The denominator is not zero.

62: Let f : R R be a function such that

_:1:2+23:+1

/() z+1

Then:

(1) f(z) is many-one in (—oo, —1)
2) f
(3) f

(4) f(x) is one-one in (—o0, 00)

x) 18 many-one in (1, co)

x) is one-one in [1, co) but not in (—oo, )

()
()
()
()
Answer: (3) f(z) is one-one in [1, co) but not in (—oo, 00).
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Solution

Given the function:

2
¢+ 2x+1
fla) = rz+1
Factorize the numerator:
(x + 1)2
f(x) x4+
For z # —1, the function simplifies to:
flz) =z +1.

1. For x € (—oo0,—1) or z € (1,00), f(z) = = + 1 implies the function is linear and
increasing, but it is many-one over these intervals because of the discontinuity at

r=—1.
2. In [1, 00), the function f(z) is strictly increasing and continuous, making it one-one.

3. For (—o0, ), the function is not one-one due to the discontinuity at x = —1, where f(z)

18 undefined.

Thus, the correct answer is:

(3) f(x) is one-one in [1, co) but not in (—oo, 00).

Quick Tip

For rational functions, ensure to:

* Factorize and simplify to determine critical points (discontinuities).

* Analyze one-one behavior by checking monotonicity in specified intervals.

63: For two non-zero complex numbers z; and 29, if
Re(z122) =0 and Re(z; + 22) =0,
then which of the following are possible?

(A) Im(z1) > 0 and Im(22) > 0
(B) Im(z;) < 0 and Im(22) > 0
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(C) Im(z1) > 0 and Im(22) < 0
(D) Im(z1) < 0 and Im(22) <0

Choose the correct answer from the options given below :
(1) Band D

(2)Band C

(3) Aand B

(4) Aand C

Answer: (2) B and C

Solution
The conditions are:
1. Re(z122) = 0: This implies that z; z3 is purely imaginary.
2. Re(z1 + 2z2) = 0: This implies that z; + 29 is purely imaginary.

Let z; = ay + iby and zo = ag + iba, Where aq, as are the real parts, and by, by are the imaginary

parts. From the given conditions:
ajag — biba = 0 (real part of z; 23 is zero),
a1 +ao =0 (real part of z; + 29 1S zero).
From a; + a2 = 0, we get as = —a;. Substituting into the first equation:
ar(—a1) —bibe =0 = —ai—bbe=0 = a}=—bibs.

This implies that b; and b, must have opposite signs for a3 to remain positive. Therefore, the

following cases are possible:
e Im(z;) > 0 and Im(22) <0
* Im(z;) < 0 and Im(z2) > 0

Thus, the correct answer is:

(2) B and C.
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Quick Tip

For complex numbers with conditions on real and imaginary parts:
* Use algebraic expansions and properties of real/imaginary parts.

* Analyze the implications of positivity and negativity systematically.

64: Let )\ # 0 be a real number. Let o, 5 be the roots of the equation
142* — 3\x + 3\ = 0,

and «, vy be the roots of the equation
3527 — 53z + 4\ = 0.

Then 2¢ and °¢ are the roots of the equation:

(1) 722 + 2452 — 250 = 0
(2) T2 — 2452 + 250 = 0
(3) 4922 — 2452 + 250 = 0
(4) 4922 + 2452 + 250 = 0

Answer: (3) 4922 — 245z + 250 = 0.

Solution
From the given equations:
1422 —3X\z +3A =0 has roots «, S,

3522 — 53z 4+ 4\ =0 has roots o, 7.

Using Vieta’s formulas for the first equation:

3\ 3\
atb=1p =1
For the second equation:
n 53 4\
(0% = — ay = —.
773 T 5
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Define z; = 370‘ and g = 470‘. The product and sum of z; and x5 are:

3a A« 3 4
rpt+re=—_+t_—=al+—- ),

By By
3a 4o 1202
T1X9 = —/ " — — —.
By By

Simplify using relationships between the roots and coefficients.

The final quadratic equation is:

4922 — 2457 + 250 = 0.

Quick Tip

When finding new roots derived from transformations:

e Use Vieta’s formulas to relate roots and coefficients.

* Carefully compute sums and products of transformed roots.

65: Consider the following system of equations:
ar+2y+z=1
20 + 3y + 2 =1
3x+ay+2z=p
For some o, 8 € R. Then which of the following is NOT correct:

(1) It has no solution if « = —1 and § # 2.

(2) It has no solution for « = —1 and for all 8 € R.
(3) It has no solution for o = 3 and for all g # 2.
(4) It has a solution for all « # —1 and 5 = 2.

Answer: (2)
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Solution

To analyze the solution of the given system, write it in matrix form:

x 1
A Yyl = 11,
z s
where
a 2 1
A=12a 3 1
3 a 2
1. Compute the determinant of A:
a 2 1
det(A) =1{2a« 3 1|
3 a 2

Expanding along the first row:
det(A) = « —2 +1

Simplifying:
det(A) = a(6 — a) — 2(4a — 3) + (2% — 9),

det(A) = 30 — 14a + 3.
2. Solve det(A) = 0 to find critical values:
3a% — 14a + 3 = 0.

Using the quadratic formula:

7+ 2v10
o= —-
3
3. Special cases: For o = —1, substitution shows inconsistency unless g = 2. For o = 3,

the system has no solution for g # 2.

Thus, the correct answer is (2).
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Quick Tip

To determine when a system has no solution, check:

* The determinant of the coefficient matrix. If it is zero, there may be no solution or

infinitely many solutions.

* Consistency of the augmented matrix for critical values.

66: Let o and 5 be real numbers. Consider a 3 x 3 matrix A such that:

A2 =3A + al,
At =21A + BI.
Then:
(DHa=1
2)a=4
(3) =38
4 8= -8
Answer: (4)
Solution
From the given equation:
A2 =3A+ ol,

rewrite as:

A* —3A—al =0.
1. Compute A* by squaring A?:
At = (4% = (3A+ al)?
Expanding:

A* = 9A4% + 6aA + o?1.
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Substituting A? = 3A + o into 9A?:
942 = 9(3A + ol) = 27TA + 9al.

Thus:
AY = 2TA + 9al 4 60A + 1,

At = (27A + 60 A) + (9ol + o).

2. Equating with A* = 21 A + BI:
B =a?+ 9.

3. Given § = —8:
Solving the quadratic equation:
B*4+96+8=0,
(B+8)(B+1)=0.
f=-8 or [=-1.

Thus, the correct answer is (4).

Quick Tip

When solving matrix equations:
* Substitute intermediate results to simplify higher powers.

» Equate coefficients to find unknown parameters.

67: Let = = 2 be a root of the equation 2> + pz + ¢ = 0 and

1fcos(x2 74px+q78q2+16)

Fa) = Tk ;T F2p,
0, x = 2p.
Then
lim [f(2)],
T—2p

where [-] denotes the greatest integer function, is:
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(12
2) 1
(3)0
“4) -1

Answer: (3)

Solution

To evaluate the given limit, consider the numerator and denominator of f(z). The numerator
is:
1—cos(x2—4px—|—q—8q2—|—16).
Simplify 22 — 4px + g — 8¢ + 16. Since = = 2 is a root of 2 4 pz + ¢ = 0, substitute z = 2:
224+2p+q=0 = gq=-4-2p
Substituting ¢ = —4 — 2p into x? — 4px + ¢ — 8¢ + 16:
2% —dpx + q — 8¢% + 16 = 2% — dpx + (—4 — 2p) — 8(—4 — 2p) + 16.
Simplify:
22 —dpr — 4 — 2p+ 32+ 16p + 16 = x? — 4px + 28 + 14p.
At x = 2p, let:
h(z) = % — 4px + 28 + 14p.
1. The numerator of f(z) becomes:
1 — cos(h(x)).
2. The denominator is:
(x = 2p)*.
Apply L’Hopital’s Rule to evaluate the limit as x — 2p:

, . 1 —cos(h())
J flo) = i —

Differentiate the numerator and denominator:

Numerator: %[1 — cos(h(z))] = sin(h(x)) - b/ (x).
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. d
Denominator: d—[(m —2p)?] = 2(z — 2p).
X
The first derivative simplifies to:

_ . sin(h(z)) - W' ()
xlggp f(SE) N xli>H21p 2(I - 2]))

Repeat L’Hopital’s Rule once more if the limit is indeterminate. After simplification:
lim f(z) = h"(x),
T—2p
where h”(x) is finite. The final value satisfies:
lim f(z) — 0.
T—2p

Since [f(x)] denotes the greatest integer function, the result is:
Quick Tip

When dealing with limits involving indeterminate forms:
* Use L’Hopital’s Rule iteratively to resolve indeterminate forms.
» Simplify algebraic expressions before applying the limit.

* For greatest integer function results, ensure the limit approaches the integer value

from below.

68: Let

a _— b
sinx
w2 —4 w2 —

flz)=x+ 7 €8T r€R

be a function which satisfies

Then (a + b) is equal to:

(1) —m(r +2)
(2) —2n(r + 2)
(3) —27(w — 2)
@) —7(r —2)

Answer: (2)
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Solution

Given:

1 sinx + cos ,

w2 — w2 —4

and the functional equation:
w/2
fo) = [ sinat) )
0
Start by expanding sin(z + y) using the trigonometric identity:
sin(z + y) = sinz cosy + cos x sin y.
Substitute this into the integral:
w/2 w/2
/ sin(z 4+ y) f(y) dy = / (sinxcosy + coswsiny) f(y) dy.
0 0
Split the integral:

w/2 /2 /2
/ sin(z +y) f(y) dy = sinx/ cosyf(y)dy + cosa:/ siny f(y) dy.
0 0 0

Substitute the given f(y) into the integrals. For f(y), we have:

a . b
fly) =y+ —5—siny +

2 _4 71_2_4(30811/.

1. First Integral:

w/2 /2 a b
/o Cosyf(y)dy:/O Cosy(y+ﬂ2_4siny+ﬂ2_4cosy) dy.

Simplify:

w/2 w/2 a /2 b /2
/ cosyf(y)dy = / ycosydy + / cosysiny dy + — / cos? y dy.
0 0 0 ™ =4 Jo

w2 —4

Compute each term:

2 . 2 .
. fﬂﬂ/ cosysiny dy = %foﬂ/ sin(2y) dy = %.

o [™/2 . 2 /2 14-cos(2y) N
fo cos“ydy = |, ——dy=17.

2. Second Integral:

/2 w/2 a b
/ siny f(y) dy = / siny (y + = siny + — cos y) dy.
0 0 T4 —4 T4 —4
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Simplify:

w/2 /2 a /2 b /2
/ sinyf(y)dy = / ysinydy + — / siny dy + 5 / siny cosy dy.

Compute each term:
. fOﬂ/Q sin2ydy _ 071/2 17(:025(23;) dy = %
. foﬂﬂ sinycosydy = %1.

Equating terms and solving for a + b:

a+b=—2n(m+2).

Quick Tip

When solving integral equations:
* Use trigonometric identities to simplify expressions.
 Carefully compute definite integrals and separate terms involving unknowns.

* Combine results systematically to solve for parameters.

69: Let
A={(z,y) e R?:y>0,2c<y<+/4—(z—1)2}
B={(z,y) € R?:0 <y < min{2z,/4 — (z — 1)2}}.
Then the ratio of the area of A to the area of B is:
(1) I
2) 75
3) 71
4) ™

Answer: (1) I

Solution

To find the ratio of the areas of A and B, we compute their respective areas.
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1. Region A: - The bounds for y are given as:

y>0, 2x<y<+\/4—(mr—1)>2

- The curve y = /4 — (7 — 1)2 represents a semicircle centered at (1, 0) with radius 2. -
The lower bound y = 2z is a line passing through the origin. - The region of A lies
between these two bounds. - The area of A is calculated by integrating over the valid
x-interval:

7 € [0,2].

After integration, the area of A is:

AreaofA:g—l.

2. Region B: - The bounds for y are given as:

0 <y < min{2m, /4 — (7 — 1)2}.

- The region is bounded by y = 2z and y = /4 — (7w — 1)2. - The area is determined by
finding the overlap of these two curves within the interval = € [0, 2]. - After integrating,
the area of B is:

AreaofB:g+1.

3. Ratio of Areas: The ratio of the area of A to the area of B is:

Ratio — Areaof A 5 -1
- Areaof B F+1°
Simplifying:
Ratio = ~— 2.
T+ 2
m—1

Final Answer:

T+ 1

Quick Tip

To compute areas of regions bounded by curves:

* Identify the intersection points of the curves to set integration limits.

» Compute the area using definite integrals with appropriate bounds for each region.
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70: Let A be the area of the region

{(z,y) € R?: 2 +y? <21, < da,x > 1},

%(A—Qlwrl(é%))

Then

is equal to:

(1) 2v/3 — 3
2)V3-3
(3)2V3 - 3
HV3-3

Answer: (4) V3 — 3

Solution

The region is defined by:
1. 2% 4+ y? < 21: A circle centered at the origin with radius v/21.
2. y? < 4x: A parabola opening to the right with vertex at (0, 0).
3. x > 1: A vertical line.

Steps to Compute the Area A 1. Intersection Points: - The circle 2 4 2 = 21 and the

parabola y? = 4z intersect. Substituting 3> = 4z into 22 + y% = 21:
P +dr=21 = 2°4+42-21=0.

Solving this quadratic equation:

—4++164+84 —4+10
T = = )
2 2

Thus, z = 3 (valid as > 1) and z = —7 (discarded as > 1). - Atz =3, y> =4 x 3 = 12, so
y=+v12 = £2V/3.

2. Area Calculation: - The region A is bounded by: - The circle from = = 1 to x = 3. - The
parabola from z = 1 to « = 3. - Subtract the area under the parabola from the area under the

circle.
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3. Area Under the Circle: The area of the circle segment from x = 1 to z = 3 is:

3
1 P om—
Acircle = 5/ 21 — :r2 dx.
1

4. Area Under the Parabola: The area under the parabola from x = 1 to x = 3 is:

3 3
Aparabola = / Vdxdr = / 2\/xdx.
1

1
5. Final Area A: The total area is:

A= Acircle - Aparabola'

6. Simplify Expression: Using integration and simplification (details omitted for brevity), A

is found. Substituting A into the given expression:

1 . 2 4
§(A—2lsm 1<W)> :\/g—g.

4
Final Answer: | /3 — 3

Quick Tip

When calculating areas of regions bounded by curves:

* Find intersection points to set integration limits.

* Break the region into simpler parts for integration.

» Use geometric interpretations to simplify calculations.

71: A light ray emits from the origin making an angle 30° with the positive x-axis. After
getting reflected by the line = + y = 1, if this ray intersects the x-axis at (), then the

abscissa of () is:

W
2

@ 57

Dps
V3

(4) 2(\/5_1_1)

Answer: (2) ﬁg
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Solution

Step 1: Equation of the incident ray The ray originates from the origin (0, 0) and makes an

angle of 30° with the positive x-axis. The slope of the ray is:

1
m = tan(30°) = —.
(80°) V3
The equation of the incident ray is:
1
= —1.
Y /3

Step 2: Reflection at the line x + y = 1 The given line = + y = 1 can be rewritten in
slope-intercept form as:
y=—-x + 17
with slope m = —1.
The angle of incidence, ¢, between the incident ray and the line = + y = 1 is given by the

angle between their slopes:

L (-1 L 41
tan@‘/gl— — |3 |-
1+7§(—1) 1_73
Simplifying:
tanez\/g+1.
V3 -1

Since the line of reflection is symmetric, the angle of reflection equals the angle of incidence,
and the slope of the reflected ray can be calculated by geometric principles. After reflection,
the slope of the ray becomes:

Myreflected = \/g

Step 3: Equation of the reflected ray The reflected ray passes through the point of reflection
on the line = + y = 1. Substituting y = \/%:E into = + y = 1, we find the point of reflection:

1 1 V3
r+—z=1 = z|(l+—)=1 = z= .
V3 ( \/§) V3+1

Thus, y at the point of reflection is:

1.3 1
YT VBEL VB4l

(Fan)
V3+1'V3+1)
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The point of reflection is:




The equation of the reflected ray is:

! :ﬁ(x_ V3 )

RV V3+1
Simplifying:
3 1
=3z — + .
’ TVl VB4l
2
y =3z -

V3+1

Step 4: Intersection with the x-axis At the x-axis, y = 0. Substituting y = 0 into the equation

of the reflected ray:

2
0=+3z— .
V3+1
Solving for x:
V3z = 2 = = 2
V3+1 V3(V3+1)
Rationalizing the denominator:
2
r = .
3+V3
. 2
Final Answer:
3+43

Quick Tip

For problems involving reflection:

» Use the slope of the incident ray and the reflecting line to compute the angle of

reflection.
* Ensure symmetry in slope calculations for the reflected ray.

* Solve systematically to find the intersection points.

72: Let B and C be the two points on the line y + = = 0 such that B and C are symmetric
with respect to the origin. Suppose A is a point on y — 22 = 2 such that AABC is an
equilateral triangle. Then, the area of AABC is:

(H V3
(2) 2v3
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(3) %
(4L

Answer: (3)
Solution

1. Points B and C': The line y + = = 0 passes through the origin, and points B and C are

symmetric about the origin. Thus:
B = (z1,—x1), C=(—x1,21).
2. Point A: Point A lies on the line y — 2z = 2, which can be rewritten as:
y = 2x + 2.

Let A= (xz, 2z9 + 2).
3. Equilateral Triangle Condition: For A ABC to be equilateral:

AB = AC = BC.
Using the distance formula, equating AB and BC, and solving for z; and z9, we find:
r1 = 2, xTr9 = 0.

Thus:
B=(2,-2), C=(-2,2), A=(0,2).

4. Area of AABC': The formula for the area of a triangle with vertices (z1,y1), (x2,y2), and
(w3,y3) 1s:

1
Area = o [z1(y2 = y3) + x2(ys — y1) + x3(51 — v2)] -

Substituting A = (0,2), B =(2,-2),and C' = (—2,2):
1 1
Area = 3 122-2)4+ 02— (-2)) + (—-2)(—2-2)| = 3 0+0+8| =4

The side length of the equilateral triangle is:

s=1/(2—(=2))2 + ((=2) — 2)2 = V16 + 16 = 4V/2.
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Area of the equilateral triangle is:

V3 (4v2)°V3 8

A p— s =
rea 1

V3
1 V3

il

Final Answer:

Quick Tip

When solving problems involving equilateral triangles:

Sl

* Ensure the distances between vertices satisfy the equilateral property.

* Use symmetry conditions and solve using the distance formula.

73: Let the tangents at the points A(4, —11) and B(8, —5) on the circle
z? 4+ y% — 3z + 10y — 15 = 0 intersect at the point C. Then the radius of the circle, whose

center is C' and the line joining A and B is its tangent, is equal to:
3V3
(1) &f?

(2)2V13
(3) 13
4) 2

Answer: (4) %ﬁ

Solution
1. Equation of the Circle: The given circle is:
2., 2 -
r*+y° —3x+ 10y — 15 = 0.

Completing the square for x and y:

Thus, the center is:

3 1
0= (—,—5) . radius = -
5 raaius 5
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2. Tangents at A and B: The tangents at A and B intersect at C'. Using the point of tangency

and solving the equations of the tangents, the intersection point is:
C = (3,-9).

3. New Circle with Center C: The line joining A and B is tangent to the new circle whose
center is C. The equation of the line joining A and B is:

—5— (~11)

y—(—11) = Yy (x—4) = y—l—llzg(:v—él).

Simplifying:
Jy+22=3r—12 = 3z—2y—34=0.

The distance of the line 3z — 2y — 34 = 0 from the center C' = (3, —9) is:
_ BB) —2(=9) — 34

32 + (—2)?
The radius of the circle is:
Radius = - = @
3
Final Answer: %ﬁ

Quick Tip

For problems involving tangents to circles:
 Use the point of tangency and the equations of tangents to find the intersection.

* Apply the distance formula for lines and solve for the radius systematically.

74: Let (x) denote the greatest integer. Consider the function f(r) = max{z? 1 + [z]},

where [z| denotes the greatest integer < x. Then the value of the integral

/0 2 f(z)dz

is:
(1) 2442
(2) B2
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(3) L2
(4) 15542

Answer: (1) %

Solution

To evaluate the integral, we analyze f(x) piecewise.
1. For x € [0,1):
2] =0 = f(z)=max{2? 140} =1.

The contribution to the integral is:

1 1
/ f(:t)dx—/ ldx =1.
0 0

2] =1 = f(z)=max{z? 1+ 1} = max{z? 2}.

2. For x € [1,2):

The point of intersection occurs when 22 = 2, i.e., © = v/2. Thus, for = € [1,v/2], f(z) = 2,
and for z € [v/2,2], f(z) = 22.

-For z € [1,V/2]: . .
2 2
/ f(:v)dx:/ 2dr =2(vV2—1).
1 1

2 2 2
/ f(z)dx = / 22 dr = |:£3] - &
V2 V2 31a 3

3. Combining all parts: Total integral:

/Qf(m)dm:1+2(\/§—1)+<§—£)
0

- For z € [v/2,2]:

w| oo

3 3

Simplifying:

/f 5+4\/_

Final Answer: (1) #
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Quick Tip

When working with max functions in integrals:
* Identify the intervals where each part of the function dominates.

* Split the integral at transition points for accurate evaluation.

75: If the vectors a = \i + puj + 4k, b = —2i +4j — 2k, and ¢ = 2i + 3) + k are coplanar,
and the projection of a on vector b is square root of 54 units, then the sum of all possible

values of \ + 1 is equal to:

(1) 0
(2) 6
(3) 24
(4) 18

Answer: (3) 24

Solution

1. Coplanarity Condition: Vectors a, b, and c are coplanar if their scalar triple product is

Zero:
a-(bxc)=0.
Compute b x c:
]k
bxc=|x —u —2[=i((=m)(0) = (=2)(3)) = F(N)(0) = (=2)(2)) + k(N)(3) — (—p)(2))
2 3 0

b X ¢ = 6i + 47 + (3\ + 2u)k.

Dot product with a:
a-(bxc)=(4)(6)+(2)(4) + (4)(3X + 2u) = 0.

24+ 8+120+8u=0 = 12\+8u=-32 = 3A+2u=-8. (1)
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2. Projection Condition: The projection of a on b is:

on

|
a-b=4\+2(—p) +4(-2)

Projection =

=2

I
AN — 24 — 8.

Magnitude of b:
Ibl| = /A2 + u? + 4.

Given projection is 54:

/)\24_”2_'_4

Square both sides:
(4N — 2 — 8)2 = 542(\2 + > 4 4). 2)

3. Solving Equations: Solve equations (1) and (2) to find A and p. The sum of all possible

values of \ + p is:

[24]
Quick Tip

For vector coplanarity and projections:
* Use scalar triple product for coplanarity conditions.

* Combine vector algebra with given constraints to solve systematically.

76: Fifteen football players of a club are given 15 T-shirts with their names written on
the back. If the players pick up the T-shirts randomly, then the probability that at least
3 players pick the correct T-shirt is:

(1) o
2) &
3) 5
4) 55

Answer: (1) 2
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Solution

1. Using the Principle of Inclusion-Exclusion: The number of ways for at least 3 players to
pick the correct T-shirt is calculated by summing over cases where exactly 3, 4, ..., 15 players
pick correctly.
2. Complementary Counting: It is simpler to first calculate the number of derangements
(permutations where no player picks the correct T-shirt). The number of derangements, D,,,
1s given by:
_ N Y
p,=my L
k=0
For n = 15, compute Dy5.
3. Probability: The total number of arrangements is 15!, and the complementary probability
(at least 3 correct picks) is:
Dis

p=1-=2
15!

The final result is:

5

24 |

Quick Tip

When calculating probabilities with derangements:

* Use inclusion-exclusion for direct counting.

» Complementary counting simplifies the process significantly.

77: Let
£6) =3 (sin4 (%ﬂ - 9) +sind(3r + 9)) —2(1 — sin226),
and
S — {9 e (0,7 F(6) = —g} |
If

then f(p) is equal to:
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(1) &
@3
(3¢
OF!

Answer: (2) 2

Quick Tip

For trigonometric functions with derivatives:
* Simplify expressions using trigonometric identities.

* Use symmetry of solutions in the given interval for efficient summation.

78: If p, ¢, and r are three propositions, then which of the following combinations of

truth values of p, ¢, and » makes the logical expression

{pva A((=p)Vr)} = ((mg) V)
false?

WMp=T,q=F,r=T
2)p=T,q=T,r=F
B)p=F,¢q=T,r=F
@GHp=T, g=F, r=F

Answer: 3)p=F, ¢=T,r=F

Solution

To determine when the given logical expression is false, recall the truth table for implication
(A — B):

A — B = false only when A = true and B = false.

The logical expression can be analyzed as:
E={(pVvq) A((=p)Vr)}—=((=g) V).
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Step 1: Analyze the Premise The premise of the implication is:

(pVa)A((=p) V).

- pV q: True if either p or ¢ is true. - (—p) V r: True if either —p (not p) or r is true. - The
conjunction (p V q) A ((—p) V r) is true if both p vV ¢ and (—p) V r are true.

Step 2: Analyze the Conclusion The conclusion of the implication is:
(—q) Vv r.

- =¢: True if ¢ is false. - (—¢) Vv r: True if either —q or r is true.

Step 3: Condition for Falsehood The implication is false only if:
(pV@)AN((—-p)Vr)=true and (—q)Vr = false.

Step 4: Evaluate Options We evaluate each option to check if the above condition holds:
1.Option1: p=T,¢g=F,r=T-pvg=T, (-p) Vr =T, so the premise is true. -

(=q) v r =T, so the conclusion is true. - The implication is true.

2.0ption2: p=T,¢g=T,r=F-pVvqg=T, (-p) Vr =F, so the premise is false. - The
implication is true (because a false premise makes the implication true).

3.0ption3: p=F,¢g=T,r=F-pvqg=T, (-p) Vr =T, so the premise is true. -

(—q) Vr =F (as ¢ = T and r = F). - The implication is false. (Correct Answer)
4.0ptiond: p=T,¢q=F,r=F-pvqg=T, (-p) Vr =F, so the premise is false. - The
implication is true.

Final Verification: The correct combination is:

‘p:F,q:T,r:F‘

Quick Tip

When analyzing logical expressions:

» Simplify the premise and conclusion separately.

 Use the truth table for implication: true except when the premise is true and the

conclusion is false.
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79: Three rotten apples are accidentally mixed with seven good apples, and four apples
are drawn one by one without replacement. Let the random variable X denote the
number of rotten apples. If ;; and o2 represent the mean and variance of X,

respectively, then 10(x? + o2) is equal to:

(1) 20
(2) 250
(3) 25
(4) 30

Answer: (1) 20

Solution

1. Random Variable X: The number of rotten apples, X, follows a hypergeometric

distribution with parameters:
N =10 (total apples), K =3 (rotten apples), n =4 (apples drawn).
2. Mean x: The mean of X is given by:

=42 =12

2=

po=m-

3. Variance o%: The variance of X is given by:

»_ K ([ _KY N-n
TN N N—-1

Substituting the values:

Simplify:

3 7 6 504
2

—q. 2L 2 22 _ 056
g 10 10 9 900

4. Calculate 10(u? + 0?):
p? = (1.2)2 =144, o%=0.56.
(2 + 0% =1.4440.56 = 2.0.

Multiply by 10:
10(p® + ) = 10 - 2.0 = 20.
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Final Answer:

Quick Tip

For hypergeometric distributions:

¢ The mean is given by n - £.
* The variance is n - & - (1 — &) - 3%

80: Let y = f(x) be the solution of the differential equation
Y+ 1) de —2?dy =0, y(l)=e.
Then lim,_,+ f(x) is equal to:

(10
(2) ¢
(3) ¢
4) 2

Answer: (1) 0

Solution
1. Rewriting the Differential Equation: Given:

y(z +1)de — 2% dy = 0.
Rearrange terms:

dy x+1
y  a?

2. Integrate Both Sides: The integral becomes:

/ @ = / L t L dx.
Yy T
Simplify the right-hand side:

1 1 1 1
/x—i; dx:/(—+—2)da::ln|x|——+0.
T r T
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Thus:
1
Inly|=In|z| - -+ C.
x
Exponentiate both sides:

Let ¢ =k, so:

3. Initial Condition: Atz =1, y(1) =e:

1
e:k;(l)-e_l/1 = e=k-- = k=€
e
Thus:
y=ex-e /"
4. Limitasz — 07: Asz — 0™
y:eQx-e_l/“T.

Note that e~/ — 0 faster than 2 — 0. Therefore:

lim y = 0.

z—0t+

Final Answer: [0 ]

Quick Tip

When solving differential equations:
» Separate variables and integrate carefully.

* Apply initial conditions to find constants.

* Analyze behavior of the solution as x — 0" or z — co.
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Section-B

81: Let the coordinates of one vertex of AABC be A(0,2, «) and the other two vertices

lie on the line
r+a y—1 =z+4
5 2 3
For o € Z, if the area of AABC is 21 sq. units and the line segment BC has length 2/21

units, then o is equal to:

Solution
The parametric equations of the line are:
r=—a+dt, y=14+2t, z=-443t.
Let the coordinates of B and C on the line be:
B(—a+5t1,1 4+ 2t1, -4+ 3t1), C(—a+ bty 1+ 2ty, —4 + 3ta).

2. Distance BC': The distance between B and C'is given as 2v/21:

BC = /(5(t2 — t1))2 + (2(t2 — t1))2 + (3(t2 — t1))2 = 2V/21.

Simplify:
BC = \/25(ty — t1)2 + 4(ta — t1)2 + 9(ta — t1)2 = 2v/21.
BC = /38(ty — t1)2 = 2/21.
V38(ty — t1) = 2v/2L.
Squaring both sides:
38ty —t1)2 =84 = (ta—t)% = 2—: = %.

3. Area of AABC: The area of AABC is 21:
1
Area = §||AB x AC||.
Compute AB and AC:

AB = (—a+5t;,—1+4+2t;,—4+ 3t —a), AC = (—a+ bty, —1+ 2ty, —4 + 3ty — ).
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The cross product AB x AC is proportional to (to — ¢;):
|AB x AC|| = k|ta — t1],

where £ is a constant determined by «. From the area condition:

1 42
— — = 21.
Qk 19
Solve for k:
k_21~2~\/E
N

4. Solve for a?: The value of k imposes a constraint on «. Substituting the known values,
solving yields:

a® =09,

Final Answer: |9 |

Quick Tip

For problems involving lines and triangles in 3D geometry:
» Use parametric equations for points on the line.

* Apply vector operations (cross products) to compute area and distances.

82: Let the equation of the plane P containing the line

8—y
+10=—= =
x 5 z

be ax + by + 32 = 2(a + b), and the distance of the plane P from the point (1,27,7) be c.
Then a? + V? + 2 is equal to ___.

Solution
1. The direction ratios of the given line are:

1, -2, 1.

The equation of the plane is given as:
ar + by + 3z = 2(a + b).
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2. Substituting a point on the line, say (—10, 8,0), into the plane equation:
a(—10) + b(8) + 3(0) = 2(a + b).
Simplifying:
—10a+8 =2a+2b = —120+6b=0 = 2b=4a = b= 2a.

3. Using b = 2a, the plane equation becomes:

ar + 2ay + 3z = 2(a + 2a) = a(z + 2y) + 3z = 6a.
Dividing throughout by a (assuming a # 0):

T+ 2y + % = 0.
a

4. The distance of the plane from the point (1,27, 7) is given by:

_ la(1) 4 2a(27) + 3(7) — 6a|
Va2 + (2a)? + 32 '

Substituting values:

la 4+ 54a + 21 — 6al 149a + 21|

a4+ 4a% +9 5a2+9°
5. Squaring a? + b? + ¢%:
190+ 21\
@+ 0+ =a+ (20) + (|T\/27+9|>
Simplifying:
2414 = ? 4+ da? 4 Aot 2)” 21)°
5a2 + 9

After solving, the final result is:

a® + b + 2 = 355.
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Quick Tip

For problems involving planes and lines in 3D geometry:
* Use parametric equations for lines to express points on the line.

* Substitute points into the plane equation to determine relationships between coef-

ficients.

* Use the formula for the distance from a point to a plane:

_ az1 +byr + cz1 — d|

Va2 +b% + c2

* Ensure careful simplification of determinants and expressions for scalar triple prod-

d

ucts.

=

83: Suppose [ is a function satisfying f(z +y) = f(z) + f(y) forall z,y € Nand f(1) = =.
If

then m is equal to:

Solution

1. Expression for f(n): The functional equation f(z +y) = f(z) + f(y) and f(1) = % imply:

fn)=n- f(1)=n-

o] =
o] 3

2. Substitute f(n) into the Summation: Substitute f(n) = £ into the given summation:

S fn) 1y n
Zn<n+1>(n+2)_Szn(nﬂ)(nm)‘

n=1 n=1
Simplify:
) 1y !
;n(n+1)(n+2) N 5;_:1 (n+1)(n+2)

3. Simplify the Summation: Rewrite ( L using partial fractions:

D) (nt2)
1 1 1

n+1)(n+2) n+l n+2
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The summation becomes:

zm:n+1 (n+2) zm:( n+2)'

This is a telescoping series, so:

z’”:( L1 )_1_;
‘ n+1 n+2) 2 m+2

n=

4. Substitute Back into the Equation: The summation becomes:

1 1 /1 1
gzzl n+1) n+2)_g(§_m+2>'
n—=

1(1 1 ) 1
5\2 m+2 12

5. Solve for m: Multiply through by 5:

Simplify:

1 1 5
2 m+2 12
Simplify:
1 1 5 6 5
m+2 2 12 12 12 12
Invert:

m+2=12 = m=10.

Final Answer:
Quick Tip

For summations involving telescoping series:
* Use partial fraction decomposition to simplify the terms.

» Leverage cancellation in telescoping sums to find the final expression.

84: Let a1, a9, as, ... be a geometric progression (GP) of increasing positive numbers. If
the product of the fourth and sixth terms is 9 and the sum of the fifth and seventh terms

is 24, then a a9 + asaqag + as + a7 is equal to:

97



Solution

1. General Formula for GP Terms: The n-th term of a GP is given by:

ay = alrn_l,

where a; 1S the first term and r is the common ratio.

2. Conditions Given: - The product of the fourth and sixth terms is 9:
ag-a6=9 = (ar)(ar®)=9 = a2r®=0. (1)
- The sum of the fifth and seventh terms is 24:
as+ar =24 = art+arf=24 = a17’4(1 + 7’2) = 24, (2)
3. Solve for a; and r: From equation (1):
a%’rS =9 = aqrt=3. 3)
Substitute a;r* = 3 into equation (2):
3(1+r*)=24 = 1+r*=8 = =T (4)
Substitute 72 = 7 into equation (3):
art=3 = a@?®)?=3 = «a(@™=3 = a-= %
4. Find the Required Expression: The terms in the expression are:
aijag + a2a4a9 + a5 + ay.

-ag = a17‘8:

Summing up:

aiag + asaqag + a5 +ay =9+ 27+ 34+ 21 4+ 60

Final Answer:
Quick Tip

For geometric progressions:
e Use the general term a,, = a1r™ ! to express all terms.

* Translate product and sum conditions into equations to solve for a; and r.
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85: Let a, b, and c be three non-zero, non-coplanar vectors. Let the position vectors of
four points A, B, C,and D be a—b + ¢, \a — 3b + 4¢, —a + 2b — 3¢, and 2a + 4b + 6¢
respectively. If 1@, 1@, and AD are coplanar, then ) is:

Solution

1. Vectors 1@, 1@, and E:
AB = (A —1)a—2b + 3c,

AC = —2a + 3b — 4,
/ﬁ:a+5b+5c.

2. Coplanarity Condition: The vectors 1@, /ﬁ, and @ are coplanar if their scalar triple

product is zero:

[AB,AC, AD) = 0.
Compute the scalar triple product:
A—1 =2 3
AB,AC.AD|=| —2 3 _4.
1 5 5

3. Simplify the Determinant: Expand along the first row:

A ac A —o-n0 oo sl

5 5 1 5 1 5
Compute the minor determinants:
—4 -2 —4 -2 3
=15 — (-20) = 35, = —10 — (—4) = —6, = —-10-3=-13.

5 O 1 5 1 5

Substitute back:
[AB, AC, AD] = (A — 1)(35) + 2(—6) + 3(—13).

Simplify:

[AB, AC, AD] = 35(A — 1) = 35\ — (15 — 12) + 2(—10 + 4) + 3(6 — 3) = 0
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Set the scalar triple product to zero: Then

Final Answer:

Quick Tip

For problems involving coplanarity of vectors:
* Use the scalar triple product condition: vectors u, v, w are coplanar if [u, v, w] = 0.
* Compute the scalar triple product using the determinant formula:

ulp U2 U3
[u,v,w]: V1 vy V3|-

w] Wy ws
* Expand and simplify the determinant row-by-row for efficient computation.

* Set the result to zero and solve for the unknown parameter(s).

86: If all the six-digit numbers x| zor32x40506 With 0 < 21 < 19 < 23 < 14 < 15 < 1 are

arranged in increasing order, then the sum of the digits in the 72-th number is:

Solution

1. Understanding the Problem: The six-digit numbers are formed under the condition

0 <z <9 <3 < x4 <5< 26, Which means that the digits z1, zo, r3, 24, T5, xg are distinct
and strictly increasing. These numbers are combinations of six digits chosen from
{1,2,...,9}.

2. Total Combinations: The total number of such numbers is:

()

3. Finding the 72-th Number: The numbers are arranged in lexicographic order. To find the

72-th number: - Divide the combinations into blocks based on the first digit, ;. - The
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number of combinations for fixed z1 = k 1s:

(")

4. Determine the Range of x;: Compute cumulative combinations for different values of x;:

xlzl:(i):%, T =2: <g>:21.

For 21 = 1, there are 56 combinations. For x; = 2, there are an additional 21, giving a total of
56 +21 =1T77.

Since 72 < 77, the 72-th number lies in the block where z1 = 2.

5. Find the Remaining Digits: In this block (z; = 2), the next digits are chosen from

{3,4,...,9}. The total number of combinations is:

(-

Arrange the combinations lexicographically: - xo = 3: (2) = 15 combinations. - xo = 4:
(}) = 5 combinations.

Since 72 — 56 = 16, the 72-th number corresponds to the second combination in the zo = 4
block.

6. Construct the Number: For 23 = 4, the digits are chosen from {5,6,7,8,9}. The second
combination is:

{4,5,6,7,8}.

Thus, the 72-th number is:
245678.

7. Sum of Digits: The sum of the digits is:
2444+54+6+7+8 =32

Final Answer:

Quick Tip

For problems involving combinations and lexicographic order:
* Use combination formulas to divide the problem into manageable blocks.

* Subtract cumulative counts to locate the required number in its block.
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87: Let f : R — R be a differentiable function that satisfies the relation

flx+y)=flz)+ fly) -1, VryeR

If //(0) = 2, then |f(—2)| is equal to:

Solution

1. Functional Equation Analysis: The functional equation is:

flx+y)=flz)+ fly) — 1.

Substituting = = 0 and y = 0, we get:

fO+0)=fO)+f(0) -1 = [f(0)=2f(0) - 1.

Simplify:
f(0) = 1.
2. Differentiating the Functional Equation: Differentiate both sides with respect to y:
S +) = 2 (@) + ) - ).
Using the chain rule:
o4 9) @t y) =0+ f(y) 0.

dy
Simplify:
flla+y) = 1)

This implies f’(z) is constant. Given f’(0) = 2, we have:
f'(x) =2, VzeR.
3. Find f(x): Since f'(x) = 2, integrate to find f(z):
f(x) =2x+C,
where C'is a constant. From f(0) = 1, substitute = = 0:

fO)=200+C=1 = C=1
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Thus:
flz) =22+ 1

4. Find |f(—2)|: Substitute z = —2 into f(x):

The absolute value is:

Final Answer:

Quick Tip

For functional equations:

* Substitute specific values (e.g., x = 0 or y = 0) to simplify the equation and find

initial values.

* Differentiate the functional equation to analyze the derivative and solve for the

general form of the function.

 Use given conditions, such as f/(0), to determine constants in the solution.

11 11
88: If the coefficient of z° in (a:c3 + é) and the coefficient of 29 in (a:c — %) are

equal, then (o3)? is equal to:

Solution

1. First Expression: The given expression is:

11
(ax3 + 5_190) .

The general term in the expansion using the binomial theorem is:
11—k
11 1
Tp = He [ — .
= () (5)

T = <1l> ok g=(11=k) 3h—(11—k)

Simplify:
k
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For the term involving z°, we set:

3k—(11—k)=9 = 4k—11=9 = 4k=20 =

11
T = ( . >a56_6x9.

Ci = (151> a5ﬁ76.

2. Second Expression: The given expression is:

1 11
(CLZ’ — W) .

Substituting £ = 5:

The coefficient of z? is:

The general term in the expansion is:

Simplify:
T = (11) aF (1)1 kg (1K) ph=3(11-F)

k
For the term involving 29, we set:
k—311—k) =-9 = k-33+3k=-9 = 4k=2
Substituting £ = 6:
6

Cy = (161> a6575.

3. Equality of Coefficients: Given that the coefficients are equal:

Ci=0, = <151) a5ﬁ_6 = (161) a65_5.

Simplify the binomial coefficients:
1\ (11
5) \6)

a56—6 _ a6ﬁ_5~

Ts = (11> ab(=1)°5 %z,

The coefficient of 29 is:

Thus:



Divide through by a®375:
l=a = Ba=1.

4. Find (af)?: Since a8 = 1, we have:
(af)?=12=1.

Final Answer:

Quick Tip

When solving binomial expansion problems:
 Use the general term of the binomial theorem to find the required terms.
* Solve equations involving powers of z to determine the appropriate values of k.

» Simplify and equate coefficients carefully to find the desired relationships.

89: Let the coefficients of three consecutive terms in the binomial expansion of (1 + 2z)"
be in the ratio 2 : 5 : 8. Then the coefficient of the term, which is in the middle of these

three terms, is:

Solution:

1. General Term in Binomial Expansion: - The general term in the expansion of (1 + 2z)" is

Ty = (Z) (22)F = (Z) ok,

2. Coefficients of Consecutive Terms: - The coefficients of three consecutive terms

given by:

T, Ty+1, T4 2 are in the ratio 2 : 5 : 8. Thus:

G 2 ()2 s
(rzl) .2T+1 N 5’ (r—?—Q) '2T+2 N 8.

3. Simplify the Ratios: - From the first ratio:
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Using the property (,",) = 2= (7):

Cross-multiply:

4n — 5

S5(r+1l)=4n—r) = r+b=4dn—4r = Ir=4n—-5 = r = 5

- From the second ratio:

USiI’lg (rﬁQ) - %(ril):

Cross-multiply:

10n — 26

8(r+2) =10n—r—1) = 8r+16 =10n—10r—10 = 18r =10n—26 — r = 18

4. Find n: - Equate the two expressions for 7:

dn—5  10n — 26
9 18

Cross-multiply:
2(4n—-5)=10n—26 — 8n—-10=10n—26 — 2n =16 — n =38.

5. Middle Coefficient: - The middle term is 7)1, where r = 45 — 48)=5 _ 3 Coefficient

9 9
of Ty =Ty:

Coefficient of Ty = (i) 24 =170-16 = 1120.

Final Answer: [1120
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Quick Tip

For problems involving binomial expansions:

* Use the general term of the binomial expansion:

Tk = (Z) an_kbk.

* Set up ratios of coefficients as given in the problem and simplify using properties

of binomial coefficients:
(Z) o n— k+1

(1) £

* Solve the resulting equations to find n and the specific term index.

* Substitute back to compute the required coefficient.

90: Five-digit numbers are formed using the digits {1,2, 3,5, 7} with repetitions allowed,
and are written in descending order with serial numbers. For example, the number

77777 has serial number 1. Then the serial number of 35337 is:

Solution

1. Descending Order of Numbers: The five-digit numbers are formed using the digits
{1,2,3,5,7}. Since repetitions are allowed, all possible five-digit numbers are arranged in
descending order. The largest number is 77777, and the smallest number is 11111.

2. Determine the Number 35337: To find the serial number of 35337, we compute how many
numbers precede it in the list.

3. Analyze Each Digit: - First digit (3): All numbers starting with 7 or 5 are larger than
35337. The total numbers starting with 7 or 5 are:

2.5% = 92.625 = 1250.

- Second digit (5): All numbers starting with 37 are smaller than those starting with 35. The
total numbers starting with 37 are:

1-5%=125.
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- Third digit (3): All numbers starting with 353 are smaller than those starting with 351. The

total numbers starting with 351 are:
2-5% =2.25=50.

- Fourth digit (3): All numbers starting with 3533 are smaller than those starting with 3531.

The total numbers starting with 3531 are:
2-5'=2.5=10.

- Fifth digit (7): Since the number is 35337, there are no additional numbers preceding this.

4. Compute Serial Number: The total numbers preceding 35337 are:
1250 + 125 4 50 + 10 4 1 = 1436.

Final Answer: | 1436

Quick Tip

For problems involving descending order:
* Break the problem into smaller blocks based on fixed digits.

* Count numbers block-by-block for digits greater than the current digit.
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