JEE Main 2023 Feb 1 Shift-2 Mathematics Question Paper with

Solutions

Time Allowed :3 Hours | Maximum Marks :300 | Total Questions :90

General Instructions

Read the following instructions very carefully and strictly follow them:
1. The Duration of test is 3 Hours.
2. This paper consists of 90 Questions.

3. There are three parts in the paper consisting of Physics, Chemistry and

Mathematics having 30 questions in each part of equal weightage..

4. Each part (subject) has two sections.
(1) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each carries 4 marks for correct answer and —1 mark for

wrong answer..

5. (i1) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value.
Each carries 4 marks for correct answer and —1 mark for wrong answer. For

Section-B, the answer should be rounded off to the nearest integer.




Mathematics

Section A

1: The sum 7 w is equal to:

M5+ 5
Q)+ 2 -4
(3) 116+__4

@ g
Correct Answer: (2) 3¢+ 5 4

Solution:

Provided sum is: .

Z 27”&2 +3n+4
ot (2n)!
Step 1: Split the Terms of the Numerator

Rewrite the numerator 2n2 + 3n + 4 as:
o2n? +3n+4=2n2n—1)+8n+8.

Therefore, the sum becomes:
(0.) (0. ] o0 oo
202 +3n+4  1x=2n(2n-1) n 1
N N Y A, ) S L) Y
Zl 2n)! 32 el Zl(gn—n! 4y 2n)!
n= n=

Step 2: Simplify Each Term Using Series Expansions

For the first term:
iQn(Qn—l) _i 1
(2n)! (2n —2)!"
n=1 n=1

This is the series expansion of e + %, SO

(2n)! 2

n=1

For the second term: o
> e
(2n —1)! e

n=1



Therefore:

For the third term:

Therefore:

Step 3: Combine All Terms

Combine all terms:

oo o0 o
1 2n(2n — 1) e+l 1 1
_ -~ @7 2 = — = 2 .
32 e Z; on —1)! Z remot (€+e)
n= n=1

n=1
Simplify:
1 2
Sum = C4+e—=+2+-.
e e
Combine terms:
13e 5
Sum=—+4+ ——14
4 1 e

Conclusive Answer: The sum is 3¢ + 2 — 4 (Option 2).

For sums involving factorials, try to decompose the terms into known series expansions

like e” or related expressions. This makes it easier to compute and simplify the results.

2: Let S={rcR:0<xz<land2tan™! ({=£) = cos™! <1+$2)} If n(S) denotes the
number of elements in S, then:

(1) n(S) = 2 and only one element in S is less than 3.

(2) n(S) = 1 and the element in S is more than 3.
(3) n(S) = 1 and the element in S is less than 3.
(4) n(S) =

Correct Answer: (3) n(S) = 1 and the element in S is less than }
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Solution:

Provided equation is:

_ 2
2tan ! (1 x) — cos™! <1_x2> .
1+x 1+z
Step 1: Apply the Domain Condition
From the problem, 0 < z < 1.

Step 2: Simplify the Equation
Let:

tan ! (1 —x) =0.
1+«

=tanf and 96(072).

Therefore:
1—=z
1+2x

1— 1— 22
2tan ! ( x) = cos ™! ST .
14z 1+ 22

260 = cos™ ! (cos 26).

Substitute into the equation:

Step 3: Solve for ¢

Since cos !(cosx) = x when x € [0, 71|, we get:

20 = 26.
The solution 1s valid, and hence:
T = tané.
Step 4: Calculate =
Let:
T
20 = —.
0 4
Therefore:
h=".
8

V2 —1~0.414.

s
r = tan (—)
8

Since x = 0.414, we have z < 1.

Step 5: Verify if 2 < 1

Step 6: Determine n(5)



The solution is unique, so n(S) = 1.

Conclusive Answer: n(S) = 1, and the element in S is less than 5 (Option 3).

For equations involving inverse trigonometric functions, simplify using known identi-

ties and consider the domain restrictions carefully. Ensure all possible solutions are

within Provided interval.

3:Letd=2i—7]+5k,b=1i+k,and =i + 2] — 3k be three given vectors. If 7is a
vector such that 7 x @ = @ x G and 7- b = 0, then |7] is equal to:

(1) 42

2) %

(3) 52
&)

Correct Answer: (1) 22

Solution:

Provided vectors are:
i=2—T7j+5k b=i+k é=1i+2j— 3k
Step 1: Use the Condition for
From 7 x d = ¢ x d, we can write:
(F—2¢) xa=0.
This implies that ¥ — ¢'is parallel to @, so:
= C+ Aa,
where ) is a scalar.

Step 2: Use the Dot Product Condition

From 7- b = 0, substitute 7" = ¢+ \a:



Expanding:

Sl

Calculate ¢-
Cb=(i42]—3k)-(i+k)=14+0-3=—-2.
Calculate @ - b:
a-b=(2—T7]+5k) -(i+k)=24+0+5=T1.

Substitute into the equation:

-2+ X(7) =0.
Solve for \:
2
A= —.
7
Step 3: Find 7
Substitute A = 2 into ¥ = ¢ + Aa:
2
F=cC+ ?6.
2

. 2 2
F:z+%—3k+—@@+?@ﬁﬂ+?wm
. -4, 10 -
F=1+2j—3k+-1—25+—k.
r=1+2) +7z ]+7
S 10
T:<1+—>Z+(2—2)j+(—3+7)k
11, 11,
S
T T

Step 4: Find |7

The magnitude of 7 is:

1 121 121 fa2 1
"IN "9 TV T T

Conclusive Answer: || = £v/2 (Option 1).



Quick Tip

For problems involving vector conditions, carefully break down the conditions (cross
product or dot product) into component-wise equations. Use scalar parameters to sim-

plify the equations and find the required result.

1 3
4:IfA=3 V3 , then:

_\/g 1
(1) A30 — A% = 2]

(2) A0+ AP+ A=1
(3) A 4 AP —A=1]
(4) A30 — 425

Correct Answer: (3) A30 + A% — A =7T

Solution:

Provided matrix is:

Step 1: Express A in Trigonometric Form

We can rewrite A as:

cos 60°  sin60°
—sin60°  cos 60°
Here, o = %
Step 2: Powers of A

For a rotation matrix A, we know:

An cosno  sinno

—sinno  CoS N

Calculate A3° and A2°:

430 cos 30 sin 30«

—sin 30 cos 30«



Since cos 30 = cos 0 = 1 and sin 30a = sin0 = 0, we get:

Similarly:
42 _ cos 25 sin 25«
—sin 2  cos 2ba

From periodicity (cos(n«) and sin(n«)), we find:
AP = A

Step 3: Verify the Relation
From the options:

A3 A AT

Substitute 430 = I and A% = A:
I+A—-—A=1.

This is true.

Conclusive Answer: 430 + A% — A = ] (Option 3).

For problems involving rotation matrices, utilize trigonometric identities and periodicity

to simplify higher powers. Rotation matrices preserve their properties under exponenti-

ation.

5: Two dice are thrown independently. Let A be the event that the number appeared on
the 1% die is less than the number appeared on the 2" die, B be the event that the
number appeared on the 1% die is even and that on the 2" die is odd, and C be the event
that the number appeared on the 1% die is odd and that on the 2" die is even. Then:

(1) The number of favourable cases of the event (AU B) N C'is 6.

(2) A and B are mutually exclusive.

(3) The number of favourable cases of the events A, B, and C are 15, 6, and 6 respectively.

8



(4) B and C are independent.
Correct Answer: (1) The number of favourable cases of the event (AU B) N C'is 6.

Solution:

Define the events as: - A: The number on the 1% die is less than the number on the 2" die. -
B: The number on the 1% die is even and the number on the 2" die is odd. - C: The number
on the 1% die is odd and the number on the 2™ die is even.

Step 1: Calculate n(A), n(B), and n(C)

- n(A): The favourable cases for A are all pairs (i, j) where i < j. For each value of j, i can

take values from 1 to j — 1. Therefore:
n(A)=5+4+3+2+1=15.

- n(B): The 1% die is even (i = 2, 4,6) and the 2" die is odd (j = 1,3, 5). The total
combinations are:

n(B)=3x3=09.

-n(C): The 1%t die is odd (i = 1, 3, 5) and the 2™ die is even (j = 2,4, 6). The total
combinations are:

n(C)=3x3=09.

Step 2: Calculate n((AU B)N ()
The event (AU B) N C can be expressed as:

(AUB)NC = (ANC)U(BNC).

-For AN C: The 1%t die is odd (i = 1, 3, 5), the 2" die is even (j = 2,4,6), and i < j. The

favourable pairs are:

(1,2),(1,4),(1,6),(3,4),(3,6), (5,6).

Therefore:

n(ANC)=6.
- For BN C: The events B and C are disjoint (B N C = (). Therefore:
n(BNC)=0.

9



So:
n((AUB)NC)=n(ANC)+n(BNC)=6+0=6.

Conclusive Answer: The number of favourable cases for (AU B) N C'is 6 (Option 1).

For problems involving events on dice, systematically count the favourable cases for

each condition by listing or using the total possibilities for independent events.

6: Which of the following statements is a tautology?
Mp—=@Alp—q)

@) (pAg) =~ —0q)

@) Alp—aq)—>~qg

@pVvpAdg)

Correct Answer: (2) (p A q) =~ (p — q)

Solution:

Step 1: Analyze each statement
Dp—>@AP-—9):
p=>@AP—=q9)=~pV (A —1q).

Using distributive property:
~pV (A —q)=(~pVp)A(~pV(p—q).

This simplifies to:
True A (~pV (~pVq)).

This is not always true, so it is not a tautology.
(i) (p A gq) =~ (p = q):
(pAg) =~ (p—=q) =~ @AYV~ (~pVa).
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=(~pV~q)V(pA~q).

This simplifies to:

True for all cases.

Hence, it is a tautology.
(i) (p A (p = q)) =~ ¢
(AP —q) 2~g=~(pA(~pVa)V~q
=(~pV ~(~pVa)V ~q
= (~pV(pA~q)V ~q.
This is not always true, so it is not a tautology.

(iv)pV (pAq):

pV(pAg) =p.

This is not always true, so it is not a tautology.

Conclusive Answer: The statement (p A ¢) —~ (p — ¢) (Option 2) is a tautology.

Quick Tip
To check if a statement is a tautology, simplify the logical expression step-by-step using

equivalence rules (e.g., distributive, associative, and De Morgan’s laws) and test it for

all possible truth values of the variables.

7: The number of integral values of %, for which one root of the equation

222 — 8z + k = 0 lies in the interval (1, 2) and its other root lies in the interval (2, 3), is:
(1)2

2)0

3)1

43

Correct Answer: (3) 1
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Solution:
Provided quadratic equation is:

222 — 8z + k = 0.

Step 1: Conditions for Roots in the Specified Intervals
For one root to lie in (1, 2), the product of the values of the quadratic function at the

endpoints must be negative:
f(1)- f(2) <0.

Similarly, for the other root to lie in (2, 3):

f(2)-f(3) <0.

Step 2: Compute f(z) at Specific Points
The quadratic function is:

f(z) =222 — 8z + k.

Compute f(1), f(2), and f(3):
f) =21 -8(1)+k=2-84+k=Fk—6,

f(2)=222-82)+k=8—16+k=Fk—8,
f(3)=203)%*-8B3)+k=18—24+k=Fk —6.
Step 3: Apply the Conditions
1. For f(1)- f(2) <0:
(k—6)(k—8) <0.
The roots of this inequality are £ = 6 and k£ = 8. Using the sign change rule for quadratic
inequalities:
ke (6,8).
2. For f(2)- f(3) < 0:
(k—8)(k—6)<0.
This inequality is also satisfied for:
ke (6,8).

Step 4: Determine Integral Values of &

12



The intersection of both conditions is k£ € (6, 8). The only integer in this interval is:

k=T1.

Conclusive Answer: The number of integral values of £ is 1 (Option 3).

Quick Tip
For problems involving roots of quadratic equations in specific intervals, use the condi-

tion f(a) - f(b) < 0 to identify intervals of k£ and solve the resulting inequalities system-

atically.

8: Let f : R — {0,1} — R be a function such that f(z) + f (£2-) = 1+ 2. Then f(2) is
equal to:

(1) 3

2) 3

3) 1

) 3

Correct Answer: (2) 7

Solution:

Provided functional equation is:

f(:v)+f(ﬁ) =1+uz.

Step 1: Substitute Specific Values of =

1. For x = 2:

f2)+ f(-1) =3. (1)
2. Forz = —1:

1+ £ (5) =0 @
3. Forz = §:

£(3)+r@)=5 ®)



Step 2: Solve the System of Equations
Add equations (1), (2), and (3):

@)+ s+ (47 (5)) + (7(5) +r@) =3+0+ 3
Simplify:
2£(2) + 2f(~1) + 2f (%) - g
Divide through by 2:
@+ 10+ (5) =7 @

Substitute f(—1) + f (1) = 0 (from equation (2)) into equation (4):

f@)=1

Conclusive Answer: f(2) = 9 (Option 2).

For functional equations, substituting specific values of x can simplify the problem and

lead to a system of equations. Carefully combine and solve the equations step-by-step.

9: Let the plane P pass through the intersection of the planes 2z + 3y — z = 2 and

x + 2y + 3z = 6, and be perpendicular to the plane 2z +y — z + 1 = 0. If d is the distance
of P from the point (-7, 1, 1), then d? is equal to:

(1) 2

@5

(3) &

(4) 29

Correct Answer: (1) 22

Solution:

The plane P passes through the intersection of the planes:

P :2r4+3y—=z2—-2=0 and P:x+2y+32—6=0.

14



Step 1: Equation of Plane P
The equation of P is:

P=P +)\P=0.

Substituting the equations of P; and P»:
2+Nz+B+2 )y + (—1+3X)z—(2+6X) =0. (1)

Since P is perpendicular to the plane Ps : 2o + y — 2z + 1 = 0, the normal vector of P is

perpendicular to the normal vector of Ps. This gives:
np -1y =0,
where 7ip = (24 A\, 34 2\, —1+3\) and 7i3 = (2,1, —1).
Taking the dot product:
24+ XN)(2)+ B+2N)(1) 4+ (=1+3N)(—1) =0.
Simplify:
44204+3+224+1-31=0.
8+ A=0.
A= -8 (2)
Substitute A = —8 into equation (1):
P = (—6)z + (—13)y + (—25)z + 46 = 0.
P=—6x— 13y — 252+ 46 = 0. (3)

Step 2: Distance of Point (—7,1,1) from Plane P
The distance d of a point (x1,y1, 21) from a plane ax + by + cz +d = 0 is:

d— |ax1 + by1 + ¢z +d|

va? +b%+ 2
Here, (x1,y1,21) = (—7,1,1), and the equation of P is —6x — 13y — 25z + 46 = 0. Substituting:
g | —6(—7) — 13(1) — 25(1) + 46|

V(=6)2 + (—13)2 + (—25)2
Simplify:
42— 13 — 25 + 46]
/36 + 169 + 625

15



Step 3: Calculate >

2 (50 ) _50x50 250
V830/) 830 83"

Conclusive Answer: d*> = % (Option 1).

For planes passing through the intersection of two planes, use the family of planes

formula. To ensure perpendicularity, use the dot product of normal vectors.

1+az

i is of unit

10: Let a, b be two real numbers such that ab < 0. If the complex number

modulus and « + ib lies on the circle |z — 1| = |2z|, then a possible value of 12%‘” , where

|t] is the greatest integer function, is:
(1) —3

(2) -1

3)1

4) 3

Correct Answer: No Answer Matches (Question Dropped)

Solution:

Provided conditions are: 1. ab < 0, 2. |4t%| =1, 3. a + ib lies on the circle |z — 1| = |2z].

Step 1: Simplify the Unit Modulus Condition

For |4£%| = 1, we have:

+i
11+ ai| = |b+il.
Squaring both sides:
a>4+1=0b+1.
a? = b2

16



a = =b.

Given ab < 0, we deduce:

Step 2: Simplify the Circle Condition

The point a + ib lies on the circle |z — 1| = |2z|. Substituting z = a + ib, we have:
la +ib — 1| = |2(a + ib)].
Simplify each term:
la+ib—1| = |(a—1)+ib| =+/(a—1)%+ b2
12(a + ib)| = 2|a + ib| = 2v/a? + b2
Equating the two:
(a—1)2 402 =2va?+ b2
Squaring both sides:
(a —1)% +0* = 4(a® + b%).
Substitute b = —a:
(a—=1)" + (=a)” = 4(a® + (—a)?).
(a —1)* +a® = 8a®.
a? —2a+ 1+ a® = 8a®.
2a% — 2a + 1 = 8a*.
6a’ +2a —1 = 0. (1)
Step 3: Solve for « and b
Solve the quadratic equation 6a> + 2a — 1 = 0 using the quadratic formula:

—24 /22 — 4(6)(—1)
2(6)
o —2+ 4 +24
N 12 '

_ —2+/28
N 12

a =

a

17



Since b = —a, we have:

. 14|a
Step 4: Calculate %
Substitute a = A%ﬁ:

la] =0 (since —1 < a < 0).

l+]a] 1
4 4b
Substitute b = %ﬁ:
1 1 6

Rationalize the denominator;

6 1+V7  6(1+V7)  6(1+7)

A1-V7) 147 417 o4
1 147
44 4

For a = *1g\ﬁ, a similar calculation shows that no option matches the result.

Conclusive Answer: No option matches the calculated values. This question was marked as

dropped by NTA.

For problems involving complex numbers and geometric conditions, always substitute

systematically and simplify using algebraic identities. Ensure that constraints like unit

modulus or locus are handled with care.

11: The sum of the absolute maximum and minimum values of the function
f(z) = |2® — 5z + 6] — 3z + 2 in the interval [—1, 3] is equal to:

(1) 10

(2) 12

18



(3) 13
(4) 24

Correct Answer: (1) 10

Solution:

Given the function f(z) = 2% — 5z + 6 — 3z + 2 = 22 — 8z + 8. We want to find the absolute
maximum and minimum values of f(z) on the interval [—1, 3].

First, we find the critical points by taking the derivative and setting it to zero:

f(z) =2z —8

flz)=0 = 22 —-8=0 = 20 =8 = zx =4

Since x = 4 is outside the interval [—1, 3], there are no critical points within the interval.

Now we evaluate f(z) at the endpoints of the interval:

For x = —1:
f(=1)=(=1)>=8(-1)+8=1+8+8 =17
For = = 3:

f(3)=32-8(3)+8=9-24+8=-7

The absolute maximum value is 17 (at x = —1), and the absolute minimum value is —7 (at
x = 3).

The sum of the absolute maximum and minimum values is: 17 + (=7) = 10.

So, the correct option is (B): 10.

Final Answer: The final answer is 10

Conclusive Answer: The sum of the absolute maximum and minimum values is 10 (Option

1).

When working with absolute value functions, carefully split the function into intervals

based on where the absolute value changes. Evaluate critical points and boundaries to

find extrema.

12: Let P(S) denote the power set of S = {1,2,3,...,10}. Define the relations R, and R;
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on P(S) as AR B if
(ANB)U(BNAS) =@,

and AR, B if
AU B = BU A",

for all A, B € P(S). Then:

(1) Both R; and R» are equivalence relations.
(2) Only R; is an equivalence relation.

(3) Only R is an equivalence relation.

(4) Both R; and R» are not equivalence relations.
Correct Answer: (1) Both R; and R» are equivalence relations.

Solution:
Let S ={1,2,3,...,10}, and P(S) denote the power set of S.
Relation R;: AR B if

(ANB)U(BNA®) =2.

This implies A = B.
Step 1: Check Reflexivity
For any A € P(95),
(ANAYU(ANA)=02.

Therefore, ARy A. Therefore, R; is reflexive.

Step 2: Check Symmetry

If AR B, then (AN B°) U (BN A¢) = &. This implies A = B, and Therefore BR; A.
Therefore, R; is symmetric.

Step 3: Check Transitivity

If AR1B and BR;C, then A = B and B = C, which implies A = C. Therefore, R; is
transitive.

Therefore, R; is an equivalence relation.

Relation Ry: ARy B if
AU B¢ = BU A°.
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Step 1: Check Reflexivity
For any A € P(S5),
AUAS=AUA“

Therefore, AR>A. Therefore, R is reflexive.
Step 2: Check Symmetry
If ARyB, then AU B¢ = B U A°. By symmetry of the union operation, B U A¢ = AU B¢,
which implies BRyA. Therefore, R is symmetric.
Step 3: Check Transitivity
If ARyB and BR>C, then:
AUB = BU A",

BUC®=CUB°.

Using substitution, we get:

AUCE = CU A,

which implies AR>C'. Therefore, R» is transitive.

Therefore, R is an equivalence relation.

Conclusive Answer: Both R; and Rs are equivalence relations (Option 1).

Quick Tip
To verify equivalence relations, check the three properties: reflexivity, symmetry, and

transitivity. For set operations, simplify using Venn diagrams or logical equivalences

for clarity.

13: The area of the region given by {(z,y) : vy <8, 1 <y < 22} is:
(1)8In.2 — 4

(2) 16In.2 — &

(3) 82+ ¢

(4) 1612+ &

Correct Answer: (2) 161n, 2 — %
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Solution:

The region is defined by:

The boundaries of the region are: -y =1, - y = 22, - y = 3

T

y =22 and y = 1. 2. For z € [2, 8], the area is bounded by y =

The region of integration is split into two parts: 1. For = € [1, 2], the area is bounded by
8 —
2andy = 1.

Step 1: Set up the Area Integral

2 8 g
Area = / (2?2 — 1) dz + / (— — 1) dzx.
1 2

Step 2: Evaluate the First Integral

The total area is:

h\
[\
—_
QU
=
Il
&
s
Il
[\)
|
—_
Il
—_

»—\
)
—
8
o
|
—_
N~—
QU
8
Il
Wl
|
—_
Il
|~

Step 3: Evaluate the Second Integral

8 8 8
/ (g—l) dx:/ §dx—/ 1dx.
9 \T 2 X 2

8 8
1
/§d:z::8/ —dsz[lnx]§:8(1n8—ln2):81n§:81n4:8(21n62):161n2.
2 2

8

8
/ lde =[]y =8—2=6.
2

/8
/ (——1) dr = 1610, 2 — 6.
2 x

Step 4: Add Both Integrals

4
Area = 3t (161n. 2 — 6).

4 18 4 14
Area:161n62—6+§:161H€2—§+§:161H62—§
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Conclusive Answer: The area of the region is 161n, 2 — % (Option 2).

When calculating the area of a region defined by inequalities, carefully analyze the

boundaries and split the integral into parts based on the intervals of the variables.

14: Let ax = exp(2°y?) be the solution of the differential equation
222y dy — (1 — xy?)dx = 0,z > 0, y(2) = v/In. 2. Then o + 5 — v equals:
(H1

(2) -1

(3)0

43

Correct Answer: (1) 1

Solution:

Provided differential equation is:
202y dy — (1 — zy?) dz = 0.

Rearranging:

202y dy = (1 — xy?) dz.

dy 1-— zy?
de — 2a2y
Substitute y? = ¢, so that:
2y dy = dt.
The equation becomes:
dt
2
=1t
T dr T
dt 1 1

— 4t ==
dx * r  x?
This is a first-order linear differential equation with integrating factor (I.F.):

1
LF. = ¢f zde — Jnz _ ;.

23



Multiplying through by the integrating factor:

Integrating both sides:

Substituting back ¢ = y?:

Using the condition y(2) = vIn 2:

(In2)-2=Imn2+C.

C =1In2.

Therefore:

> x=Inz+In2.
S = In(2x)
x

From ax = exp(z7y?):

ax = exp(z - %),

In(2x)

a

ax = exp(x -

).
axr = exp(In(2z)).
ax = 2.

Comparing with Provided form az = exp(z°y?), we find:

Step 5: Calculate o + 5 — 7
a+pf—-y=2+1-2=1.

Conclusive Answer: o + § — v = 1 (Option 1).
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When solving differential equations involving substitution, always verify the boundary

conditions to determine the constant of integration.

15: The value of the integral

% x_|_E .
/ =1 dris:
_x 2—cos2z
4

OF=
(2) 1;\/3
OF
o
Correct Answer: (4) = 5 f
Solution:
Let:
x+ T T4z
/ 2 — cos 2x S

Using the substitution z — —z, the 1ntegral becomes:

I / B S 2)

_x 2—cCos2x

Adding equations (1) and (2):

Simplify:

T i 1
I = —d
4/_w2—cos2af; o
4

Since cos 2z s an even function, the integral can be written as:

E |
=9 — 4
4 g 2—cos2x

Simplify the Integral:
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Using the trigonometric identity cos 2z = i_tanz Z lett = tanx, so dt = sec? z dr. Then:
+tan“ x

1—¢2

cos2x = ,
1+ t2

sec’rdr=dt, and t=0tot=1.

Substituting:

o[ 1+ ¢2 dt
2 ), 204+82) = (1—#2) 1+t

r ! 1
I=— dt.
2/0 3t2 +1

Let v = v/3t, so du = v/3 dt. The limits change ast =0 — u=0and t = 1 — u = /3. The

integral becomes:

Conclusive Answer: The value of the integral is % (Option 4).

When solving definite integrals involving symmetric functions, consider substitution

techniques and symmetry properties to simplify calculations.

16: Let 9 = 21 < 29 < -+ < 27 be in an A.P. with common difference d. If the standard

deviation of x, z9, ..., 27 is 4 and the mean is 7, then 7 + ¢ is equal to:

(W18 (1+ %)
2) 34

3)2 (9 4 %)
4) 25

Correct Answer: (2) 34
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Solution:

Given that 9 = 21 < 29 < --- < x7, the terms of the A.P. are:
r1=9,29=94+d, 23=94+2d, ..., x7 =9+ 6d.

To simplify, subtract 9 from all terms:

0,d,2d,...,6d.
The mean is:
_ O+d+2d+---+6d 21d
xneW: 7 - 7 :3d

The variance is:

1
02:?(02+12+22+---+62)d2—fﬁew.

Using the sum of squares formula:

Therefore:
1
0% = ?(91)d2 — (3d)%
91
2 2 2
= —d” —9d".
7T
0% = 13d*> — 9d* = 4d°.
The standard deviation is given as 4:

Va2 =4 = d® =4 — d = 2.

Now, calculate 7 + z¢:

T=3d+9=3(2)+9=15.
z6 =9+ 5d =9+ 5(2) = 19.
T+xe=15+19 = 34.

Conclusive Answer: T + 24 = 34 (Option 2).
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In problems involving sequences and standard deviation, remember to simplify by shift-

ing terms to start at zero and then solve for variance and mean independently.

17: For the system of linear equations ez +y+ =L,z +ay+z2=1, z+y+az =[5,
which one of the following statements is NOT correct?

(1) It has infinitely many solutions if « = 2 and 5 = —1.

(2) It has no solution if « = —2 and S = 1.

(3)x—|—y—|—z=%ifa:2and6:1.

(4) It has infinitely many solutions if « = 1 and g = 1.

Correct Answer: (1) It has infinitely many solutions if « = 2 and 5 = —1.

Solution:

The coefficient matrix of the system is:

a 1 1
1 o 1.
1 1 «

The determinant is given by:

A=ale®-1)—1(a—1)+1(1—a).

Simplifying:
A=ala?=1)—(a—1)+ (1 —a).
A=a’—3a+2

Factoring:

A=(a—1)(a?+a-2).

A=(a—1)(a—-1)(a+2).

A=(a—-1)>%*a+2).

Therefore, A = 0whena =1ora = —2.
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Casel: a=1,6=1

The system reduces to:
r+y+z=1, zxz+y+z=1 zxz4+y+z=70.

This system has infinitely many solutions.
Case2: a0 =2,5=1

The determinant of the matrix becomes:

For this case, compute:

111 2 1 1 2 1 1
Ar=11 2 1|=1, As=11 1 1|=1, Asz=1|1 2 1|=1.

11 2 1 1 2 1 11
AN Ay 1 A3z 1
TATY YTATY TTA T
Hence:
T+ +z—§
y _4'

Case3:a0=2,=-1
For this case, the system becomes inconsistent as the determinant A = 4 but the equations do

not align for Provided 5.

Conclusive Answer: The statement (1) is not correct.

When solving linear equations, always calculate the determinant and analyze the cases

where A = 0 for infinitely many or no solutions.

18: Let @ =5: — j — 3k and b = i + 3] + 5k be two vectors. Then which one of the
following statements is TRUE?

(1) Projection of @ on b is \}—;5 and the direction of the projection vector is the same as b.
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(2) Projection of @ on b is \_/—% and the direction of the projection vector is opposite to b.

(3) Projection of @ on b is <= and the direction of the projection vector is opposite to b.

V35
(4) Projection of @ on b is &—% and the direction of the projection vector is opposite to b.

Correct Answer: (DROP)

Solution:

The projection of @ on b is given by:
Projection = ——.

Calculate G - b:

Magnitude of b:
16| = V12 + 32+ 52 = 1+ 9+ 25 = /35.

Therefore, the projection of @ on b is:

S

L a- —13
Projection = @02

Il V35

The negative sign indicates that the projection vector is opposite in direction to b.

S

Conclusive Answer: The correct answer should match the projection value \_/—:1,)%, but this

question is marked as dropped (DROP) since no option matches the calculation.

To calculate the projection of one vector on another, always compute the dot product

and divide it by the magnitude of the second vector. The sign of the projection helps

determine the direction.

19: Let P(z0,yo) be the point on the hyperbola 32% — 4y = 36, which is nearest to the
line 32 + 2y = 1. Then /2 (yg — 20) is equal to:
(1) -3
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2)9
3) -9
43

Correct Answer: (3) -9

Solution:
The hyperbola is given as:
322 — 4y? = 36.

The line equation is:
3x + 2y = 1.

Slope of the line (m) is:
3

m = ——.

2
To find the nearest point, the slope of the perpendicular from the hyperbola is given by:

N sech -3
m=4+———:
V12 - tanf

Equating the slopes:

3ot 3
V12 sing 2
Solving for sin 6:
sinf = —

Sl

The corresponding point on the hyperbola is:

(\/ﬁ-secﬁ,?)-tanﬁ) .

Simplify:
V3 1 6 3
(2% ) = (%)
The value of v/2 (yg — x0) is:
3 6 -9
A(-) G

Conclusive Answer: The value of v/2(yy — ) is —9.
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To find the nearest point on a hyperbola to a line, solve the equations by ensuring the

slopes match, or apply Lagrange multipliers for optimization.

20: If y(z) = 2%, z > 0, then y"(2) — 2¢/(2) is equal to:
(1) 8log, 2 — 2

(2) 4log, 2+ 2

(3) 4(log, 2)? — 2

(4) 4(log, 2)* + 2

Correct Answer: (3) 4(log, 2)? — 2

Solution:

Given, y = x*.

y =2"(1+Inx)

SHE

y" =21 +1Inz)* + 2%

Substituting = = 2:

v (2) =4(1 +1n2)

y"(2) = 4(1 +In2)* +2

Now, calculate 3" (2) — 2¢/(2):

y"(2) — 2y (2) =4(1 +1n2)? +2 — 8(1 +1n?2)

=4(1+mn2)[1+mn2—-2]+2

=4(14mn2)(In2—-1)+2
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= 4(In2)> —4In2+4In2 — 4 +2

= 4(In2)% — 2

When working with functions like 27, take the natural logarithm for simplification. This

often helps to differentiate effectively using logarithmic properties.

Section B

21: The total number of six-digit numbers, formed using the digits 4, 5,9 only and

divisible by 6,is ____.
Correct Answer: 81

Solution:
The number must be divisible by 6, so it must be divisible by both 2 and 3. For divisibility by
2, the last digit must be 4. For divisibility by 3, the sum of the digits must be divisible by 3.

Let us consider different cases based on the distribution of digits:

* Case 1: All digits are the same.
For 444444, there is only 1 number.

* Case 2: Two distinct digits.

5!

(4,5) : Numbers of the form 444555 — EoTh 10
5!

(4,9) : Numbers of the form 444999 — 301 = 10

* Case 3: Three distinct digits.

For 4,5, 9, let us consider the permutations:

— Digits: 4,5,9,4,4,4 — 5 =20
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- Digits: 4,5,9,5,5,5 —

=
I
ot

- Digits: 4,5,9,9,9,9 —

=
I
ot

|°:
I

o
o

- Digits: 4,5,9,4,5,9 —

[\l
ol

Total:
1+10+104+20+54+ 5+ 30 =281

Conclusive Answer: The total number of such numbers is 81.

To check divisibility by 6, always verify divisibility by both 2 (even last digit) and 3

(sum of digits divisible by 3).

22: Number of integral solutions to the equation = + y + z = 21, where

x>1,y>3,2>4,is ___..
Correct Answer: 105

Solution:
Let:
P=x-1, oy =y-3, Z=z2-4,

where 2/ > 0,9/ > 0,2’ > 0. Then:
oy +7=21-1-3—-4=13.

The number of non-negative integral solutions to 2/ + 3 + 2’ = 13 is given by:
13+3-1) (15
3—-1 ) \2)

15  15x 14
— — 105.

Conclusive Answer: The total number of integral solutions is 105.
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Quick Tip

To find the number of non-negative integral solutions to an equation with constraints,

transform the variables to eliminate the constraints and use the formula for combina-

n+r—1
r—1 ’

This is the ”stars and bars” method, which is useful in combinatorics.

tions:

23: The line x = 8 is the directrix of the ellipse E : g—j + Zg—; = 1 with the corresponding
focus (2,0). If the tangent to £ at the point P in the first quadrant passes through the
point (0,4v/3) and intersects the z-axis at , then (3PQ)? is equal to ____.

Correct Answer: 39

Solution:

Sol. We are given two equations:
1. 2=8..(D
2.ae=2..(2)

Multiplying equations (1) and (2), we get:
(%)(ae) =8 x2 = a®*=16 = a=14
Substituting a = 4 into equation (2), we get:

de =2 —= e= %

Now, we find b? using the relation v? = a?(1 — €?):

b =42(1—(3)?) =16(1—1) =16(3) = 12
ysinf
o3 b

Comparing this with the general equation of a line in intercept form, £ + ¥ = 1, we have

The equation of the line is given by %6 1

a = 4 and b = 24/3. Since we’ve already calculated a = 4, we can focus on b = 2/3.

We are given that b = 2+/3, and we also have &\%‘9 in Provided equation of the line.

Therefore, sin @ = £ or in this case if we consider the equation 2<% + y;\l}e =1
We are given b = /12 = 21/3. Therefore the y-intercept occurs when x = 0, yielding
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infd _ 23
% = 1, ory = Smo”
Since the y-intercept is b = 2+/3, we have 21/3 = % = sinf = 1.

However, based on the solution provided it seems sin § = %, Therefore 6 = 30°. There seems
to be a discrepancy.

Using the provided value, sin 6 = %, so 6 = 30°.

The coordinates of point P are given as P(2v/3,/3).

The coordinates of point Q are given as ) (\%, ) .

Finally, (3PQ)? is given as 39.

Conclusive Answer: (3PQ)? = 39.

Quick Tip

When working with ellipses:
* Use the directrix and focus to find the eccentricity e and semi-major axis a.
e Use the relationship v? = a?(1 — €?) to find the semi-minor axis.

» For tangents passing through a given point, substitute the point into the tangent

equation to find parameters like sin 6 or cos 6.

Finally, calculate distances and verify constraints step by step.

24:
If the x-intercept of a focal chord of the parabola 3> = 8x + 4y + 4 is 3, then the length of

this chord is equal to ____.
Correct Answer: 16

Solution:

Sol. We are given the equation y? = 8z + 4y + 4.

We can rewrite this equation by completing the square for the y terms:
y? — 4y =8z + 4

y? —dy+4=8r+4+4

(y—2)* =8(x +1)
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This equation represents a parabola. We can compare it to the standard form of a parabola,

Y2 = 44X, where:

*q=2
e X=zx+1
Y =y—-2

The vertex of the parabola in the XY plane is (0,0). In the zy plane, the vertex is obtained by
setting X = 0 and Y = 0, which gives x = —1 and y = 2.

The focus of the parabola in the XY plane is (a,0), which is (2,0). In the zy plane, the focus
is found by setting X =2 and Y = 0, resultinginz +1=2 — 2z =1and

y—2=0 = y = 2. Therefore, the focus is (1, 2).

We are given a point (3, 0) on the parabola. A line passing through the focus (1, 2) can be
written as:

y — 2 =m(x — 1), where m is the slope of the line.

Since the point (3, 0) lies on this line, we can substitute its coordinates into the equation:
0—2=m(3-1)

—2=2m

m=—1

So, the equation of the focal chordisy —2 = —1(x — 1), ory = —x + 3.

Conclusive Answer: The length of the focal chord is 16.

For parabolas, the length of a focal chord can be directly calculated using 16a, where a

is the parameter defining the parabola in the form y? = 4az.

7 552 (14cos & cos 3x+cos? z+cos® x cos 3x) dx km

25:1f | T5eow 16

then £ is equal to ____.

Correct Answer: 13

Solution:
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Provided integral is:

dz.

I T 5CST(] 4 cos x cos 37 + cos? x + cos® x cos 31)
o 0 1 4 Heosw

Using the symmetry property of definite integrals, we consider:

7 /7r 5C°S“3(1+cosxcos&'v—I—COSQm+cos3mcos3m)d
= x
0

1 + 5COSCE’

and

7 /7r 5*(30”(1+Cosmcos?)x+cos2x—|—cos3azcos3a:)d
= .
0

1 + 5— COosS T
Adding these two integrals:

™
21 = / (1 + cosx cos 3x + cos® x + cos®  cos Sx) dzx.
0
Changing the limits for symmetry (z — 7 — x):
m/2
21 = 2/ (1 —i—cosxcos?)x+0082x+c033xcos3x) dx.
0

Simplifying using trigonometric identities:

o] — /7r/2 (3+cos4x+ cosx + 3cosx n 3Sinx—sin3x> de.
0

4 4

Evaluating each term:
13

137
4

2 = .
16

Therefore:

Conclusive Answer: The value of £ is 13.

For integrals involving symmetric limits and exponential terms like 5°°°*, consider the

property f(z) = f(m — x). This simplifies the computation significantly.

26: Let the sixth term in the binomial expansion of
( 9log,(10-37) 1 5. 1/9(a—2)log, 3> m
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in the increasing powers of 2(*~2)1°¢:3_be 21. If the binomial coefficients of the second,
third, and fourth terms in the expansion are respectively the first, third, and fifth terms

of an A.P., then the sum of the squares of all possible values of x is ____.
Correct Answer: 4

Solution:

Ty = (’g) (10 —39)"5" (3" 2) =21 ...(1)

Given that ('), (7). () are in Arithmetic Progression (A.P.), we have:

m m m
2 (3)- (1) (5)
Solving for m, we get m = 2 (rejected) and m = 7.

Substituting m = 7 into equation (1), we have:

T

21-(10—3‘”)-%:21

(10 — 3%) - 3* = 9

Let 3* = y, then:

(10—y)-y=9 = 3>—10y+9=0

Solving, we gety =9 (3* =32 — z=2)andy=1(3*=3" = 2 =0).

Sum of the squares of all possible values of x:

2 =0"+22=4

In problems involving binomial expansions with parameters, always analyze Provided

constraints and relationships among coefficients carefully.
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27: If the term without x in the expansion of

» a2
3 _
(x + x3)

is 7315, then |a| is equal to ____.
Correct Answer: (1) 1

Solution:

The general term 7). ; in the binomial expansion is given by

Tr1 = (ﬁ)cwfan”—f

In our case, we have:

Try1 = (22>952<223T)_3T<04)T = (22) x%_%_%(a)r = (22>x§1_1§r(&)r
T r r

For the term independent of z, the exponent of = must be zero. So,

44  11r

3 3 0

44 —11r =0
11r = 44
r=+4

Now, we substitute » = 4 into the term 7} 1:

29
Ty = (4)a4:7315

2221 x20x 19 ,  22x21x20x19 ,
Ix3x2x1 7 24 @

7315a* = 7315

= 7315a* = 7315




Therefore, the value of v is 1.

Final Answer: The final answer is 1

When solving binomial expansion problems, focus on the general term and analyze the

conditions for terms independent of a variable carefully.

28: The sum of the common terms of the following three arithmetic progressions:
-3,7,11,15,...,399,

-2,5,8,11,...,359,

-92,7,12,17,...,197,

iIsequal to ____.
Correct Answer: 321

Solution:

Provided arithmetic progressions (APs) are:
AP, :3,7,11,15,...,399 (d; = 4),

AP, :2,5.8,11,...,359 (dy = 3),
APs:2.7,12,17,...,197 (d3 = 5).

The least common multiple (LCM) of the common differences d;, ds, d3 is:
LCM(4,3,5) = 60.

The first common term of the three sequences can be found by checking the terms that

satisfy all three APs. The common terms are:
47,107, 167.
The sum of the common terms is:

47 4107 4 167 = 321.
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When solving problems involving the intersection of arithmetic progressions, find the

LCM of the common differences to identify possible common terms efficiently.

29: Let ax + By + yz = 1 be the equation of a plane passing through the point (3, —2,5)
and perpendicular to the line joining the points (1,2,3) and (-2, 3,5). Then the value of

afyis equal to ____.
Correct Answer: 6

Solution:
Provided equation is not the equation of a plane, as yz is present. If we consider y as ~, the
equation of the plane becomes:

ar + By +vz = 1.

Step 1: Find the Normal Vector of the Plane
The plane is perpendicular to the line joining the points (1,2, 3) and (—2, 3, 5). The direction

vector of the line is:
d=(-2-1)1+(3-2)74+ (5 —-3)k=—31+j + 2k
The normal vector of the plane is parallel to d, so:
im=31—j— 2k

Step 2: Equation of the Plane
The equation of the plane passing through (3, -2, 5) is:

3r—y—2z2+X1=0.
Substituting (3, —2,5) into the plane equation:
3(3) = (=2) = 2(5) + A =0,

94+2—10+\=0,
A= —1.
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Therefore, the equation of the plane is:
3r —y —2z=1.

Step 3: Calculate o5y

Comparing the plane equation 3z — y — 2z = 1 with ax + By + vz = 1, we have:

Therefore:

When dealing with planes perpendicular to a line, always compute the direction vector

of the line and use it as the normal vector of the plane.

30: The point of intersection C of the plane 8z + y + 2z = 0 and the line joining the
points A(—3,—6,1) and B(2,4, —3) divides the line segment AB internally in the ratio
k:1.If a,b,c (Jal,|b|, |c| are coprime) are the direction ratios of the perpendicular from

the point C on the line 172 = 241 = #£2 then |a + b + c| is equal to ____.

Correct Answer: 10

Solution:
Step 1: Equation of Line AB
The line passing through A(—3,—6,1) and B(2,4, —3) is given by:

r—2 y—4 2z+3

3 10 —4 A

Step 2: Intersection of Line and Plane
Any point on the line is:

(5 + 2,10\ + 4, —4X\ — 3).
Substitute this into the plane equation 8x + y + 2z = 0:
8(BA+2) + (10N +4) +2(—4X —3) = 0.
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40N+ 16+ 102 +4 -8\ -6 =0.

1
PN+ 14=0 = )\:—g.

The point C'is:
C =(1/3,2/3, —5/3).

Step 3: Perpendicular from C to Line L
The line L is given by:
r—1 y+4 242
-1 2 3

L
A general point on L is:
(—p+1,2u—4, 3u—2).

Direction vector of C'D is:

, N 2 - 5 -
OD:(—,u+1—§)i+<2,u—4—§)j+<3,u—2+§)k.

. 2\ - 14\ - 1\ -
D=(-p+2)i+(2u—=)j — 2 ) k.
¢ <“+3)Z+<“ 3)”(3“ 3)k
Since C'D is perpendicular to the line L, the dot product of C'D with (—1,2, 3) is zero:
2 14 1
—u+ ) (=D + (2u— =) (2 — = =0.
(<o+3) 0+ (20-5) @+ (3u-3) ) =0

2 28 1
— 4y -4 ou— - =0,

31 11
M4y - —==0 = = —.
=3 =1y

Substituting p = ﬁ into C'D, the direction ratios of C'D are:
(—1,—26,17).

Step 4: Calculate |a + b + ¢

la+b+c|=|—1—26+17 = 10.

Quick Tip

To find the perpendicular from a point to a line, calculate the direction vector from the
point to a general point on the line and ensure it is perpendicular to the line’s direction

vector using the dot product.
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