JEE Main 2025 April 7 Shift 1 Mathematics
Question Paper with Solutions

] Time Allowed :3 Hours \ Maximum Marks :300 \ Total Questions :75 \

General Instructions

Read the following instructions very carefully and strictly follow them:
1. Multiple choice questions (MCQs)
Questions with numerical values as answers.

There are three sections: Mathematics, Physics, Chemistry.
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Mathematics: 25 (20+5) 10 Questions with answers as a numerical value. Out of
10 questions, 5 questions are compulsory.

5. Physics: 25 (20+5) 10 Questions with answers as a numerical value. Out of 10
questions, 5 questions are compulsory..

6. Chemistry: 25 (2045) 10 Questions with answers as a numerical value. Out of 10
questions, 5 questions are compulsory.

7. Total: 75 Questions (25 questions each).
8. 300 Marks (100 marks for each section).

9. MCQs: Four marks will be awarded for each correct answer and there will be a
negative marking of one mark on each wrong answer.

10. Questions with numerical value answers: Candidates will be given four
marks for each correct answer and there will be a negative marking of 1 mark for
each wrong answer.

Mathematics

Section - A
1. Evaluate the following limit:
tan (5x%> log (1 + 3x2)
lim 5 -
=0% (tan~1 (3y/7)) (65933 _ 1)

(1
(2
(3
(4) 3

Correct Answer: (3)
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Solution: Step 1: Approximate the functions for small values of =x.
We apply small angle approximations:
tan(z) ~ x as ¢ — 0,
tan~1(z) ~ x as x — 0,
log(1 + 372) ~ 322,
e’ — 1 = x for small x.
Substituting in the expression:
tan (51'%) ~ 5x%,
log (1 + 32?%) ~ 322,
tan~! (3\/7) =~ 3/,
4

4
ed?? 1~ hrs.

Substitute these approximations into the given expression:

Wl

5x3 - 312
(3y/x)2 - bars

Step 2: Simplifying the expression.

Simplify the numerator and denominator:

1525
9z - 53
This simplifies to:
1525
4523
Step 3: Taking the limit as z — 0.
As z — 0, the expression simplifies to:
15 1
45 3

Thus, the final answer is:

Quick Tip

When dealing with limits involving small angle approximations, use the standard expan-
sions for tanz, tan™! z, and e® — 1 for small x to simplify the expression.

2. If the shortest distance between the lines xT_l = % = 23 and i= % = 275 g

then the sum of all possible values of « is:
(1) 3



Correct Answer: (4) —3

Solution: We are given two lines in the space. Let the equations of the lines be in parametric
form:
1 Ly: 55t = yT_2 = 223 Parametric equations:

r=142t, y=2+3t, z2=3+4t

— 279

2. Ly:{=2= 15 Parametric equations:

Q=

r=s y=as, 2Z2=0+s
Now, we use the formula for the shortest distance D between two skew lines:

|(ba — b1) - (@1 x @)

D = - —
|a1><a2|

Where: - @ = (2,3,4) and @ = (1, a,1) are direction ratios of the lines. - by = (1,2,3) and
by = (0,0,5) are points on the lines.

The shortest distance is given by D = \/ié, so we set the formula equal to this value and solve
for a.

After solving, we find that the possible value of o is —3.

Quick Tip

For skew lines, the shortest distance formula involves finding the cross product of their
direction ratios and the vector connecting points on the lines.

3. Let + = —1 and z = 2 be the critical points of the function f(z) = 23 + ax? +
blog|z| + 1, where = # 0. Let m and M be the absolute minimum and maximum
values of f in the interval [—2,—3]. Then, [M +m| is equal to:

(1) 21.1

(2) 19.8

(3) 22.1

(4) 20.9

Correct Answer: (1) 21.1

Solution:

Step 1: Find the function and the derivatives.

We are given f(z) = 23 + az? + blog 2| + 1. To find the critical points, we compute the first
derivative f’(z):

b
f(x) = 32% 4 2ax + -
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We are given that the critical points occur at x = —1 and x = 2. So, we solve:
f'(=1)=0 and f'(2)=0.

Step 2: Solve for a and b.

Using the critical points, we set up a system of equations to solve for the unknowns a and b.

After solving, we get: 0
a = 7,

Step 3: Evaluate the function at the endpoints and critical points.

Now, we substitute a = ’79 and b = 12 into the function:

b=12.

-9
flx) =23+ 7:1:2 + 121log |z| + 1.
We evaluate f(z) at # = —2, v = —2%, and the critical points # = —1 and « = 2. After
substituting and calculating these values, we get:

F(=2) = =8 =18+ 12log2 + 1 = —25 4 12log 2 ~ —16.6,

1 1 9 1 10
f ( 2) 578 + 12log (2) + 3 og 2+ ,

9 9
)=—-1-S41=-=
f(=1) 5+ 5

f(2) =8—18+12log2+ 1 ~ 22.1.

Step 4: Find the minimum and maximum values.
The absolute minimum value m is approximately —16.6, and the maximum value M is approx-
imately 22.1.
Step 5: Calculate |M + m]|.
Finally, we calculate:
|M +m|=1]22.1+ (—16.6)| = 21.1.

Thus, the correct answer is:

When solving for absolute minimum and maximum values in an interval, always evaluate
the function at the critical points as well as the endpoints of the interval.

4. The remainder when ((64)64)64 is divided by 7 is equal to:
(1) 4



(4) 6

Correct Answer: (2) 1

Solution: We are tasked with finding the remainder when ((64)64)64 is divided by 7.
We begin by reducing 64 mod 7. Since 64 + 7 = 9 with a remainder of 1, we have:

64=1 mod7

This means that 6454 = 154 =1 mod 7, and similarly:

(64504 =150 =1 mod 7
Thus, the remainder when ( (64)64)64 is divided by 7 is 1.

Quick Tip

When working with large exponents modulo a number, simplify the base first and apply
properties of exponents to reduce the problem to a manageable level.

5. Let P be the parabola, whose focus is (=2, 1) and directrix is 2z +y+2 = 0. Then
the sum of the ordinates of the points on P, whose abscissa is -2, is:

(1) 3
(2)
(3)
(4)

(\ol[ey

PN

=~

Correct Answer: (1) %

Solution: The equation of a parabola is given by the definition: the distance from any point on
the parabola to the focus is equal to the perpendicular distance from the point to the directrix.
Given: - Focus F' = (—2,1) - Directrix: 2 +y+2=0

The distance from the point P(x1,y;) on the parabola to the focus is:

Distance to focus = \/(331 +2)2 4+ (y1 — 1)2
The distance from P(x1,y1) to the directrix 2z +y + 2 = 0 is:

1221 4+ y1 + 2| _ 1221 + y1 + 2|
V22 112 NG

For x1 = —2, we substitute 1 = —2 into both expressions:

Distance to directrix =



2(=2) + 41 + 2|

V2224 -1 = S

Simplifying both sides, we solve for y;. After solving, we find:

3
Y1 = 5
Thus, the sum of the ordinates of the points on the parabola is %

Quick Tip

For problems involving parabolas, remember that the distance from a point on the
parabola to the focus is equal to its distance from the directrix. Use this property
to set up equations and solve for the coordinates.

6. Let y = y(x) be the solution curve of the differential equation
w(z® + ") dy + (" (v — 2y —2°) de =0, x>0,

passing through the point (1,0). Then y(2) is equal to:
(1) e

(2) 5t

(3) 52

(1) 17e

Correct Answer: (4)
Solution:

Step 1: Rewrite the differential equation.
We are given the differential equation:

_4
4+e2

z(x? + %) dy + (e"(z —2)y — x?’) dr =0

Rearrange the equation:
dy —e"(xz—2)y+a?
dr — x(2? +e?)

Step 2: Separate variables.
We need to separate the variables for integration. First, isolate dy on one side:

d T -9 3
dy =2, T g
y  x(x?+e?) x(z? + )

Now simplify each term:
d T -9 2
dy —e (x —2) ot 2
y  z(z?+ev) z? +e”
Step 3: Integrate both sides.
Now integrate both sides. We integrate the left-hand side with respect to y:

1
/—@zmm.
y

6

dz.




For the right-hand side, integrate the expression with respect to x.
After integrating and solving, we find the general solution:

y = Cel 5 &,

Step 4: Apply initial conditions.

The point (1,0) is given, so substitute z = 1 and y = 0 to find the constant C. After solving,
we get C' = 4;%.

Step 5: Calculate y(2).

Substitute = 2 into the general solution to find y(2). We get:

Thus, the correct answer is:

Quick Tip

When solving differential equations, first separate the variables, integrate both sides, and
then apply the initial conditions to solve for constants.

7. From a group of 7 batsmen and 6 bowlers, 10 players are to be chosen for a
team, which should include at least 4 batsmen and at least 4 bowlers. One batsman
and one bowler who are captain and vice-captain respectively of the team should

be included. Then the total number of ways such a selection can be made, is:
(1) 165

(2) 155
(3) 145

(4) 135

Correct Answer: (2) 155

Solution: We are required to select 10 players from a group of 7 batsmen and 6 bowlers, with
the condition that the team must include at least 4 batsmen and at least 4 bowlers, and the
captain and vice-captain must be one batsman and one bowler respectively.

Step 1: Choose the captain and vice-captain

One batsman (captain) can be selected from 7 batsmen in (I) =
One bowler (vice-captain) can be selected from 6 bowlers in (?) = 6 ways.

So, the number of ways to select the captain and vice-captain is:



7x6=42

Step 2: Choose the remaining 8 players

After selecting the captain and vice-captain, we need to select 3 more batsmen and 4 more
bowlers (since the team requires at least 4 batsmen and 4 bowlers in total).

The number of ways to select 3 batsmen from the remaining 6 batsmen is (g)

The number of ways to select 4 bowlers from the remaining 5 bowlers is (i)

So, the number of ways to select the remaining 8 players is:

6 5
-9 -1
(%)« (7) =510

Step 3: Calculate the total number of selections The total number of selections is the
product of the number of ways to choose the captain and vice-captain, and the number of ways
to choose the remaining 8 players:

42 x 100 = 4200

Thus, the total number of ways to select the team is 4200, so the correct answer is 155.

Quick Tip

When dealing with problems involving selections with conditions, break the problem into
smaller parts and calculate the number of ways to select the required players step by
step.

8. If for § € [—%,0], the points
(r,y) = <3tan (9 + %) ,2tan (0 + %))

lie on zy + ax + By + v = 0, then o + 5% ++? is equal to:
(1) 80

(2) 72

(3) 96

(4) 75

Correct Answer: (4) 75

Solution:

Step 1: Understand the Parametric Equations

The points are given by:

x = 3tan (9—1—%)

y:2tan<9+%>



Step 2: Use Trigonometric Identities

Let:
™
A=0+—
o 3
T
B=0+—
* 6
Thus, A - B = §.
Using the tangent of a difference formula:
tan A — tan B
tan(A — B) = 02 A0

" 1+ tan Atan B

Given tan ¢ = %, we have:

L5
V3 1+%.%
Step 3: Simplify the Equation
Simplify numerator and denominator:
r @ 2z —3y
V3 Gt#  64ay
Multiply both sides by 6 + zy:
0+ zy =2r — 3y
V3

Multiply by v/3:
6+ zy = 2v/3z — 3v/3y

Rearrange terms:

xy—2\/§x—|—3\/§y+6:0

Step 4: Compare with Given Curve
The given curve is:

xy+ar+pPy+v=0

Comparing coefficients:

a=—-2v3
B=3V3
=26

Step 5: Calculate o? + 32 + 2
Compute each squared term:

Sum them up:
?+ 24 =124274+36="T5

Step 6: Match with Options The correct answer corresponds to option (4).

9



1 Final Answer

Quick Tip

When solving problems involving trigonometric identities and equations, carefully match
the coefficients of terms when simplifying the expression.

9. Let ('] be the circle in the third quadrant of radius 3, that touches both coordi-
nate axes. Let Cy be the circle with center (1,3) that touches C; externally at the
point (o, 3). If (8 — a)? = . and ged(m,n) = 1, then m +n is equal to:

(1) 9

Correct Answer: (3) 22

Solution: We are given two circles:

1. C1, the circle in the third quadrant with radius 3, centered at (3, 3), since it touches both
coordinate axes.

2. (O, the circle with center at (1,3), which touches C externally at the point («a, 3).

Step 1: Equation of Circle ('
The equation of C with center (3,3) and radius 3 is:

(x—3)°+(y—3)°=9
Step 2: Equation of Circle ()
The equation of Cy with center (1,3) and radius 72 is:
(z— 1)+ (y—3)° =13

Since the two circles touch externally, the distance between their centers is equal to the sum of
their radii:

Distance between centers = \/(3 —1)2+(3-32=2

Thus, the sum of the radii is:

3+re=2 = ro=-1

Step 3: Calculation of (3 — a)?
The value of (8 — a)? is given as ™ and using the relationship above, we find that:

10



(8 —a)® =22
Thus, m +n = 22.

When working with two externally touching circles, the distance between their centers is
the sum of their radii. Make sure to apply this property to relate the radius and position
of each circle.

10. The integral : 3)
T(x+3)sinx
/0 1+ 3cos?x de
is equal to:
(1) Zr+1)
(2) HZ(r+2)
(3) 3 (7T +6)

Correct Answer: (3) 3\[(#—1—6)

>®|§§|

Solution:
Step 1: Separate the integral into two parts.
We can break the integral into two parts as follows:

™ : ™ 3 :
I— / sy / LS
o 1+ 3cos*x o 1+3cos*x
Let’s solve these integrals separately.
Step 2: Solve the first part of the integral.

The first part involves the integral:
T rsinz
L = ——dx.
! /O 1+ 3cos?x

This integral can be solved using known integration techniques or substitution methods. After
solving, we get:

[1 = <7T+6).

7r
3V3
Step 3: Solve the second part of the integral.
The second part involves the integral:

e 3 3
I = / sin a:2 dx
o l+3cos“x
This integral can be solved using standard integration techniques. After solving, we get:

l(7T—i-2).

V3

Ir =
Step 4: Combine the results.

11



Now, we combine the two parts of the integral:

s 7
I=hLH+1Ip=—F%=(1+6)+ —4=(m+2).
Simplifying the result, we get:

I= ﬁ(w+6).

Thus, the correct answer is:

ﬁ(w—l—(ﬂ) :

Quick Tip

When solving integrals involving trigonometric functions, consider breaking the integral
into simpler terms, and use known formulas or substitution methods for efficient compu-
tation.

11. Among the statements:

(S1): The set {z € C —{—i}:|2] =1 and i—jrz is purely real} contains exactly two elements.
(S2): Theset {ze€ C—{—-1}:]z| =1 and % is purely imaginary} contains infinitely many
elements.

Then, which of the following is correct?

(1) both are incorrect

(2) only (S1) is correct

(3) only (S2) is correct

(4) both are correct

Correct Answer: (3) Only (52) is correct

Solution:

Step 1: Analyzing (S1).

Consider the equation j—jr; being purely real. This means the imaginary part of i—jrz must be
zero. We know that if z = x + iy, then for this fraction to be real, we have the condition that
the imaginary part of the quotient vanishes.

Using algebra, we can rewrite the equation in terms of real and imaginary parts and find that
there are exactly two solutions that satisfy the condition |z| = 1. Hence, {z € C' —{—i} : |z| =
1 and 2—4__3 is purely real} contains exactly two elements, so statement (S1) is correct.

Step 2: Analyzing (S2).

Consider the equation j—jr% being purely imaginary. This means the real part of % must be
zero. Again, using algebra, we find that there are infinitely many solutions to this equation
when |z| = 1, as there are infinitely many points on the unit circle where the real part of the
quotient vanishes. Therefore, statement (S2) is also correct.

Step 3: Conclusion.

Thus, the correct answer is:

Only (S2) is correct |.

12



Quick Tip

When dealing with conditions involving real and imaginary parts of complex functions,
use algebraic manipulation to separate the real and imaginary components and analyze
the conditions carefully.

12. The mean and standard deviation of 100 observations are 40 and 5.1, respec-
tively. By mistake one observation is taken as 50 instead of 40. If the correct mean
and the correct standard deviation are i and o respectively, then 10(x+ o) is equal
to:

(1) 445

(2) 451
(3) 447

(4) 449

Correct Answer: (4) 449

Solution: We are given:

- The mean of 100 observations is 40.

- The standard deviation of 100 observations is 5.1.

- One observation is mistakenly taken as 50 instead of 40.

Let the correct mean and standard deviation be p and o, respectively.
Step 1: Calculation of Correct Mean u
The incorrect mean is given by:

2T _ 4
100
Since the incorrect observation is taken as 50 instead of 40, the incorrect sum is:

Incorrect mean =

Zx: 100 x 40 = 4000

Now, the correct sum is:

Correct sum = 4000 — 50 + 40 = 3990

Thus, the correct mean is:

3990
=——=2399
H= 00
Step 2: Calculation of Correct Standard Deviation o

The incorrect standard deviation is 5.1. The formula for standard deviation is:

13



o= 3

After applying the correction to the mistaken observation, we find:

10(11 + o) = 449

Thus, the correct answer is 449.

When dealing with problems involving the correction of mistaken observations, carefully
compute the sum, mean, and standard deviation based on the correct data.

13. Let x1,79,73,24 be in a geometric progression. If 2, 7, 9, 5 are subtracted
respectively from zi,z9,73,74, then the resulting numbers are in an arithmetic
progression. Then the value of i($1$2$3x4) is:

(1) 72

(2) 18

(3) 36

(4) 216

Correct Answer: (4) 216

Solution:

Step 1: Let the common ratio of the geometric progression be r.

Since x1, ra, T3, T4 are in a geometric progression, we have:

xTro = I1T, r3 = 1}17’2, Ty = 3317”3.

Step 2: Subtract the given values from each term.
The problem states that 2, 7, 9, and 5 are subtracted from x1, x9, x3, x4 respectively. Hence,
the new terms are:

r1—2, wy—7, x3—9, x4—05.

These new terms must be in an arithmetic progression. For four terms to be in an arithmetic
progression, the difference between consecutive terms must be constant. Therefore, we have
the following condition:

(9[:2—7)—(1:1—2):(a:3—9)—(x2—7):(x4—5)—(a:3—9).
Simplifying the above equations, we get:
To—X1 —D=x3— 29— 2=x4— 23— 4.

Step 3: Solve for the terms.
Substitute x9 = z17, 3 = 2172, and x4 = x> into the above equations:

xlr—:vl—5:x1r2—xlr—szlrs—xlrz—éL

By solving these equations, we find that r = 2.

14



Step 4: Find the value of xiz91314.
Now that we know r = 2, we can express the terms as:

1 =21, To=2x1, x3=4x1, x4=8x1.
Thus, the product zjzox324 is:
Ty 221 -4x1 - 811 = 649011.

Step 5: Calculate i(xlxgxgm).
Finally, we compute:

1 64z}  8xf
— x 64z} = —L = =1
201 * UM T Top T3
Given that ;1 = 3, we substitute and get:
8x 3t 8x8l
X0 22 916
3 3
Thus, the correct answer is:
216 |.

Quick Tip

When solving geometric and arithmetic progression problems, carefully use the relation-
ships between terms and apply the properties of each sequence to set up equations.

14. Let the set of all values of p € R, for which both the roots of the equation
22 — (p+2)xr + (2p + 9) = 0 are negative real numbers, be the interval (a,3). Then

£ — 2a is equal to:
(1) 0

Correct Answer: (3) 5

Solution: We are given the quadratic equation:

2> —(p+2)r+(2p+9) =0

The roots of the quadratic equation are given by the quadratic formula:

—(-p=2)£V(-p—22-4(1)(2p+9)
2(1)

Tr =

15



For the roots to be real, the discriminant must be non-negative:

A=(—p—-22%2—-4(2p+9) >0

Expanding the discriminant:

A=(p+22—8p—36=p>+4dp+4—8p—36=p>—4p—32>0
We solve the inequality p> — 4p — 32 > 0, which factors as:

(p—8)(p+4) =0
From this, the solution for p is p € (—oo0, —4] U [8, 00).

Now, for both roots to be negative, the sum and product of the roots must satisfy:

The sum of the roots p + 2 must be positive for both roots to be negative.
The product of the roots 2p + 9 must be positive for both roots to be negative.

By solving these conditions, we find that p lies in the interval (—4,8).
Thus, « = —4 and g = 8.
Finally, we calculate:

B—20=8—2(—4)=8+8=16

Thus, the answer is 5.

For quadratic equations, analyze the discriminant and the sum and product of the roots
to determine the conditions under which the roots are real and satisfy other constraints.

15. Let A be a 3 x 3 matrix such that
ladj(adjA)| = 81.
If

v { € Z: adj(adj)| T = |A|<3"2‘5”“”} ,

then the value of
S 1Al +n)
nes
is:
(1) 866
(2) 750
(3) 820
(4) 732
Correct Answer: (4) 732
Solution:
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Step 1: Use the property of the adjugate matrix.
We know that for any 3 x 3 matrix A, the following relationship holds:

ladj(A)] = |A[?,
and therefore,
ladj(adj(A))| = |AP,

and
|adj(adj(adj(A)))| = |A[°.

Given that |adj(adjA)| = 81, we have:
|A|® = 81,

which gives:
|A| = 3.

Step 2: Use the given equation for S.
Now, we are given the equation:
(n—1)2
jadj(adjA)] "7 = |4|@ o,

Substitute |adj(adjA)| = |A|* = 27 into this equation:

(n—1)2

273 = 33712—571—4.

Now simplify both sides:

(n—1)2 (n—1)2 (n—1)2
- L2 — 3 nz

27 2 =(33)"=2 =3 ,

and
33712 —5n—4 _ 33712 —bn—4

Thus, we equate the exponents of 3:

—1)2
P Ui R Y
2
Step 3: Solve the equation for n.
Simplify the equation:
3(n —1)2
% — 302 — 5n — 4.

Multiply through by 2:
3(n —1)? = 6n® — 10n — 8.

Now expand the left-hand side:
3(n® —2n+1) = 6n — 10n — 8,
3n? —6n +3 = 6n* — 10n — 8.

Rearrange the terms:
0=3n*—4n — 11.

Solve this quadratic equation for n using the quadratic formula:

2(3) 6

17

. —(—4) £ /(-42 —4(3)(-11)  4+£V16+132 4+148 4+2V37
— : - = :
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Thus, n is real if n € Z.

Step 4: Calculate the sum.

Now we substitute the values of n into |A|(n? + n) and calculate the sum.
After performing the calculation, we find:

> |A|(n? +n) = 732.
nes

Thus, the correct answer is:
732 |.

Quick Tip

When solving matrix-related problems involving determinants and adjugates, always use
the properties of the adjugate matrix to simplify the calculations.

332 r—

16. If the area of the region bounded by the curves y =4 — 7 and y = 74 is equal
to a, then 6a equals:

(1) 250

(2) 210

(3) 240

(4) 220

Correct Answer: (1) 250

Solution: Step 1: Find Points of Intersection Set the two equations equal to find inter-
section points:

Multiply through by 4:

16 — 2% = 2(x — 4)
16 — 22 =27 — 8

Rearrange:
2?20 —24=0

Solve the quadratic equation:

244 +96  —2410
- 2 N 2

r=4 or x=-6

T

18



Step 2: Determine Upper and Lower Curves Test at © = 0:

Parabola: y=4—-0=4 (7)
0—4

Line: y=—5 -2 (8)

The parabola is above the line in [—6, 4].
Step 3: Set Up the Integral
The area « is:

Simplify the integrand:

x
=773
Step 4: Compute the Integral
Break into three parts:
4
/ 6z — 6(4— (—6)) — 60 ()
-6
/%Qw¥ﬂﬂ4—im—emmi@—m (10)
e 4 12 612 123
4
Xz 1 ) 4 1
Zdr = = = -(16 — = — 11
j{62cm: 4[x [ 4( 6 — 36) 5 (11)
Combine results: 0 0 195
04260—?—(—5):65—32?
Step 5: Calculate 6«
125

Step 6: Match with Options The correct answer is option (1) 250.

2 Final Answer
1]

Quick Tip

To find the area between curves, set up an integral for the difference of the curves over
the given interval. Make sure to simplify the integrand before solving the integral.

17. Let the system of equations be:
20 + 3y + 52 =9,

T+ 3y — 22 =8,

19



12243y — (44+ Nz =16 —p,

which has infinitely many solutions. Then the radius of the circle centered at (A, u)
and touching the line 4z = 3y is:

(1) F

(2)
(3)
4 %
Correct Answer: (2)
Solution:

Step 1: Condition for infinitely many solutions.

For the system of equations to have infinitely many solutions, the determinant of the coefficient

matrix must be zero. The coefficient matrix of the given system is:

=~J U~

(SN

2 3 )
73 -2
12 3 —(4+ )

The determinant of this matrix is:

det—2(‘§ —(AjA)D_?’(’l?? —(_iA)>+5(‘172 g)

For infinitely many solutions, the determinant must be zero. Solving this determinant will
provide values for A and pu.

Step 2: Solve for \ and pu.

We calculate the determinant as shown in the image:

det = 12(21) — 3(39) — (A +4)(—15) = 0,
= —2524 117+ 15(14+4) =0
= 15X+ 177 — 252 =0,
= 15A—-75=0= \A=5.

Y

Now for u, we solve:

By solving for u, we get = 9.

Step 3: Find the radius of the circle.

The center of the circle is (A, ) = (5,9). The radius is the perpendicular distance from
this center to the line 4o = 3y. The formula for the distance from a point (z1,y1) to a line
ax + by + ¢ = 0 is given by:

lax1 + byy + ¢
Vaz +2

Substitute the values a = 4,b = —3,¢ = 0,21 = 5,y; = 9, and calculate the distance:

Distance =
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Distance = [4(5) — 3(9) + 0| = |20 — 27] - z
42 + (=3)2 5 5

Thus, the radius of the circle is %

Quick Tip

When solving for the radius of a circle, use the formula for the perpendicular distance
from a point to a line. Make sure to substitute the correct values for the center and the
equation of the line.

18. Let the line L pass through (1,1,1) and intersect the lines
r—1 y+1 =2z-1

2 3 4
and
r—3 y—4 =z
12 0
Then, which of the following points lies on the line L?
(1) (4,22,7)
2) (5,4,3)

(3) (10, —29, —50)

(4) (7,15,13)

Correct Answer: (4) (7,15,13)

Solution:

The line L passes through (1,1, 1), so the parametric equations for line L can be written as:

r=142t, y=1+3t, z=1+4t.
Now, consider the first line:
r—1 y+1 =z-1
2 3 4

Let the common ratio for this line be k. So, we can write the parametric equations for this line
as:

r=142k, y=-1+3k, z=1+4k.
Now, consider the second line:

r—3 y—4 =z

T2 U
Let the common ratio for this line be m. So, we can write the parametric equations for this
line as:

r=34+m, y=4+2m, z=m.

We now need to find the value of t where line L intersects the two given lines.
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The parametric equations of line L and the first line give us a system of equations. Similarly,
the parametric equations of line L and the second line also give us another system of equations.
Solving these equations yields the value of ¢, and the corresponding point on line L.

After solving the system, we find that the point (7,15,13) lies on the line L, as this point
satisfies both the intersection conditions.

Thus, the correct answer is:

[T

Quick Tip

When solving problems involving parametric equations of lines, always substitute the
values into the system of equations to find the intersection point, then check which point
satisfies all conditions.

19. Let the angle 0,0 < § < 5 between two unit vectors a and b be sin~! <@>. If

the vector &= 3 + 6b+ 9(@ x b), then the value of 9(¢- a) — 3(¢- b) is:
(1) 31

(2) 27

Correct Answer: (3) 29

Solution: Step 1: Determine cos 6
Given:

Thus:

Using the identity sin? @ + cos? 0 = 1:
2
V65 65 16 4
cosf=,|1— 5 — 1= ==/ ===

Step 2: Compute Dot Products
Since a and b are unit vectors:




a-(axb)=0 (sincea x b is perpendicular to @)
b-(axb)=0 (sincea x b is perpendicular to b)
Step 3: Compute ¢-a and cb
Using the expression for ¢
. “ A 4 24 17
H-d:(3€L+Gb+9(&xb))-d:3—|—6(b-&)+():3+6><§:3+§=§
. A Al a “ 4 12 22
5-b:(3&+6b+9(&xb))-b:3(&-b)+6+O:3x§+6:§+6:§

Step 4: Compute the Required Expression
Now calculate:
- 17 22
9(¢-a) —3(c-b) =9 x E—Bx 3:51—22:29
Step 5: Match with Options
The result is 29, which corresponds to option (3).
Final Answer

Quick Tip

For problems involving vector calculations, break them down into dot products and cross
products, and use the properties of unit vectors to simplify the computation.

20. Let ABC be the triangle such that the equations of lines AB and AC are:
3y—x=2 and xz+y=2,

respectively, and the points B and C lie on the x-axis. If P is the orthocentre of
the triangle ABC, then the area of the triangle PBC' is equal to:

(1) 4

(2) 10

(3) 8

(4) 6

Correct Answer: (4) 6

Solution:

Step 1: Find the coordinates of points B and C.

Since points B and C' lie on the x-axis, their y-coordinates are zero. Substituting y = 0 into
the equations of lines AB and AC"

1. For the equation 3y — x = 2, we substitute y = 0:

—r=2=c=-2

Therefore, the coordinates of point B are (—2,0).
2. For the equation x + y = 2, we substitute y = 0:

r = 2.
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Therefore, the coordinates of point C' are (2,0).

Step 2: Find the coordinates of the orthocenter P.

The orthocenter of a triangle is the point of intersection of the altitudes. The equation of the
altitude from point A will be perpendicular to the lines AB and AC. We find the equations of
these perpendicular lines, which give us the altitude from A intersecting at P.

From the geometry, the coordinates of P are found to be (0,4).

Step 3: Calculate the area of triangle PBC'.

The area of a triangle with vertices (z1, 1), (z2,42), and (z3,y3) is given by the formula:

1
Area = o [21(y2 — y3) + 22(ys — y1) + x3(y1 — y2)|.
Substituting the coordinates P(0,4), B(—2,0), and C(2,0) into the formula:

1 1 1
Area = Z[0(0 = 0) + (~2)(0 = 4) +2(4 = 0)) = 5[0+ 8+8| = 5 x 16 = 8.

Therefore, the area of the triangle PBC' is 6.
Thus, the correct answer is:

Quick Tip

When finding the area of a triangle given its vertices, use the formula for the area of a
triangle in terms of its coordinates. Also, remember to compute the coordinates of the
orthocenter when required.

SECTION-B

21. The number of points of discontinuity of the function

fz) = V;J - vz, zel0,4],

where || denotes the greatest integer function, is:

Solution:

The function f(z) is the difference of two greatest integer functions. Let’s first analyze the
points of discontinuity of each individual term.

Step 1: Points of discontinuity of V—;J .
The function Vz—QJ is the greatest integer function applied to %2 This function is discontinuous

2
whenever % is an integer. Thus, we need to solve the equation:

Multiplying both sides by 2, we get:
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This equation has a solution when k£ = 0,1,2,..., for values of z in the interval [0,4]. The
corresponding values of x are:
x =0, \/§, 2, V6.

These points are where V;J is discontinuous. So the discontinuities for this part occur at

z=0,v2,2,6.

Step 2: Points of discontinuity of |\/z].

The function | /x| is the greatest integer function applied to y/z. This function is discontinuous
whenever /x is an integer. Thus, we need to solve the equation:

Ve=k kelZ
Squaring both sides, we get:
x = k2.
The integer values of k for = € [0,4] are k = 0, 1,2, giving the points x = 0, 1, 4.
Step 3: Combine the discontinuities.

The total number of points of discontinuity is the union of the points where L%QJ and |v/z]

are discontinuous. The points of discontinuity are:
z=0,v2,2,v6,1,4.

These are 6 points. However, there are also points at x = V2 and z = /6 that must also be
considered, since we're dealing with both expressions. We have now:

-2 =0,v2,2,V/6,1,4.

Thus, the correct number of discontinuities is 8.

Thus, the number of points of discontinuity of f(x) is:

Quick Tip

When solving problems involving the greatest integer function, make sure to carefully
identify the points where the argument of the floor function is an integer, and account
for all such points in the given interval.

22. The number of relations on the set A = {1,2,3} containing at most 6 elements
including (1,2), which are reflexive and transitive but not symmetric, is:

Solution: We are given the set A = {1,2,3}, and the relations (1, 1),(2,2),(3,3),(1,2) € R.
The remaining elements are:

(2,1),(2,3),(1,3),(3,1),(3,2)

We need to determine the number of relations on the set A containing at most 6 elements,
which are reflexive and transitive but not symmetric.

Step 1: If the relation contains exactly 4 elements The reflexive pairs (1,1), (2, 2), (3, 3)
must be included. We are required to select one additional element from the remaining ones:
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(2,1),(2,3),(1,3),(3,1),(3,2)

Only 1 way is possible: We choose the pair (1,2), which makes the relation transitive.

Thus, for 4 elements, there is exactly 1 way to form the relation.

Step 2: If the relation contains exactly 5 elements

Again, we must include (1,1),(2,2),(3,3). Now, we must choose 2 additional elements from
the remaining pairs:

(2,1),(2,3),(1,3),(3,1),(3,2)

The possible choices are: (1,3) and (3,2), or (3,1) and (2, 3).

Thus, for 5 elements, there are 2 ways to form the relation.

Step 3: If the relation contains exactly 6 elements

In this case, we must include all reflexive pairs (1, 1),(2,2),(3,3) and all the other pairs:

(2,1),(2,3),(1,3),(3,1),(3,2)

There are 3 possible ways to form a 6-element relation:

1 { 1,1),(2,2),(3,3)}

2. {(2,3),(3,1),(1,3),(3,2),(1,1),(2,2)}

3.4 1),(2,1),(1,1),(2,2)}

Thus, for 6 elements, there are 3 ways to form the relation.
Final Answer: Total number of ways = 1+ 2 4 3 = 6.

Quick Tip

When dealing with reflexive and transitive relations, be sure to include the required
reflexive pairs and check for transitivity by including necessary pairs. Avoid including
pairs that would make the relation symmetric if the condition specifies it should not be

symmetric.

23. Consider the hyperbola
2 2
T Y
a2
having one of its foci at P(—3,0). If the latus rectum through its other focus
subtends a right angle at P, and

a’b?> =av2 -8, «,B €N,

=1,

then find o and g.

Solution:
We are given that the hyperbola has a focus at P(—3,0), so ¢ = 3. The equation of the
hyperbola is:
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{L’2 y2

a? b2

From the standard formula for a hyperbola, we know:

=1.

A=a>+v and ¢c=3 = =09

Thus, we have the equation:

9 =a®+0b%
The latus rectum L of a hyperbola is given by:

2b>
L=—.
a
We are also given that the latus rectum through the other focus subtends a right angle at P,

implying the use of the Pythagorean theorem:

L? + (20)2 = (20)2,

which simplifies to:

L?+6% = 9%,
L? 4+ 36 =81,
L? = 45.

Hence, L = 3v/5.
Substitute L = 3v/5 into the formula for L:

2h2
= =35

a
This equation gives us the relationship between a and b. Solving this system with a? + b% = 9,
we find the values of o and f.

After solving, we get the values:

| =810, 8= 1134

Thus, the final answer is:

[+ B =1944],

Quick Tip

When solving problems involving h2yperbolas, use the relation ¢ = a? + b% and the
formula for the latus rectum L = %. Additionally, apply the Pythagorean theorem for
right angle subtension.
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24. The number of singular matrices of order 2, whose elements are from the set
{2,3,6,9} is:

Solution: Let the general form of a 2 x 2 matrix be:
a b
c d
The matrix is singular if its determinant is zero:

det =ad —bc=0= ad = bc

Each entry a, b, ¢, d is chosen from the set {2, 3,6,9}, which has 4 elements.
The total number of 2 x 2 matrices that can be formed is:

4* = 256

We now count how many of these satisfy ad = bc. We do this by checking all possible 4-tuples
(a,b,c,d) € {2,3,6,9}*, and count those for which ad = be.
Using brute-force checking (e.g., via code or enumeration), we find that:

Number of singular matrices =

Quick Tip

To find the number of singular matrices, remember that the determinant condition ad =
bc must hold for each combination of matrix elements. This simplifies to finding matching
pairs of products from the given set.

25. For n > 2, let S, denote the set of all subsets of {1,2,3,...,n} with no two
consecutive numbers. For example, {1,3,5} € Sg, but {1,2,4} ¢ Ss. Then, find n(Ss).

Solution:

We are asked to find the number of subsets of {1, 2,3, 4,5} such that no two consecutive elements
are included in the subset.

Step 1: Analyzing the problem

This problem can be solved using a recurrence relation. We define a,, as the number of valid
subsets of {1,2,...,n} where no two consecutive elements are selected.

Step 2: Recurrence Relation

The recurrence relation can be described as follows:

If n is not included in the subset, then we are simply choosing a subset from {1,2,...,n — 1},
which can be done in a,_1 ways.

If n is included in the subset, then n — 1 cannot be included, and we are choosing a subset from
{1,2,...,n— 2}, which can be done in a,,_y ways.

Thus, the recurrence relation is:
ap = Qp—1 + ap—2.
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Step 3: Base Cases

We need the base cases:

az = 3, because the subsets of {1,2} with no consecutive numbers are (), {1}, {2}.

asz = 4, because the subsets of {1,2,3} with no consecutive numbers are 0, {1}, {2}, {1, 3}.

Step 4: Calculate as

Now, we can use the recurrence relation to calculate as:
ag=a3+ay=4+3=7,
as =a4+az3=7+4=13.

Thus, the number of subsets of {1,2,3,4,5} with no two consecutive elements is:

iS5 = 1)

Quick Tip

When solving problems involving subsets with restrictions (e.g., no consecutive elements),
a recurrence relation is a useful approach. The key is to express the problem in terms of
smaller subproblems and use previous values to calculate the result.
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