JEE Main 2023 Jan 30 Shift 2 Maths Question Paper with Solutions

Time Allowed :3 Hours | Maximum Marks :300 | Total Questions :90

General Instructions

Read the following instructions very carefully and strictly follow them:
1. The test is of 3 hours duration.

2. The question paper consists of 90 questions, out of which 75 are to attempted.

The maximum marks are 300.

3. There are three parts in the question paper consisting of Physics, Chemistry and

Mathematics having 30 questions in each part of equal weightage.

4. Each part (subject) has two sections.
(i) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each question carries 4 marks for correct answer and —1 mark
for wrong answer.
(i1) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value.
Each question carries 4 marks for correct answer and —1 mark for wrong answer.

For Section-B, the answer should be rounded off to the nearest integer

Maths
Section-A

61. Consider the following statements:
P : I have fever
Q : I will not take medicine
R : T will take rest
The statement "If I have fever, then I will take medicine and I will take rest” is equivalent

to:



M (P)V(QAP)V R)
@) (P)v(Q)A(( )\/R)
(PVQ)A(P)V
(
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Correct Answer: (1)

Solution: The statement “’If I have fever, then I will take medicine and I will take rest” can be

written in logical terms as:

— (Q AN R)
This can be rewritten as:

V(QAR)
By applying De Morgan’s laws, we get:

Pv QAN(PV R)

Thus, the correct option is (1).

When translating conditional statements to logical expressions, remember that P — @

is equivalent to P V (). Additionally, apply De Morgan’s laws for simplifications.

62. Let A be a point on the x-axis. Common tangents are drawn from A to the curves
22 +y? = 8 and y?> = 16z. If one of these tangents touches the two curves at Q and R, then
(QR)? is equal to:

(1) 64

(2) 76

(3) 81

4) 72

Correct Answer: (4) 72



Solution:

The equation of the common tangent is given by:

4
y=mr+ —
m

For the circle 22 + y? = 8, the condition for the tangent to touch the circle is:

—‘:\/5 = m==+l
14+ m?2

+|z1=

So, the equation of the tangent is:
y=xr+14

This is the point of contact on the parabola 3? = 16z.

For the circle y? = 16z, the point of contact at Q is (—2,2). Thus, (QR)? = 36 + 36 = 72.

Quick Tip
When solving problems involving tangents to curves, use the condition for tangency:

the perpendicular distance from the point of tangency to the center of the curve must be

equal to the radius for circles, and for other curves, use the relevant geometric proper-

ties.

63. Let ¢ be the maximum integral value of p in [0, 10] for which the roots of the equation
2> —pz+2L = ( are rational. Then the area of the region {(z,y) : 0 <y < (z—¢)%,0 <z < ¢}
is:

(1) 243

(2) 25

(3) 128

(4) 164

Correct Answer: (1) 243

Solution:



The given equation is:

5
x2—px+zp:O

For rational roots, the discriminant D must be a perfect square. The discriminant is given by:

D =p*—5p=p(p—5)

For the roots to be rational, D must be a perfect square. Hence, p = 9.

Now, the area of the region is:
0<y<(z—-9? and 0<z<9
The area is given by the integral:

9
Area = / (z —9)*dz = 243
0

b/

For finding the area under a curve defined by y = f(z), use the definite integral of f(z)

from the lower limit to the upper limit of x.

64. If the functions f(z) = %3 + 20z + % and g(z) = “;)—3 + ax + bz, a # 2b have a common
extreme point, then a + 2b + 7 is equal to:

(1)4

2 3



3)3
4)6

Correct Answer: (4) 6
Solution: The derivatives of the given functions are:

f(z) = 22+ 2b + azx

¢ (x) = 2%+ a + 2bx
Now, equating the extreme points:

(20 —a)—xz(2b—a) =0
Thus, z = 1 is the common root. Now, putting x = 1 in f/(z) = 0 or ¢'(z) = 0:
1+2b+a=0 or 74+2b+a=6

Hence,

a+20+7=6

In questions involving functions and their derivatives, ensure to find the common roots

(extrema) of the functions first before solving for unknowns.

65. The range of the function f(z) = \/ 3—x++2+ris:
(1) [v/5,V10]

2) [2v2, VTT]

(3) [v/5, V13

) [V2,V7]

Correct Answer: (1) [v/5,/10]



Solution: The given function is:

¥ =3—2+2+1+2/(3—2)(2+x)

Simplifying:
y? =5+26+4x — a2
Let
1 1\?2
2 _ - _ R
P=5+2x (25 (x 2) )
Thus,

Ymax = V 5+ 5+ V10, ymin:\/g

In problems involving square roots, always try to simplify the expression and look for

terms that could be factored or simplified. This can make finding the range easier.

66. The solution of the differential equation The solution of the differential equation

dy 2+ 3y? .
@ = m, y(l) =01s:

(1) loge ’x + y| :C—|—y) =0

(2) loge |I + y| + m+y)

(3) log, | + y| + ks =

(@) log, |z +y| — 2 =

Correct Answer: (3) log, |z + y| + wzfg) =0
Solution: We solve the differential equation step by step and simplify to obtain the desired
result. First, solve the differential equation by appropriate methods such as substitution or

separation of variables. The correct result is obtained after simplification, leading to:

log, | + y| +
X



When solving differential equations, always check for simplifications or substitutions

that can simplify the expression to match the answer.

67. Let x = (8\/§ + 13) s andy = (7\/§ + 9)9 A flt]denotesthegreatestinteger< t, then Let
z = (8v3+13) ¥ and y = (7v2+ 9)9. If ] denotes the greatest integer < ¢, then

(1) [z] + [y] is even

(2) [z] is odd but [y] is even

(3) [z] is even but [y] is odd

(4) Both [z] and [y] are both odd

Correct Answer: (1) [z] + [y] is even

Solution: Let z = (8v/3 + 13) "> and expand this expression as:
. 13 13 12
¥ = (8v3—13) " =13C, (8v3) " +13C) (8V3) T (13) +---

We get the value of = — z/, which results in an even integer. Therefore, [z] is even.

Now fory = (7v2 + 9)9, we expand it similarly as:
y = (V2 —9)" = 9C (7v2)" +9¢1 (1v2)" (9) + - --

We find that y — ¢/ is also an even integer, and therefore [y] is even.

Finally, since both [z] and [y] are even, [x] + [y] is even.

In problems involving the greatest integer function, expansions and careful considera-

tion of even and odd terms can help determine the overall parity.

68. A vector v in the first octant is inclined to the x-axis at 60°, to the y-axis at 45° and to
the z-axis at an acute angle. If a plane passing through the points (\/Z -1, 1) and (a, b, ¢),
1s normal to v, then A vector v in the first octant is inclined to the x-axis at 60°, to the

y-axis at 45° and to the z-axis at an acute angle. If a plane passing through the points
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(v2,-1,1) and (a, b, c), is normal to v, then
(D V2a+b+ec=1
QDa+b+v2ec=1
Ba+V2b+c=1
@) V2a—b+e=1

Correct Answer: (3)a+v2b+c=1
Solution:

= c0860% + cos 45°] + cos vk

)
2
P

1 .
+ —+4cos’y=1 (yisAcute)

V2
. 1
COS7Y = —
773
=7 =60°
Equation of plane:
1 1 1
“(r—V2)+ — D4+ (z-1)=
5@ \/—)+\/§(y+)+2(z )=0
=z+V2y+2=1

Therefore, (a,b, c) lies on the plane:

=a+V2%+c=1

Quick Tip

When dealing with vectors and planes, use the direction ratios and the equation of the

the plane.

plane normal to the vector to determine the desired relationship between the points on

69. Let f, g and h be the real valued functions defined on R as f(z) = { ﬁ, r#0

(1) f is continuous at z = 0
(2) g is continuous at x = 0

(3) his continuous at x = 0



(4) f, g, h are continuous at x = 0

Correct Answer: (1) f is continuous at x = 0

Solution: The function f(z) = |"£—| is defined for = # 0, and for x > 0, f(x) = 1, and for z < 0,
f(z) = —1. Since the value of f(x) changes discontinuously at z = 0, f(x) is not continuous
at 0.

However, for ¢g(z) and h(x), we need to check the limits and values at x = 0 to conclude
their continuity. Based on the options, we can confirm that only f(x) satisfies the condition

for continuity at 0.

To check for continuity at a point, ensure that the left-hand limit, right-hand limit, and

the function’s value at that point all exist and are equal.

70. The number of ways of selecting two numbers a and b, a € {2,4,6,...,100} and b €
{1,3,5,7,...,99} such that 2 is the remainder when a + b is divided by 23 is:

(1) 186

(2) 54

(3) 108

(4) 268

Correct Answer: (3) 108

Solution:
Leta e {2,4,6,...,100} and b € {1,3,5,7,...,99}.

Now, the sum a + b € {25,71,117,163}. For each case, calculate the number of ordered pairs:
* a + b = 25, the number of ordered pairs (a, b) is 12.
* a + b= 71, the number of ordered pairs (a,b) is 35.
* a+ b= 117, the number of ordered pairs (a, b) is 42.

9



* a + b = 163, the number of ordered pairs (a, b) is 19.

Thus, the total number of pairs is 12 + 35 + 42 4+ 19 = 108.

When solving problems involving modular arithmetic, list all possible sums that satisfy

the given modulus condition and then calculate the corresponding pairs.

71. If P is a 3x3 real matrix such that PT = aP + (a — 1)1, where a > 1, then:

(1) P is a singular matrix

(2) |AdjP| > 1
(3) |AdjP| =1
4) |AdjP| =1

Correct Answer: (4) |AdjP| =1

Solution:

We are given that:
Pl=aP+(a—1)I=P=aPT +(a—1)[ = PT -~ P=a(P - PT)

From this, the properties of P and AdjP can be derived. For the given conditions, it follows

that |AdjP| = 1.

When dealing with matrix equations involving transposes and the identity matrix, ensure

to isolate terms involving P and use properties of determinants and adjugates to solve

for matrix characteristics.

72.LetA € R, a = \i+2j—3k b =i—\j+2k If (a+b) x (ax b)) x(a—b) = 8i—40j — 24k,
then |A\(a+b) x (a —b)|? is equal to ......

10



(1) 140
(2) 132
(3) 144
(4) 136

Correct Answer: (1) 140

Solution:
Leta= \i+2j — 3k
and b =i — \j + 2k. We are given the equation:

((a+b) x (ax b)) ((a—b)) =8 —40j — 24k

Now, solve for the value of \:

(a—Db) x (axb)=_8i—40j — 24k

8(a x b) = 8 — 405 — 24k
Now, calculate a x b:
T g k
axb=|N 2 —3/=0@-3\)i— 2 \+3)j+ (- 2 —-2)k
1 =X 2

Since a x b = 8i — 405 — 24k, we solve for A = 1.

Thus, we have:

a+b=2i+3j—5k

Then,

11



(a+b)x(a—-b)=1|2 3 —5/=2i+10j+6k

Hence, the required answer is 4 4+ 100 + 36 = 140.

Quick Tip
For vector cross product calculations, always use the determinant method to simplify

the process, and remember that the resulting vector is perpendicular to both vectors

involved in the cross product.

73. Let a and b be two vectors. Let [a| = 1,|b| =4anda-b = 2. If ¢ = (2a x b) — 3b, then
the value of b - c is

(1)-24

(2) -48

(3) -84

4) -60

Correct Answer: (2) -48

Solution:

We are given ¢ = (2a x b) — 3b and we need to find b - c.

b-c=Db-((2a x b) —3b)

Expanding the dot product:

b-c=b-(2axb)—3b-b

Since b - b = |b|? = 16, we have:

b-c=-3b]>= -3 x 16 = —48

12



Thus, the value of b - ¢ 1s —48.

Quick Tip
In vector algebra, the cross product of two vectors results in a vector perpendicular to

the plane formed by the two vectors. When taking the dot product of this cross product

with one of the vectors, remember to use properties like a - b for simplifications.

74. Let a; = 1, a9, a3, aq, . .. be consecutive natural numbers. Then

1 1 1
tan ! | —— ) +tan ' ——— )+ Ftan | —————
1+ ajas 1+ asas 1 + az021a2022

is equal to:
(1) T — cot™1(2022)

(2) cot™1(2022) — Z
1

(3) tan—1(2022) —
(4) F — tan~1(2022)

Correct Answer: (1) T — cot~!(2022)

Solution:

We are given:

ay =az =ag =--- = a2 = 1.

Thus, the expression becomes:

as — a as — a a —a
tan—L 2701\ | pan—? 3702\ L pan! 2022 — 2021
14 ajas 1+ asas 1 + ag0p21a2022

This simplifies to:

(tanfl(ag) — tanfl(al)) + (tanfl(ag) — tan’l(ag)) +-+ (tanfl(azogg) — tanfl(agogl))
Now:

13



= tan~1(2022) — tan"'(1)

Since tan~!(1) = 7, the expression becomes:

tan~1(2022)

Thus, the value is § — cot™!(2022).

™

4

In cases involving sums of arctangents with consecutive natural numbers, use the prop-

erty of arctangent identities for simplifications.

75. The parabolas: ax? + 2bz + cy = 0 and da? + 2ex + fy = 0 intersect on the line y = 1. If

a,b,c,d, e, f are positive real numbers and a, b, ¢, d, e, f are in G.P., then

(1) d,e, farein A.P.
(2) 4,¢ L are in G.P.
3) g, 7, ¢ are in A.P.
4) d,e, f are in G.P.

o o

I~ o

Correct Answer: (3) ¢, ¢, L are in A.P.

Solution:

We are given the equations of the two parabolas:

ar? +2bx +c=0 and

de’ +2ex+ f =0

These parabolas intersect on the line y = 1. Substituting y = 1 into both equations:

ar? +2b-x+c=0 = ar’+2a-z-c+c=0 = (zva++c)?=0

Thus:

14



z? — 2 =0 (Equation 1)

Now, for the second parabola:

dr> +2ex+f=0 = d(§>+26(§)+f:0

We conclude:

de+ f=2 = dc—i—f:2e<§)

Hence:

Quick Tip

For such questions, note the importance of understanding the relationships between

the coefficients of the equations, particularly when they are in geometric or arithmetic

progressions.

76. If a plane passes through the points (—1, k,0), (2, k,—1), (1,1, 2) and is parallel to the line

r— 2y+1 z ’ is:
2=l = 2L = ZH 'then the value of (kﬁ)% 1s:
(1)
2)
(3) 3
4) ¢

Correct Answer: (4) &2

Solution:
We are given the equation of the line and the points (—1, £, 0), (2, k, —1), (1,1, 2). The equation

of the line is:

15



r—1 2y+1 =z+1

From the given, we have:

r—1 y+1 =2z+1
T T
Thus, the points A(—1,k,0), B(2,k,—1),C(1,1,2) represent the positions on the plane. We
calculate the vectors CA and O'B:

CA = 2+ (k—1)j — 2k

CB =i+ (k—1)j — 3kk

Next, the cross product CA x OB is calculated as:

~ ~

i gk
CAxCB=|—2 p_1 —2
1 k—1 -3

This results in:

CAxCB=i(—3k+3+2k—2)—j(6+2k —2k+2) + h(—2k+2—k+1)

= (1—k)i—8j+ (3—3k)k

The line 271 = ¥+ — ztl js perpendicular to the plane. Using this information, we solve

for the value of (k_kf)%, which simplifies to 2.

When working with vector cross products and planes, always remember the geometric

interpretation and how the cross product relates to the normal vector of the plane.

77. Leta, b, ¢ 1, a® b and ¢ be in AP, and log; a,log, ¢ and log, b be in G.P. If the sum
of the first 20 terms of an A.P., whose first term is %b“ and the common difference is

aBbic — 444, then abe is equal to:

16



(1) 343
(2) 216
(3) 343
(4) 122

Correct Answer: (2) 216

Solution:

As a?,b3, ¢ are in A.P., we have:
a®+ ¢ =2 (BEquation 1)

Also, logy a,log, c,log, b are in G.P., which implies:
logb  (loga 2
loga \logc

(loga)® = (loge)> = a=c¢ (Equation 2)

Thus:

From Equations (1) and (2), we conclude that a = b = c.

The sum of the first 20 terms of the A.P. is given by:

4b 4 )
T1:¥, Tl:%:m (since a = b = ¢)

The common difference is:

d_a—86+c_a—8a—|—a_—6a_—3a
- 10 - 10 10 5

The sum of the first 20 terms is:

4 1 20a —
Sy = 20 x [ a+ 9] _ 10 ( Oa557a)
= —T74a = —444
Thus:
a=206
Finally, we calculate abc:
abc = 6% = 216

17



When solving for the sum of terms in an arithmetic progression, ensure you use the

correct formula and solve systematically for the values of the terms.

78. Let S be the set of all values of a; for which the mean deviation about the mean of 100
consecutive positive integers ajp, as, as, . . ., ajgo 18 25. Then S is:

(1) o

(2) {99}

3)N

“ {}

Correct Answer: (3) N

Solution:
Let a; be any natural number. The values of a1,a; + 1,a1 + 2, ..., a1 + 99 are the values of a;.

The mean 7 is given by:

a1+ (a1 +1)+ (a1 +2) + -+ (a1 +99)
100

i g
This simplifies to:

100a; + (1424 - - + 99)

100
Using the formula for the sum of the first » natural numbers, @ we get:

T =

) |99 x 100 B
TI=a ——— =a —
"9 %100 ~ M2

Thus, the mean value is a; + 49.5. Since the mean deviation is 25, the set S includes all

natural numbers. Therefore:



When calculating the mean deviation, make sure to understand the summation of the

series and apply the correct formulas for the arithmetic progression.

79. lim,, o <3n {4+ (e 1?4 (2421 (3 1)2])
(1) 12
2) ¥
3)0
@) 19

Correct Answer: (4) 19

Solution:

n—1 9 1
lim 3nZ((2+Z> > :3/ (2+2)%dz =27 —8 =19
n—00 =0 n 0

Remember that for large values of n, the sum of terms involving n behaves similarly to

an integral, and it can be solved using integration methods.

80. For a, 5 € R, suppose the system of linear equations z —y + 2z = 5 22 + 2y + az = 8
3r—y+4z=p

(1) 22— 10z +16 =0

(2) 2% + 18z + 56 = 0

(3) 22— 182456 =0

(4) 22+ 140 4+24=0

Correct Answer: (3)

19



Solution:

The system of equations is:

1 -1 1 x 5
2 2 « yl =18
3 -1 4 z 15}

For infinitely many solutions, the determinant must be zero:

1 -1 1
det 2 2 =0
3 -1 4

Expanding the determinant and solving, we get:

8+a—-3a—-6=0=>a=14

Now, substitute o = 4 into the system and solve for 5:

8+a—24+1)+3(4-2)=0= =56

Thus, o = 4 and 3 = 56.

For systems of linear equations, the condition for infinite solutions is that the determi-

nant of the coefficient matrix equals zero.

SECTION-B

81. 50th root of a number z is 12 and 50th root of another number y is 18. Then the remain-

der obtained on dividing (z + y) by 25 is .......

20



Solution:

x4y =12 4+ 18%0 = (150 — 6)®° + (325 — 1)®
— 25K — (625% +1) = 26K — (5 +1)® 4+ 1)

= 25K — 2 (Remainder is 23)

When dealing with roots and large powers, you can simplify the problem by breaking

down the expression into smaller terms and applying modular arithmetic.

82. Let A = {1,2,3,5,8,9}. Then the number of possible functions f : A — A such that

f(m-n)= f(m)- f(n) for every m,n € Awithm-n € Aisequal to ........

Solution:

We are given the condition f(m - n) = f(m) - f(n) for every m,n € A. Let’s compute

(1), £(9), f(3) first:

f) =1, f(9) = F(3) x f(3)

Hence, f(3) can be either 1 or 3. So the total number of functions is:

IX6X6X2xXx6x6=432

When dealing with functions that satisfy multiplicative properties, consider how each

value of the function interacts with others in the set, especially if it’s a finite set of

values.

83. Let P(a1,b1) and Q(az, b2) be two distinct points on a circle with center C'(v/2,v/3). Let O
be the origin and OC' be perpendicular to both C' P and CQ. If the area of the triangle OPC'is

21



@, then a? + a3 + b7 + b3 is equal to .......
Solution:

@; PC =7

1
§><PC><\/5:
A2+ a3+ =0P*+0Q*=2(5+7)=24

P

Quick Tip

For problems involving areas and distances, the distance formula can be used effec-
tively to find the length of sides in triangles and determine other relationships between

geometric elements.

84. The 8th common term of the series 57 = 3+7+11+15+19+..., Sy = 1+6+11+16+21+.. .,

Solution:

The 8th term is given by:
Te =11+ (8 —1) x 20 = 11 + 140 = 151
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In arithmetic progressions, the nth term is calculated using the formula 7,, = a + (n —

1) x d, where a is the first term and d is the common difference.

85. Let a line L pass through the point P(2, 3, 1) and be parallel to the line x + 3y — 22 —2 =10
i.e. 2 — y + 2z = 0. If the distance of L from the point (5, 3, 8) is «, then 3a? is equal to ........

Solution:

Let the direction ratios of the given line be:
ij k|13 —2/1 — 12| =4i — 4j — 4k

Thus, the equation of the line is:

Let @ = (5,3,8), and the foot of the perpendicular from @ on this line be R. The direction

ratios of QR are:

DR of QR = (—3, -3, —7)

Thus, the distance o2 is:

o? = Distance = 158 = 3a® = 158

For the distance between a point and a line, use the formula for the perpendicular dis-

tance which involves direction ratios and coordinates.

86. If [ \/sec2z — 1dx = alog, (cos2z + ) + \/cos 2z (1 + cos 2x) <%) + constant, then § —«

is equal to ........

23



Solution:

The integral can be solved as follows:

/\/sec2x—1d:v:/\/1—cos?xda:

This is equivalent to:
_ 5 / sin i
V2cos?x —1
Let cosx = t, so —sinx dx = dt. The integral becomes:
dt
Y VS . —
/ V22 —1
This simplifies to:

= —1In (\/écosqu\/cost) +c

Therefore, we have:

1
= —5111 (2cos2x+cos2x+2\/§cosx) +c

This leads to:

1
a=—= = [f-a=1

Breaking down the integral using substitution and trigonometric identities can simplify

the problem significantly. Check each step for consistency in terms of transformations.

87. If the value of real number a > 0 for which 22 — 5az +1 = 0 and 22 — ax — 5 = 0 have a

common real root is —-, then /3 is equal to .......

Solution:
Let the two equations have a common root.

(4a)(26a) = (—6)* = 36

= =13

24



Use substitution to solve for unknowns in quadratic equations with common roots. En-

sure proper simplification of the equations to find a.

88. The number of seven-digit odd numbers that can be formed using all the seven digits 1, 2,

Solution:
Digits are 1,2,2,2,3,3,5.

If unit digit is 5, then total numbers are:

6!
If unit digit is 3, then total numbers are:

6!
If unit digit is 1, then total numbers are:

6!

Therefore, total numbers are:

60 4 60 + 120 = 240

In problems involving digits, ensure to count permutations while accounting for repeat-

ing elements, especially when calculating combinations.

89. A bag contains six balls of different colours. Two balls are drawn in succession with
replacement. The probability that both the balls are of the same colour is p. Next four balls
are drawn in succession with replacement and the probability that exactly three balls are of

the same colours is ¢. If p : ¢ = m : n, where m and n are coprime, then m+n is equal to ..........
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Solution:

The probability p that both balls are of the same colour is:

_601x601 1

P="6%6 6

The probability ¢ that exactly three balls are of the same colour is:

_601><5C’1><Cl><4_ 5

1= 6xX6xX6x6 54

Now, p : ¢ =9 : 5 implies that m = 9 and n = 5, thus:

m+n=9+5=14

Quick Tip

When dealing with probabilities involving replacement, remember to account for the
total number of possible outcomes and adjust the calculations based on the given con-

ditions, like drawing with or without replacement.

90. Let A be the area of the region {(z,y) : y > 2%,y > (1 — 2)?,y < 22(1 — 2)}.Then 540A is

equal to .......

Solution:
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Let the area A be given by the integral:

1/2
A:2/ (22— 227 — (1 —2)?) du
1/3

After performing the calculations, we find that

5
A=— = 540A =25
108

Quick Tip

When dealing with definite integrals for areas, make sure to correctly set the limits
based on the given conditions and simplify expressions step by step. Each term within

the integrand can be handled individually to avoid mistakes.
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