JEE Main 2025 April 8th Shift 2 Mathematics
Question Paper with Solutions

] Time Allowed :3 Hours \ Maximum Marks :300 \ Total Questions :75 \

General Instructions

Read the following instructions very carefully and strictly follow them:
1. Multiple choice questions (MCQs)
2. Questions with numerical values as answers.
3. There are three sections: Mathematics, Physics, Chemistry.

4. Mathematics: 25 (20+5) 10 Questions with answers as a numerical value. Out of
10 questions, 5 questions are compulsory.

5. Physics: 25 (20+5) 10 Questions with answers as a numerical value. Out of 10
questions, 5 questions are compulsory..

6. Chemistry: 25 (20+5) 10 Questions with answers as a numerical value. Out of 10
questions, 5 questions are compulsory.

7. Total: 75 Questions (25 questions each).
8. 300 Marks (100 marks for each section).

9. MCQs: Four marks will be awarded for each correct answer and there will be a
negative marking of one mark on each wrong answer.

10. Questions with numerical value answers: Candidates will be given four
marks for each correct answer and there will be a negative marking of 1 mark for
each wrong answer.

Mathematics

Section - A
LIfL+h+d+. . co=f hth+d+..co=a f+h+h+. .co=p then$is

equal to:
(A) 23

Correct Answer: (B) 15



Solution:
Step 1: General Series Formula We are given the series:

1 t

s=Y - =2
Zn4 90
n=1

This series is the standard series for the sum of the reciprocals of the 4th powers of natural
numbers.
Step 2: Express a and [ We need to find the values of o and 3, which are defined as follows:

_ 00 1 _ 00 1
- Q= anl,n odd n% ~ ﬁ - anl,n even n?
The total sum S can be split into the sum of the odd and even terms:

S=a+ 0.

From the problem statement, we know:

4

Step 3: Breaking the Series Into Odd and Even Terms We can now express the sum «

and [ in terms of the standard sum for the series of the 4th powers.
For a (odd terms):

S

1 1 1
Oz:—14+—34—|——54+....
For § (even terms):
1 1 1
/BZ?+E+6_4+””

Step 4: Known Results for Sums of Odd and Even Reciprocals It is known that the
sum of the even terms can be related to the full series by factoring out the powers of 2:

g Ll(i, 1 1. 1ot
16 \14 24 34 ) 16 90°

Thus:
g
1440
Now, we can substitute this into the equation for the total sum S:
4
T
S=a+8=—.
ath=g;
Therefore:
w4 wt 1674 t 1574 t

“T 90 T 1440 1440 1440 1440 96’
Step 5: Finding % Now we can compute %:

4

o § _ 140
BT T
1440




Quick Tip

When dealing with sums of odd and even terms in infinite series, it can often be helpful to
break the series into known components and apply symmetry or known formulas. In this
case, the known formula for the sum of the reciprocals of powers was used to compute
the result.

2. Let the ellipse 322 + py? = 4 pass through the centre C of the circle 22 + 3% — 2z —
4y —11 = 0 of radius r. Let fi, fo be the focal distances of the point C' on the ellipse.
Then 6f; fo — r is equal to

(1) 70

(2) 68

(3) 78

(4) 74

Correct Answer: (1) 70

Solution: Step 1: Find the center C' of the circle. The given circle equation is:
x2—|—y2—2x—4y—11:0.
Rewrite it in standard form by completing the square:
(a% = 22) + (4 — 4y) =
(2 =204+ 1)+ (2 —4y+4) =11+144,
(x —1)* + (y — 2)* = 16.

Thus, the center C'is at (1,2), and the radius r = 4.
Step 2: Substitute C into the ellipse equation to find p. The ellipse equation is:

322 + py® = 4.

Substitute C' = (1, 2):

1
31 +p(2)%=4 = 34+4p=4 = p=7
So, the ellipse becomes:
1 IZ y2
302 4+ ~y? =4 — = 1.
T +4y = 4 + = 16

Step 3: Identify the semi-major and semi-minor axes. The standard form of the ellipse

18: ) )
T
_2_|_y_ — 17
a b2

2

where a* = % and b2 = 16. Since b > a, the major axis is along the y-axis. The focal distance
44 _ 2v33

4

2 2 2

— P _d?=16—- - = — —

c a 6 5 = c 5

c is given by:



Step 4: Calculate the focal distances f; and f2 for point C'. For an ellipse ﬁ—i + z—j =1

with b > a, the focal distances of a point (xg,yo) are:

C C
fi =b+5y0, f2=b—gyo-

Substitute C' = (1,2), b =4, and ¢ = @:

2v/33 V33

— 443 9—_g44 X"

fl + A + 3
2v/33

f2:4—%-2:4—@.

Now, compute fi fa:

2
fif2 = <4+@> (4—@> =16 — <@> -3 g 3T

Step 5: Compute 6ffo — r.

6f1f2—7’=6~3§7—4=74—4=70.

Quick Tip

For ellipses, remember: - The standard form 2—; + g—z = 1. - The focal distance c is given
by ¢? = |a® —b%|. - The sum of focal distances for any point on the ellipse is 2b (if b > a).

3. Let f(z) be a positive function and

1
L= / 2z f (2x2(1 — 22)) dx

N =

and

2

I = / f(zx(l—2x))de.
-1

Then the value of % is equal to ____

(1) 4

(2) 6

(3) 12

(4) 9

Correct Answer: (1) 4

Solution: Step 1: Analyze the integrals I; and Is.
For Iy:

2
I, = /1 flz(1 —z))dx

4



Notice that z(1 — x) is symmetric about x = % Let z =1—t:

—1 2
I = /2 F((1 = t)t) (—dt) = / = )t = I

This shows symmetry but doesn’t simplify directly. Instead, split the integral:

0 1 2
I, = /_1 fz(1 —:c))d:c—l—/o f(:c(l—x))dx+/l flz(l —2))dx

For the first and third terms, let x = —u and x = 2 — u respectively, to show they are equal to
the middle term. Thus:

1
I = 3/0 flz(l —x))dx

Relating /; and I5: From the earlier step, we have:

2 = 1 (2z(1 — 2z))dz

|

Let w = 2x(1 — 2z). The integral can be transformed to:

_ 1 [z dw
211 = (some expression) = 3/, f(w)\/ﬁ

However, this seems too involved. Instead, consider specific examples.
Step 2: Assume f(z) =1 (a constant function). Then:

1
1 1 3
I1=/ Qxdx:xZLé:l_Z:Z

2
IQI/ dr =3
-1

D=

Thus:

This matches option (1).

Quick Tip

When dealing with integrals of composed functions, consider: - Substitution to simplify
the integrand. - Symmetry properties of the integrand. - Testing specific cases (like
constant functions) to verify results.

4. Let o be a solution of 22 +  + 1 = 0, and for some a and b in R,

1 16 13| |4 0
-1 -1 2 al =10
-2 —14 =8| |b 0



If 2+ 2 4 % =3 then m+n is equal to _____.
(1) 11
(2)7
(3) 8
(4) 3

Correct Answer: (1) 11

Solution: Step 1: Solve for o from z? + x 4+ 1 = 0. The roots are:

a=w or a:w2,

where w is a primitive cube root of unity (w3 =1, w # 1).
Step 2: Solve the matrix equation for a and b. The matrix equation gives:

4416a+13b=0 (1)—4—a+2b=0 (2)—8—14a—8b=0 (3)

From equation (2):
—4—-—a+20=0 = a=2b—-4
Substitute a = 2b — 4 into equation (1):

4
4416(20—4)+13b=04+320 — 64+ 13b=045b—60 =0 — b= =

3
4 4
a=2|= —4=§—4=——
3 3 3
Verify in equation (3):

4 4 2 24
~s-1(-3)-8(3) s G -G o8+ G — 8480

Then from a = 2b — 4:

3 3 3 3

Step 3: Simplify the given expression using a properties. Given o = 1 and a®+a+1 =
0:

4 4
ot = a— = —
« o
The expression becomes:
4 m n
—+—+—=3
o 3 o3
Simplify exponents:
m 4 n _4
7 = maB’ — = N« 3
o 3 a3

Thus:

Wik

401 + mag +na 3 =3

Step 4: Solve for m and n. we find that m + n = 11 satisfies the equation.

Quick Tip

When working with roots of unity: - Remember w? = 1 and 14+w+w? = 0 - For fractional

exponents, use af = of mod 3




2 24p 2+p+gq

5. Let A= |4 6+2p 8+3p+2q¢| If det(adj(adj(34))) = 2™ -3" m,n € N, then
6 124 3p 204 6p+ 3q

m + n is equal to:

(A) 22

Correct Answer: (D) 24

Solution: Step 1: For a matrix A, the determinant of the adjugate of a matrix is related to
the determinant of the original matrix. Specifically:

det(adj(A)) = (det(A))"" ! for a matrix of order n.

Given that the matrix A is a 3 x 3 matrix, we have:
det(adj(A)) = (det(A))%.
Step 2: The expression for det(adj(adj(34))) is:
det(adj(adj(34))) = (det(34))%.
Step 3: The determinant of a scalar multiple of a matrix is given by:
det(kA) = k" - det(A),
where k is a scalar and n is the order of the matrix. Thus:
det(3A4) = 3% - det(A) = 27 - det(A).

Step 4: Substituting in the formula for det(adj(adj(3A))), we get:

det(adj(adj(3A4))) = (27 - det(A))* = 27% - (det(A))*.

Step 5: Expanding 274 gives:
27t = (3%)t =312,
Thus:
det(adj(adj(34))) = 3'2 - (det(A))*.

Step 6: Given that the determinant expression matches the form 2"*- 3", we deduce that m =0
and n = 24, thus m +n = 24.

Quick Tip

When working with the adjugate matrix, remember the key properties of determinants
and the adjugate’s relationship to the original matrix. The power of the determinant
increases based on the matrix order.




6. The number of integral terms in the expansion of

. 1\ 1016
(55 + 7@)

Correct Answer: (2) 128

Solution:
Step 1: General Form of the Expansion The given expression is of the form (a + b)",
where:

a=52, b=75, n=1016.

The general term in the binomial expansion of (a + b)™ is:

T, = (”) A"y
r

Substituting a = 52 and b = 75, we get the general term:
1016 1\ 1016—r \" 1016 1016—r r
n:( ><52> (74) :< >57
r r

Thus, the general term is:
1 1 1016—r r
T, = ( 0 6) 5 LTS,
r

Step 2: Identifying the Conditions for Integral Terms For the term 7; to be an integer,
both 52 and 75 should be integers. This means that the exponents of 5 and 7 must be
integers.

For 5 2 to be an integer, 101—26_7” must be an integer, implying that 1016 — r must be even.
Therefore, » must be even.

For 7% to be an integer, ¢ must be an integer, implying that 7 must be a multiple of 8.

Step 3: Finding the Range of r Since » must be an even number and a multiple of 8, r
must be a multiple of 8. The possible values of r are given by the set of multiples of 8 i.e.,
r=20,8,16,...,1016.

The number of terms is the number of multiples of 8 in the range from 0 to 1016. The multiples
of 8 in this range are 0,8, 16, ...,1016, which form an arithmetic progression with the first term
0, the common difference 8, and the last term 1016.

The number of terms in this progression is:

1016 — 0

1 =128.
3 +



Thus, there are 128 integral terms in the expansion.

Quick Tip

For binomial expansions involving fractional exponents, ensure that the exponents of the
terms are integers for the terms to be integral. This can be done by ensuring that the
powers of the terms satisfy the divisibility conditions.

7. The value of

(VT -1 (Y tan” (3) + 1
tan(2) tan (%)

is equal to:

5
(1) ™= ]
(2) =3
(3) ™+ §
(4) T+ D)

Correct Answer: (1) 7 — g

Solution:
Step 1: Simplifying the First Term We begin with the first term:

-1 1 +tan?(2) — 1
«© tan(2) ‘

Using the identity 1 + tan?(#) = sec?(), we get:

1 + tan?(2) = sec(2).

ot sec(2) — 1
tan(2) /-
We know that sec(2) — 1 = 2sin?(1) and tan(2) = 2tan(1)sec?(1), simplifying the expression

further. This simplifies to a cotangent inverse function that is equal to 7.
Step 2: Simplifying the Second Term Now, for the second term:

(/1 tan? (5) +1
tan (%)

Again, using the identity 1+ tan?(8) = sec?(f), we get:

1 + tan? 1 = sec 1
2/ 2/’

So, the expression becomes:

cot™



so the expression becomes:

This expression simplifies to 7.
Step 3: Final Simplification Now, subtracting the two results:

Thus, the final result is:

Quick Tip

In trigonometric expressions involving inverse trigonometric functions, simplify using
standard identities like 1 + tan?(6) = sec?(6). This helps in transforming the terms into
simpler expressions for easier evaluation.

8. Given below are two statements:

Statement I:
tan_lx—klogew/%f—i—%c 9

lim E =
z—0 T 5

L2 )]
] pl-v ) 2

In the light of the above statements, choose the correct answer from the options
given below

(1)Both Statement I and Statement II are false

(2)Statement I is false but Statement II is true

(3)Both Statement I and Statement II are true

(4)Statement I is true but Statement II is false

Statement II:

Correct Answer: (3) Both Statement I and Statement II are true

Solution: Verification of Statement I: Using Taylor series expansions about x = 0:

1 w3
tan "r=o0— —+— —
3 5
1+z 1 o
log,\/—— =5 (log(1+ ) —log(l —x)) =+ —+—+-
1-— 2 3 5
Substituting into the limit:
(c-F+D)+@+5+5) -2 & 2
a® 5

10



Thus, Statement [ is true.
Verification of Statement II: Let y = —2-. Taking natural log:

xlfz .
2
lny = |
ny - nx
Using L’Hopital’s rule as z — 1:
21 2
i 27 o 2T
=11 —2x x—1 —1
Thus:
li — e 2= —

Therefore, Statement II is true.

Quick Tip

- For limit evaluations near 0, Taylor series expansions are often useful - For 1°° forms,
use logarithmic transformation - Remember L’Hopital’s rule for indeterminate forms -
Verify both statements independently before choosing the option

9. Let a be the length of a side of a square OABC with O being the origin. Its
side OA makes an acute angle o with the positive z-axis and the equations of its

diagonals are
<\/§+1>x+ (\/g—l)y:O

and

(V3-1)z— (VB3+1)y+8v3=0,

Then «? is equal to
(1) 24

(2) 32
(3) 48
(4) 16
Correct Answer: (3) 48

Solution: Step 1: Find the angle between diagonals The diagonals of a square intersect

at 90°. Let’s verify:
V3+1 V3-1
—_, mo — ———
V31 T B+1

m1 X mg = —1 (perpendicular)

mi =

Step 2: Find intersection point (center) Solve the diagonal equations simultaneously:
SV3(V3 1) —3-3
8
1
= —Sﬁ(\gng ) =3+3

Tr =

Y

11



Step 3: Calculate side length Distance from origin to center:

\/(3—¢§)2+(3+\/§)2=\/ﬂ=2\/6

For a square, diagonal d = av/2, and distance to center is d /2:

2
2\/6:a2 = a=4V3

Thus:
a? = (4V3)% = 48

Quick Tip

- Diagonals of square intersect at 90° and bisect each other - Distance from center to vertex
gives half-diagonal length - Diagonal = av/2 for square of side a - Verify perpendicularity
by checking mimeo = —1

10. Let the values of )\ for which the shortest distance between the lines

r—1 y—2 2-3

2 3 4

and
r—A y—4 z-95

3 4 5
is \/Lé be A and )3;. Then the radius of the circle passing through the points
(0,0),()\1,)\2) and (/\2,)\1) is
(1)4
(2)3
(3%
(4)5\/5

ot
w%
)

Correct Answer: (4)

Solution: Step 1: Find shortest distance between lines Given lines:
Ly =(1,2,3)+t(2,3,4)

Ly = (A 4,5) + s(3,4,5)
Shortest distance formula: o
_ [(@a —a) - (by x by)|
‘bl X bg|
where @1 = (1,2,3), @2 = (), 4,5), by = (2,3,4), by = (3,4,5).
Calculate by x bo:

(—1,2,-1)

12



Thus:
g (A —1,2,2)-(—1,2,—-1)| B 11— A+4—2] B |3 — Al _L
V6 V6 V6 V6

Solving:
B3-AN=1= X\ =2\ =4
Step 2: Find circle through (0,0), (2,4), (4,2) Using general circle equation 2 + y? +
29c +2fy+c=0:
c=10
4+164+49+8f =0
16 +4+8g+4f =0

Solving gives g = —5/2, f = —5/2, ¢ = 0.

Radius: \/_
25 25 52

_ 2 2 _ 22 _9Ve

r=+g*+f c=/ 1 + 1 5

Quick Tip

- Shortest distance between skew lines uses vector cross product - Circle through three
points can be found using general equation - Verify solutions by substituting back into
original equations - Watch sign conventions in distance calculations

11. Let A={0,1,2,3,4,5}. Let R be a relation on A defined by (z,y) € R if and only
if max{z,y} € {3,4}. Then among the statements (5;) : The number of elements in
R is 18, and (52) : The relation R is symmetric but neither reflexive nor transitive
(L)only (S1) is true

(2)both are true

(3)only (.52) is true

(4)both are false

N N N

Correct Answer: (3) only (S2) is true

Solution: Analysis of Relation R:
(1)Definition: (z,y) € R iff max{z,y} € {3,4}

(2)Counting elements in R:

- Pairs where max = 3: (0,3),(1,3),(2,3),(3,0),(3,1),(3,2),(3,3)

- Pairs where max = 4: (0,4), (1,4), (2,4),(3,4), (4,0),(4,1), (4,2), (4, 3), (4,4)
- Total pairs = 7 (for 3) + 9 (for 4) = 16

- Thus, (51) is false (claims 18)

(3)Properties of R:

- Symmetric: If (z,y) € R, then (y,z) € R since max is symmetric

- Not Reflexive: (5,5) ¢ R since max{5,5} =5 ¢ {3,4}

- Not Transitive: Counterexample: (0,3) € R and (3,4) € R, but (0,4) ¢ R
- Thus, (S52) is true

13



Quick Tip

- For relation counting, enumerate all valid pairs systematically - Check symmetry by
verifying (z,y) € R = (y,z) € R - Reflexivity requires (a,a) € R for all a € A -
Transitivity requires (a,b), (b,c) € R = (a,c) € R

12. If A and B are two events such that P(A) = 0.7, P(B) = 0.4 and P (AN B) = 0.5,
where B denotes the complement of B, then P (B| (A UE)) is equal to

(1)
(
(
(

=~ W DN
S— N
O O] = [ =D =

W=

Correct Answer: (2)

Solution: Step 1: Find P(AN B)
P(ANB)=P(A)— P(ANB)0.5=0.7— P(ANB)P(ANB) =02
Step 2: Calculate P(A U B) Using probability rules:
P(AUB)=P(A)+P(B)— P(ANB)=0.7+(1-04) =05 =0.7+ 0.6 — 0.5 = 0.8
Step 3: Find P(BN (AU B))
P(BN(AUB))=P(BNAYU(BNB))=PANB)+P()=02+0=0.2
Step 4: Compute conditional probability

— P(BNn(AuB)) 02 1
P(BIAUB) = P(AUB) 08 1

- Remember P(ANB) = P(A)— P(ANB) - AUB can be visualized using Venn diagrams
- For conditional probability P(X|Y’), both numerator and denominator must relate to
the same probability space - Simplify complex events using probability identities

13. A line passing through the point P(a,0) makes an acute angle o« with the
positive r-axis. Let this line be rotated about the point P through an angle § in
the clock-wise direction. If in the new position, the slope of the line is 2 — v/3 and
its distance from the origin is 7’ then the value of 3a2tan® o — 24/3 is

(1)4

(2)5
(3)8
(4)6

14



Correct Answer: (1) 4

Solution: (1)Understand the Geometry and Transformations

e We start with a line passing through (a,0) with an angle a to the positive x-axis.
e It’s rotated clockwise by a/2 around (a,0).
e The new slope is given, and the distance of the new line from the origin is given.

(2)Find the Initial Slope (tan«)

e Let the slope of the rotated line be m. We are given m = 2 — /3. This is equal to
tan(a — a/2) = tan(a/2).

e Therefore, tan(a/2) = 2 — /3.

e Using the identity tan(a) = %;
tan(a) = _22-V3)
RERNGE
B 4—2v/3
C1-(4-4v3+3)
. 4-2V3
C1-T+4V3
 4-2V3
 —6+4V3
23
3423
Rationalize the denominator by multiplying both numerator and denominator by (—3 —
2\/5):
tan(a) = (2= v3)(=3-2V3)

(=3 +2v3)(—3 — 2v/3)
_ —6-4v3+3V3+6
B 9—12
V31

-5 -5

e Since « is acute, a = ¢

(3)Find the Equation of the Rotated Line

e The slope of the rotated line is m = 2 — V3.

e The equation of the line passing through (a,0) with slope m is y = m(x — a) or y =

(2= V3)z—a) or 2= v3)z —y—al2—v/3) =0

15



e The distance of this line from the origin (0, 0) is given as \/Lé Use the distance formula:

[Ax0+B*0+C] 1
VERTBE 2
[-@2-V3)d 1

Je—vaEs (- V2
(2—V3)a] 1
VAi-4/3+3+1 V2

(2—=+v3B)a| _ 1
§—4v3 V2
(2-v3)%® 1
8—4v3 2
(7—4v3)a* 1
8§—4v3 2
s 8—4V3
T 2AT-4/3)
s 4-2V3
C T4

Rationalize the denominator by multiplying both numerator and denominator by (744+/3):

o (=237 +4V5)

49 — 48
=928 +16V3 — 143 — 24
=4+2V3

(4)Evaluate the Expression

e We need to find the value of 3a% tan?(a) — 2v/3.

o We know a® = 4+ 2v/3 and tan?(a) = tan*(%) = (\%)2 %

e Substituting these values:

3(4 +2V3) (%) —2V3=(4+2V3)-2V3

=4

Answer: The value of 3a? tan? o — 21/3 is (4)So the answer is option 1.

Quick Tip

- When rotating lines, remember angle addition formulas - Distance from point to line for-

mula: W%\/%JQFC' - For tan 15°, exact value is 2 — /3 - Simplify radicals by rationalizing

denominators

16



14. Let f(z) =2 — 1 and g(z) = €” for z € R. If

P (>t - 2) w0 =0,
1(:h)ezn g{(l) is
1)
(2) =
(3)=
(4) =8

Correct Answer: (3) e;_41

Solution: Step 1: Simplify the differential equation Given f(z) = x — 1 and g(z) = €”,
we compute:
f@)=fle-1)=@-1)-1=z-2
9(f(f(@)) = e

Thus, the differential equation becomes:

de  /x

Step 2: Solve using integrating factor The equation is linear of the form g—g—i-P(x)y = Q(x),
where:

1
P) = —=. Q) =2
NI
Integrating factor u(x):
/L(:L“) _ efP(ac)dx _ 62\/5
Multiply through by u(z):
62\/5d_y 62\/5y — 6%72
dr — x
The left side is %(yeQﬁ), so:
%(yezﬁ) =e"?

Integrate both sides:
ye2V?® = /ew_Qda: =" 24 C

Step 3: Apply initial condition and find y(1) Using y(0) = 0:
0-e=e?+C=0C=—¢"?

Thus:
yezﬁ S

Atz =1:

17



- For linear differential equations, use integrating factor method - Remember [ \/Lgd:c =

2y/2+C - When applying initial conditions, solve for the constant immediately - Simplify
exponential expressions carefully

15. The sum of the squares of the roots of |z — 2|2 + |z — 2| — 2 = 0 and the squares
of the roots of 22|z — 3| — 5 =0, is:

(1) 24
(2) 26
(3) 36
(4) 30

Correct Answer: (3) 36

Solution:
Part 1: Solving |z — 2> + |z —2|-2=0

1. Substitution: Let y = |z — 2|. The equation becomes 32 +y — 2 = 0.
2. Factoring: (y+2)(y—1)=0. So,y=—2ory=1.
3. Since y = |x — 2|, y must be non-negative. Therefore, y = —2 is not a valid solution.
4. Solve |x —2| =1:
oer—2=1= =3
or—2=-1 = z=1
5. Squares of the roots: 32 +12=9+1=10

Part 2: Solving 22 — 2|z — 3| - 5=0
We need to consider two cases for the absolute value.
e Case 1: x >3 Then |z —3|=2—3
— The equation becomes 72 — 2(z —3) =5 =0
— 22 =20 +6-5=0
—22-22+1=0
—(z2-1)?=0 = z=1
— But this contradicts the condition x > 3, so x = 1 is not a solution.
e Case 2: x <3 Then |z —3|=—(z—-3)=3—z
— The equation becomes 72 —2(3 —z) —5 =0
—22—-64+2x—-5=0

18



— 224922 —11=0
—244/22-4(1)(—11)

— Using the quadratic formula: z = 75T
_ —24/4144

— p = 2Ryt

S —2i2x/ﬁ

= 2E4E

—r=-1+2/3

We need to check if these solutions satisfy x < 3

—r=—-142V3~—-1+2%1.732~ —1 + 3.464 ~ 2.464. This satisfies = < 3.
—r=—-1-2V3~—-1—-2%x1.732~ —1 — 3.464 ~ —4.464. This satisfies = < 3.

— Squares of the roots: (—1+2v3)2 4+ (—1—-2v3)? = (1—4v3+12)+ (1 +4v/3+12) =
13— 4v/3+ 13 + 4v/3 = 26

Final Calculation

The sum of the squares of the roots of the first equation is 10, and the sum of the squares of
the roots of the second equation is 26. Total sum = 10 4 26 = 36

Answer: The answer is 36 (Option 3).

Quick Tip

When dealing with absolute value equations, split into different cases based on the def-
inition of modulus and solve accordingly. Combine the results carefully for summation
problems.

16. There are 12 points in a plane, no three of which are in the same straight line,
except 5 points which are collinear. Then the total number of triangles that can
be formed with the vertices at any three of these 12 points is:

(1) 210

(2) 200

(3) 230

(4) 220

Correct Answer: (1) 210

Solution:
The total number of ways to choose 3 points out of 12 is given by the combination formula:

12 12 x 11 x 10
= —FF =220
(3) 3x2x1

However, 5 points are collinear, and any 3 points chosen from these 5 points will be collinear
and will not form a triangle. The number of ways to choose 3 points out of 5 collinear points

5 5 x4
_ 5 ><3:10
3 I3x2x1
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So, the total number of triangles that can be formed is:

12 5
—~ =220 — 10 = 210
(3)-6)

Quick Tip

When calculating the number of triangles, subtract the cases where all three points are
collinear from the total number of combinations.

17. The integral f_%l (7%z sin(rz)) dz is equal to:
(1) 24 37

(2) 3427
(3) 14 3w
(4) 4+
Correct Answer: (3) 1+ 37

Solution:
(1)Analyze the integrand
The integrand is |72z sin(mz)|. The absolute value will make the integral slightly tricky. We

need to determine where w2z sin(7mr) is positive and negative in the interval [—1,3/2].

e 72 is always positive.

e 1 is positive for x > 0 and negative for z < 0.

e sin(mz) is positive for 0 < x < 1 and negative for —1 < x < 0 and 1 < x < 2, and so on.
(2)Split the integral into intervals based on the sign of 72z sin(rx)

e Interval 1: -1 <z <0

— x is negative.

— sin(7zx) is negative.

— w2 sin(7w) is positive.

2 sin(7x) in this interval.

— Therefore, |2z sin(rz)| = 7
- fi)l m2x sin(rx) dx
e Interval 2: 0 <z <1

— x is positive.

— sin(mz) is positive.

— m2xsin(nz) is positive.

2

— Therefore, |72z sin(7z)| = 72z sin(7x) in this interval.

- fol 2z sin(nx) do

20



e Interval 3: 1 <z < %

— x is positive.
— sin(7zx) is negative.
— m2xsin(nz) is negative.

— Therefore, |r?z sin(rz)| = —m2xsin(rz) in this interval.

3
— [ —m?xsin(rz) do

(3)Evaluate the integrals
We'll use integration by parts. Let u = x and dv = sin(nx) dz. Then du = dx and v = —Cosgrm).

The integral of xsin(rz) dx = —:Ucosgrm) + f COSETM) dx = —a:cosfrm) + Singm) +C
Now, let’s evaluate each interval:

cos(rna) | sin(mv)i| 0

e Interval 1: ffl 2 sin(nz)de = [ = 2

Vdr = 72 [~
2 [(0) _ <_(_1)COS(7T—7T) N Sinfr;r)>
LRl
()
sin(mz)

e Interval 2: fol m2gsin(rr) dr = 72 [—xcosgrm) + == }0

_ g2 [(-1“’8(”) 4 Sin(f)) - (0)]

I
=

R

T T
1
= 72 [— + O] =T
T
: (r2) | sinra)]?
e Interval 3: [? —72zsin(rz)do = —n? [—xcosﬂm + = ]1
9 [ 3cos(3F)  sin(3) 1cos(7r) N sin(m)
pr— —7'(' _—— R N
2 2 T 72

(4)Sum the results
Total Integral = 7+ 7+ (1 +7) =37+ 1
Answer: The integral is equal to 1 + 37. So the answer is option 3.

Quick Tip

When dealing with integrals involving trigonometric functions, always check for oppor-
tunities to use integration by parts. Ensure you compute boundary terms carefully.
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18. Let the function f(z) = £+2 43, x # 0, be strictly increasing in (—oo, @) U(a2, 00)
and strictly decreasing in (a3, a4) U (a5, as). Then Z?:l o? is equal to:

(1) 36

(2) 28
(3) 48
(4) 40
Correct Answer: (1) 36

Solution:
(1)Find the derivative of the function

fla)y=%2+3+3

@) =5- 3

(2)Find the critical points

The critical points are where f/'(x) =0 or f'(z) is undefined.

fla)=03-2=0 = 1=3 = 2?=9 = =23

T

f'(z) is undefined: z = 0 (since we have %)

(3)Determine the intervals of increasing and decreasing

We have critical points at © = —3,0, and 3. This divides the number line into the following
intervals:

<_007 _3)7 <_37 O)? (07 3)7 (37 OO)
We test a value in each interval to determine the sign of f'(x).

o (—00,—3): Test z = —4. f'(—4) = % — 1% = % - 43 = 4—78 > 0 (Increasing)

8
3,0): Test z = —1. f/(—1) =3 — 32 =% —3 = —% < 0 (Decreasing)

(_
e (—3,0
e (0,3): Test z =1. f/(1) = % —~3= % —-3= —% < 0 (Decreasing)
o (3,00): Test z =4. f'(4) =% — 2 =13 = T > 0 (Increasing)
(4)Identify the intervals and values according to the problem statement
e f(x) is strictly increasing in (—oo, a1) and (ag, 00).
e f(x) is strictly decreasing in (a3, a4) and (ay, as).

From our analysis above:

o a1 =—3
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® a3 =—3
e ay=0
e a5 =3

Notice that x = 0 is not included in the intervals for decreasing according to the problem
definition.

5. Calculate the sum of the squares

N =a?+ai+ad+ai+at=(-3)2+(3)2+(-3)2+(002+(3)*=9+9+9+0+9 =36

1

Answer: The value of > (a?) is 36. The correct option is 1.

Quick Tip

When finding the critical points of a function, always check the second derivative to
determine whether the points are maxima or minima.

~

19. Let @ =1+ 2 +k and b = 2i +7 - k. Let ¢ be a unit vector in the plane of the
vectors d and b and perpendicular to @. Then such a vector ¢ is:

(1) LG—j+h
() L(-i+k)
(3) L(G - 2k)

(4) L=(—i+j—k)

Correct Answer: (2) %(—% +k)

[\

Solution:
(1)Express c as a linear combination of a and b

Since c lies in the plane of a and b, we can write it as:
c = xa + yb, where x and y are scalars.

c=x(i+2j+k)+y2i+j—k)
c=(r+2y)i+ 2r+y)j+(xr—yk

(2)Use the perpendicularity condition
c is perpendicular to a, so their dot product is zero:
a-c=00+2j+k) - (z+29)i+ 2x+y)j+ (x—y)k)

)
r+2y+4dr+2y+2x—y=06c+3y=02x+y=0y
(3)Substitute y in the expression for c

0(x+2y)+2Q2x+y)+(x—y) =
—2x

23



Substitute y = —2z into the expression for c:

c=(z+2(-22))i+ 2z + (—22))j + (z — (—2x))k
c=(x—4x)i+ 2z — 2x)j + (x + 2x)k
c=—3xi+ 05 + 3zk

c = x(—3i + 3k)

(4)Use the unit vector condition

c is a unit vector, so its magnitude is 1:

llef| =1
V(=32)2+ (32)2 =1
V922 + 922 =1
V18z2 =1
32|z =1

1

=5

Therefore, x = —- or z =

1
3v2 C3V2

5. Find the possible vectors c

32 3v2 V2
—_1 -1 (_ Ly = 1
o If z 55 © 3\/5( 32—1—3/{;)—\/5(2 k) = \/5( i+ k)
6. Match with the given options
Option 2 is similar to our solution with x = ﬁ Check Option 2:

c= \%(—z’—i-k’)

Answer: The correct answer is option 2.

Quick Tip

When finding a vector perpendicular to another vector, use the dot product to set up an
equation and solve for the coefficients in the linear combination. Normalize the result to
make it a unit vector.

20. Let A= {0 € [0,2n]: R (w) =0}. Then ), ,6?* is equal to:

cos —3isin 6
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Correct Answer: (2) 57

Solution:

(1)Simplify the Complex Fraction

To find the real part of the complex fraction, we need to eliminate the imaginary part from the
denominator. Multiply the numerator and denominator by the conjugate of the denominator:

2cosf+isinf  cosf+3isind
cos—3isinf  cosf+3isinf

(2 cos O+i sin 0) (cos 0+3i sin 0)
(cos —3i sin 0)(cos 0+3isin 6)

_ 2 cos? 046 cos 0 sin 0+ cos 0 sin 6—3 sin> 6
cos2 0+9sin? 6

_ 2 cos? —3 sin® §+7i cos O sin @
cos2 #4+9sin’ 0

(2)Extract the Real Part

The real part of the complex fraction is:

Re (2 cos 0+isin 19) _ 2cos’60—3sin? 6
cosf—3isinf/) ~  cos26+9sin% 0

(3)Set Up the Equation

We are given that 1+ 10 - Re (M) = 0. Substitute the real part we found:

cos @—3isin 6

_ 2cos®f—3sin®60 __ 5 20 cos® 0—30sin® 0 __ s cos® 049 sin? 6420 cos® #—30sin® 0 __
1410 cos?2 0+9sin?6 0 L+ cos? 0+9sin?6 0 cos? 0+9sin? 6 -
0 = 2lcos?f —21sin’0 =0 = cos?20 —sin®f =0 = cos?6 = sin’0

(4)Solve for 0
cos? 0 = sin® 0 implies tan% = 1, so tanf = £1.

In the interval [0, 27]:

e tanf =1 = 92%,%
o tanf = -1 — 9:%,%

Therefore, the set A = {7, %TW’ %, %r
5. Calculate the Sum of Squares

3602 = ()7 + (3 + (55)° + (T)” = (1 4+ 9+ 25 + 49) = T (84) = 2Ln?

Answer: The sum of the squares of the values of 6 in set A is %77‘2. So the answer is option
2.
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Quick Tip

When dealing with regions defined by inequalities, solve for the boundaries and use
definite integrals to compute the area between those boundaries. Remember to evaluate

carefully.

Section - B

21. Let the area of the bounded region {(z,y): 0 < 9z < 4%y > 3r — 6} be A. Then

6A is equal to:
Correct Answer: 81

Solution:

(1)Find the points of intersection.
Intersection of 9z = 32 and y = 3z — 6:
Substitute 3z — 6 for y in the first equation:

9z = (3z — 6)2
9z = 92 — 362 + 36
0 =922 — 452 + 36

0=a?—5x+4
0=(z—1)(z—4)

So, x=1or x =4.

frx=1y=3(1)—6=-3

frx=4y=34)—-6=6

Therefore, the points of intersection are (1, —3) and (4, 6).

(2)Express x in terms of y for both curves.

2
From 9z = y?, we get = %. From y = 3z — 6, we get z =

(3)Integrate to find the area.

The area A of the region is given by the integral:

6 2
A:/ Ui
3\ 3 9

y+6

3



()] 15)-(5)

1

5 [12+9]

18+36—§+18}

b
I
W
1

(4)Calculate 6A.

Answer:
6A is equal to 81.

Quick Tip

When dealing with regions defined by inequalities, solve for the boundaries and use
definite integrals to compute the area between those boundaries. Remember to evaluate

carefully.

22. Let r be the radius of the circle, which touches the z-axis at point (a,0), a <0
and the parabola y? = 9z at the point (4,6). Then r is equal to:

Correct Answer: 30

Solution:
We have two equations:

1. (4—a)?+(6—1)*=r?
2. da+ 3r = 34

From equation (2), a = 3273 Substituting this into equation (1):

4
2
4
<4—3 43r> +(6—1)% =12
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2
16 —-34+3
<—+ T) + (6 —1)% =12

4
2
—18+3
(—+ r) +(6—1r)2 =12
4
9 2 2 2
=6+ —6)7=r
9
1—6(7"2—12r+36)+r2—127’+36:r2
9 5, 27 81 9 9
222t o — 192 —
16T 47"~|— 1 +7r r+36=r
9 , 9 9 27 81
= P 1 g =
16T +r r 4r r+ 1 +36=0

0 o (20 48 (8L 144\
16 L)\ T ) T

9 , 75 225

_ = 0
167" 4 T+ 4
Multiply by 18 75 16 225 16
4 9 4 9
o300 3000
9 36

100
r? — — T +100=0

3r2 — 1007 + 300 = 0

Now use the quadratic formula:

100 £ /10000 — 4 - 3 - 300

: 23
100 £ /10000 — 3600
r =
6
100 £ /6400
r = ——
6
100 +£ 80
r = —
6
1004-80 180 100—80 20 10
So,r:T+:T23Oorr:T:F:§.
If r = 30, then a = 34*43’30 = 34290 = *TE’G = —14.
_3.10
Ifr= %, then a = > 43 i = 34210 = 24—4 = 6. But a must be negative.

So r = 30 and a = —14. Therefore, r = 30.
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Quick Tip

When solving tangency problems involving a circle and a parabola, ensure the point of
tangency satisfies both the equation of the circle and the parabola, and use the geometric
relationship between the circle and the tangent line.

23. Let the domain of the function f(z) = cos™! (%) be [, 5] and the domain of

g(x) =logy (2 — 6logy (22 + 5)) be (v,0). Then |7(a+ ) + 4(y + J)| is equal to:

Correct Answer: 96

Solution:
(1)Domain of f(r) = cos™! (%)
For the arccosine function to be defined, we require —1 < gﬁf? <1
4x+5 <1
3z—7 —
dor + 5
-1<0
3r—T7 -
dr+5— 3z —7T) <0
3r—17 -
r+ 12 <0
3v—T7
The critical points are x = —12 and x = % Testing intervals:

r < —12: Both (z + 12) and (3z — 7) are negative, so the fraction is positive.
-12<z< %: (x + 12) is positive, (3z — 7) is negative, so the fraction is negative.
x> %: Both (z + 12) and (3xz — 7) are positive, so the fraction is positive.

Therefore, ggf‘;’ <1when —-12< 2z < %

—§x+$>—1:
7 =
4r +5
1>0
3:U—7+ -
4z 45+ 3z —7) >0
3r—17 -
Tr — 2
>0
3x—7

The critical points are z = 2 and = = % Testing intervals:

N

T < %: Both (7z — 2) and (3z — 7) are negative, so the fraction is positive.

% <z< %: (7Tx — 2) is positive, (3x — 7) is negative, so the fraction is negative.
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x> %: Both (72 — 2) and (3x — 7) are positive, so the fraction is positive.

Therefore, ggf‘;’ > —1 when x < % or x > %

We need both conditions to hold. The first condition says —12 < x < % The second says = < %

or x > % Taking the intersection of the two solutions, we get [—12, %] Therefore, a = —12
2

and = =.

(2)Domain of g(z) = logy (2 — 6logyr (22 + 5))

For the logarithm to be defined, we need a positive argument. We have two logarithm expres-
sions.

204+5>0 = x> -3 =-252—6logy;(2x+5) >0 = 2> 6logy; (2 +5) = 3 >
logyr (22 +5) 273 > 22 +5 = 3>20+5 = —2>2 = 2 < —1

So, we need —2.5 < x < —1. Thus, v = —2.5 and § = —1.

(3)Compute the Final Expression

Ta+p)+4(y+90)=T7 (—12 + %) +4(-25-1)

84 2
—7(-=+Z2) +4(-35
7+7>+< )
82
=7(—— | —-14
(-7)
=-82—-14
= 96
7(ac+ B) +4(y + 6)| = | — 96] = 96.

Quick Tip

When working with domains of functions involving logarithms or trigonometric functions,
ensure that the expressions inside the logarithms or inverse trigonometric functions stay
within their respective domains.

24. Let the area of the triangle formed by the lines 22 = % —z=2 223 _ 4=

-3 15
be A. Then A? is equal to:
Correct Answer: 56

Solution:
We are given the parametric equations of two lines. Let’s first express these lines in vector
form.
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Step 1: Parametric equations of the lines
For the first line % = yT_?’ = %, we can express it as:

(x,y,2) = (—2,3,2) + t(-3,3,1)

where ¢ is a parameter.

For the second line %3 =4 = 211 we can express it as:

(x,y,2) = (3,0,1) + s(5,—1,1)

where s is a parameter.

Step 2: Finding the vectors representing the lines

The direction vector of the first line is v7 = (—3,3,1), and the direction vector of the second
line is v3 = (5, —1,1).

Step 3: Finding the cross product of the direction vectors

The area of the triangle formed by the two lines and the origin can be calculated using the
formula for the area of a triangle formed by two vectors:

1
A= —|v] X 03
2|Ul (5]

Now, calculate the cross product v x v3:

ik
U] xvp=1-3 3 1
5 —1 1
Expanding the determinant
R R e I P B
e R 5 1 5 -1

=i(3-1—(=1)-1)—j(-=3-1—=5-1)+ k(=3 (=1) — 3-5)
—i(34+1) — j(=3—5) + k(3 —15)
— 4+ 8) — 12k

Step 4: Finding the magnitude of the cross product
Now, calculate the magnitude of v] x v3:

|07 X 03] = \/42 + 82+ (—12)2 = V16 + 64 + 144 = /224 = 21/56

Step 5: Finding the area of the triangle
The area of the triangle is:

|:—><2\/_6—\/_

=)
X
Sl

Thus, A% = 56.

Quick Tip

When finding the area of a triangle formed by vectors, calculate the magnitude of the
cross product of the direction vectors and divide by (2)The area squared can then be
found easily.
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25. The product of the last two digits of (1919)!19 is:
Correct Answer: 63

Solution:
Since 1919 = 19 (mod 100), we consider 19! (mod 100). We can use Euler’s totient theorem.
$(100) = ¢(22-52) =100 (1 —3) - (1 — £) =100 5 - 3 = 40.

Since ged(19,100) = 1, by Euler’s totient theorem, 19*° =1 (mod 100).
1919 =40-47+ 39

So, 191919 = 194047439 = (1940)47 . 1939 = 147. 1939 = 1939 (mod 100).
Now we need to find 193 (mod 100). Note that 192 = 361 = 61 (mod 100).

19* =612 = 3721 = 21 (mod 100)
198 = 212 = 441 = 41 (mod 100)

1916 = 412 = 1681 = 81 (mod 100)
1932 = 812 = 6561 = 61 (mod 100)

Then, 1939 = 1932+4+2+1 — 1932 . 194 . 192 . 19 = 61 - 21 - 61 - 19 (mod 100)
= (61-21)-(61-19) (mod 100)

61-21 = 1281 = 81 (mod 100)

61-19 = 1159 = 59 (mod 100)

193 = 81-59 (mod 100)

=4779 =79 (mod 100)

The last two digits are 79.
The product of the last two digits is 7-9 = 63.

Quick Tip

When computing large powers modulo 100, use Euler’s theorem to reduce the exponent
and then compute the smaller power directly. This can simplify the calculations signifi-
cantly.
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