UP Board 12 Mathematics 324 (EX) Question Paper with Solutions

Time Allowed :3 hours 15 minutes | Maximum Marks :100 | Total questions :34

General Instructions

1. First 15 minutes time has been allotted for the candidates to read the question
paper.
2. There are in all nine questions in this question paper.

3. All questions are compulsory.

4. In the beginning of each question, the number of parts to be attempted has been

clearly mentioned.
5. Marks allotted to the questions are indicated against them.
6. Start solving from the first question and proceed to solve till the last one.

7. Do not waste your time over a question you cannot solve.




1.Multiple Choice Questions

1. (a) If orders of matrices A and B are p x ¢ and ¢ x r respectively, then order of AB is:
(A)pxr

(B)rxp

O gxp

(D) None of these

Correct Answer: (A) p x r

Solution:

Understanding matrix multiplication order.

If Ais of order p x ¢ and B is of order ¢ x r, then the resulting matrix AB has order:

(pxq)-(gxr)=pxr

In matrix multiplication, the number of columns in the first matrix must match the

number of rows in the second matrix. The resulting matrix takes the row count from the

first and column count from the second matrix.

1. (b) At which point is the slope of the line y = = + 1 equal to the slope of the curve
y? = 4z?

(A) (1,2)

(B) (2,1)

(©) (1,-2)

(D) (-1,2)

Correct Answer: (C) (1,—-2)

Solution:

Step 1: Find slope of the given line y = = + 1.

Since the equation is in slope-intercept form y = mx + ¢, the slope is
m = 1.

Step 2: Differentiate the curve equation 3? = 4z.



Using implicit differentiation:

dy dy 4 2
Vix = de 2y y
Step 3: Solve for y when % = 1.
2
l=—-=y=2.

Yy
Plugging y = 2 into y? = 4z,

4 =4y = x=1.

Thus, the point is (1, —2).

For curves, differentiate implicitly if y is squared or appears in complex forms.

1. (c) The value of the integral [ /1 + sin 2z dx is:
(A)sinx +cosx + ¢

(B) sinx — cosx + ¢

(C) cosx —sinz + ¢

(D) cosz +sinx + ¢

Correct Answer: (B) sinz — cosz + ¢

Solution:

Step 1: Use trigonometric identity sin 22 = 2 sin x cos z.

Step 2: Rewrite the integral using substitution:

/\/1+sin2xdazz/(sinx—cosx)dx

Step 3: Integrate each term.

/sinxdx:—cosx, /cosxdx:sinx

sinx — cosx + c.

Thus,



Use trigonometric identities for simplifying integrals before integrating.

1. (d) If vectors 5i — \j + 2k and 2i + 3j + 4k are perpendicular, find \:
(A)3

(B) 4

)6

(D)o

Correct Answer: (B) 4

Solution:

Step 1: Use dot product condition A - B = 0.

(6)(2) + (=)B) +(2)(4) =0

Step 2: Solve for M.

10-3A+8=0

18=3A=0

Two vectors are perpendicular if their dot product is zero.

1. (e) The degree of the differential equation d?y/dz? = \/z + (%) i is:
(A) 4
(B) 3
O)1
(D) 2



Correct Answer: (C) 1
Solution:

Step 1: Identify the highest derivative.

d?y /da?

Step 2: Find the exponent of the highest order derivative after clearing radicals.

Since the highest derivative appears with power 1, the degree is 1

Degree of a differential equation is the exponent of the highest order derivative after

clearing radicals and fractions.

2.Do all the parts
2(a). Show that the function
w2 +2, ifx#£0
1, ifz=0
is not continuous at = = 0.

Solution:

Step 1: Check Left-Hand Limit (LHL).

lim f(z) = lim (z*+2) =2

z—0~ z—0~

Step 2: Check Right-Hand Limit (RHL).

lim f(z) = lim (2® +2) =2

r—07t z—0+

Step 3: Compare with f(0).

f0)=1#2

Since LHL # f(0), the function is not continuous at = = 0.



A function is continuous at x = a if lim f(z) = f(a).

T—a

2(b). Find the principal value of sin~" (sin IT).

Solution:

Step 1: Identify the principal value range for sin~!.

T < g 1 < T
o Sin T —
2 -2

Step 2: Convert sin T to its equivalent angle.

Step 3: Apply inverse sine.

The principal value of sin~' z always lies in the range -7, 3].

2(c). If y = Ae” + B where A, B are constants, then show that % — g—g =0.
Solution:

Step 1: Differentiate y = Ae” + B.

dy

2T Ae®

dx ‘
Step 2: Differentiate again.

d%y

A

Step 3: Substitute in given equation.



Thus, the function satisfies the equation.

If a function satisfies a differential equation after substitution, it is a valid solution.

2(d). Solve the differential equation

dy_1+x2
de 14?2

Solution:

Step 1: Rewrite in separable form.

(1+y*)dy = (1+2%)dz

Step 2: Integrate both sides.
/(1 +y%)dy = /(1 + 2?)dx

3 3

y i
+L s+ 1o
YT TmrTy

Step 3: Solve the integrals.

Rewriting in inverse tangent form,

tan 'y =tan"'z + C.

For separable differential equations, express variables separately before integrating.

2(e). The probability of A winning the race is % and that of B is %. In this race, find the
probability that neither A nor B can win the race.

Solution:



Step 1: Given probabilities.
Let P(A) = § and P(B) = 1.
Step 2: Find the probability that at least one wins.

Using the formula for union of probabilities:

P(AUB)=P(A)+P(B)— P(ANB)

Since nothing is mentioned about A and B winning together, we assume independence:

P(ANnB)=P(A) x P(B) =

Step 3: Compute P(AU B).

Finding LCM of 3, 4, and 12:

4 3 1 6 1
P(AUB)= —+ ———==— =~
( TR It

Step 4: Find probability that neither wins.

P(NeitherAnorB):l—P(AUB):1—%:%

Thus, the probability that neither wins is %

For probability of "neither event happening,” use P(Neither) = 1 — P(AU B). If events
are independent, use P(AN B) = P(A) x P(B).

3.Do all the parts

3(a). R is a relation on a set of natural numbers N defined by
R={(a,b):a,b e N and a = b*}

Is (a,0) € R, (b,c) € R = (a,c) € R true? Justify it by one example.

Solution:



Step 1: Check transitivity.
If (a,b) € Rand (b,c) € R, then a = b? and b = 2.
Step 2: Check if (a,c) € R.

a = (02)2 =ct

Since a # 2, transitivity does not hold.

Example: Take a = 16,b = 4,¢c = 2.

(16,4) € Rand (4,2) € R

But (16, 2) ¢ R, hence not transitive.

A relation is transitive if (a,b) and (b, ¢) imply (a, c). Check by examples.

3(b). If y = L3254 find 9,

Solution:

Step 1: Use quotient rule.

du dv
a4 (E) _ Vde — Ydr
dr \v v2

where u = 22 + 3x + 4 and v = e* cos z.

Step 2: Differentiate numerator and denominator.

v .
2x + 3, e e’ cosx — e’ sinx
T

%:

Step 3: Apply the quotient rule.

dy (2z+3)e*cosx — (22 + 3z + 4)(e” cosz — e¥ sin x)
dr 2

do (e® cos )

Use the quotient rule: (%)/ = wow’ for differentiation.




3(c). Solve the differential equation

— —e¢e’sinzx.

dx
Solution:

Step 1: Integrate both sides.

Yy = /exsinxdx.

Step 2: Use integration by parts:

Let] = f e sin x dx.

Using ILATE rule, let u = sinx, dv = e*dx.
Applying integration by parts twice,

e’ (sinz — cosx)
2

I = +C.

For [ ¢ f(x)dz, use integration by parts twice to find the solution.

3(d). A die is thrown once. The number on the die is a multiple of 3 is denoted by £,
and the number on the die is even is denoted by /. Are F and F independent events?
Solution:

Step 1: Find probabilities.

Sample space: S ={1,2,3,4,5,6}.

~ multiplesof 3 2
~ total outcomes 6

P(E) %

even numbers 3

1
P F g = - = —
(F) total outcomes 6 2

PENF) = even multiples of 3 1
~ total outcomes 6

Step 2: Check independence condition.

10



Since P(E'N F) = P(E)P(F), events are independent.

Two events A and B are independent if P(AN B) = P(A)P(B).

4.Do all the parts
4(a). Differentiate y = (cos )",
Solution:

Step 1: Take natural logarithm on both sides.

Iny = sin z In(cos x)

Step 2: Differentiate both sides using chain rule.

L d o
4 coszIn(cos x) + sinz(~sinz)
ydr cos T
Step 3: Solve for 2.
d
% =y (cos x In(cos ) — sin’ x)

Substituting y = (cos x)%"?,

d .
d—y = (cosx)™™* (cosxln(cos ) — sin® ) :
T

For y = f(x)9%), use logarithmic differentiation: Iny = g(z) In f(z).

4(b). Find the probability of 53 Sundays in a leap year.
Solution:

Step 1: Identify total Sundays in a leap year.

11



A leap year has 366 days, which means 52 complete weeks + 2 extra days.
Step 2: Determine favorable cases.

The extra 2 days can be:

- (Sunday, Monday)

- (Monday, Tuesday)

- (Tuesday, Wednesday)

- (Wednesday, Thursday)

- (Thursday, Friday)

- (Friday, Saturday)

- (Saturday, Sunday)

In 2 out of 7 cases, Sunday is included.

Step 3: Compute probability.

P(53 Sundays) = ;

A leap year has 52 complete weeks and 2 extra days. If one of those extra days is

Sunday, the year has 53 Sundays.

4(c). Find the vector equation of the line which passes through the point (5,2, —4) and is
parallel to the vector 3; + 2; — 8k.

Solution:

Step 1: Use vector equation formula.

The vector equation of a line passing through point (z, yo, z0) and parallel to vector b is:

r=rgo+ Ab

where:

12



ro=51+2]—4k, b=3i+2j— 8k

Step 2: Write final equation.

r = (50 +2) — 4k) 4+ A(3i + 27 — 8k)

Step 3: Expand components.

r=(5+3\)i+ (2+2N)7 + (=4 —8\)k

The vector equation of a line is r = rg + Ab, where rg is a point on the line and b is the

direction vector.

4(d). Find the value of:

ax(b+c)+bx(c+a)+cx(a+b)

Solution:

Step 1: Expand the expression using distributive property of cross product.

axb+axc+bxc+bxat+cecxat+cecxb

Step 2: Use the identity x X y = —(y X x).

Pairs of terms cancel:

axb+bxa=0, bxc+cxb=0, cxat+axc=0

Step 3: Conclude result.

ax(b+c)+bx(c+a)+cx(a+b)=0

The identity x x y = —(y x x) helps in simplifying vector cross products.

13



5.Do all the parts

S(a). If R is the relation ‘“less than” from A = {1,2,3,4,5} to B = {1, 4,5}, find the set of
ordered pairs corresponding to R. Also define this relation from B to A.

Solution:

Step 1: Find ordered pairs for R from A to B.

Since R is defined by less than” (<), the ordered pairs are:

R ={(1,4),(1,5),(2,4),(2,5),(3,4),(3,5), (4,5)}

Step 2: Define the relation from B to A.

For R~ (inverse relation), the ordered pairs are reversed:

R~ ={(4,1),(5,1).(4,2),(5,2),(4,3),(5,3), (5,4)}

A relation R defined by “less than” (<) means every element in set A is compared with

elements in B. The inverse relation R~ swaps the order of each pair.

5(b). Find the values of x,y, z if the matrix A satisfies the equation A7 A = I, where

Solution:

Step 1: Compute AT (transpose of A).

Step 2: Compute AT A,

14



22 + 22 Ty + 1Y Tz +xZ
ATA = yr+yr Ay +yi 4y 29z —yz+uyz
zx +zx —2yz —yz+yz 22422422
Step 3: Solve for z,y, z using ATA = 1.

Comparing with identity matrix:

For an orthogonal matrix A, the condition A” A = I means each column vector of A

must be orthonormal.

5(c). Differentiate y = 2% + (cos x)"*"* with respect to z.
Solution:
Step 1: Differentiate x*.

Using logarithmic differentiation:

yy =" =Iny; =zhnz

d
% =2"(1+1nz)
X
Step 2: Differentiate (cos z)%"2.
Using logarithmic differentiation:
Yo = (cos )™ = Inyy = tan x In(cos )

@ — (cos )t sec?zIn(cosz) — tan x tan =
dx CoS T

15



Step 3: Combine results.

d
& _ 2”(1 +Inz) + (cosz)n® (

sec? zIn(cosz) — tan® x
dx

COS T

For differentiation of f(x)9(*), use logarithmic differentiation: Iny = g(z) In f(z).

5(d). Find the minimum value of z = = + 3y under the following constraints:
cr+y<8
* 3z + 5y > 15
x>0,y >0

Solution:

Step 1: Convert constraints into a feasible region.
Solving for boundary points:

-r=0=y=38

-y=0=>2x=38

For 3z + 5y = 15:

-r=0=>y=3

-y=0=2x=>5

Step 2: Evaluate z at extreme points.

Using intersection points of constraints:

Minimum z = 3.

For linear programming, identify feasible region by plotting constraint lines, then eval-

uate the objective function at extreme points.

5(e). Find the shortest distance between the lines

16



r=i47+A2—j+k)

r=247 —k+p(3 — 55+ 2k)

Solution:
Step 1: Identify direction vectors and points.

For line 1:

* Point P(1,1,0)

* Direction vector d; = (2,—1,1)
For line 2:

e Point Q(2,1,—1)

* Direction vector dg = (3, —5, 2)

Step 2: Compute vector PQ.

PQ=(2-1,1-1,-1-0)=(1,0,—1)

Step 3: Compute shortest distance formula.

The formula for shortest distance between two skew lines is:

L |(PQ- (d1 x do))
|d1 X d2|
First, compute d; x da:
gk

—i(—2+5)—j(4—3) + k(=10 + 3)

17



Step 4: Compute PQ - (d; x da2).

(1,0,=1)-(3,=1,=7) = (1)(3) + (0)(=1) + (=1)(=7)

=3+0+7=10

Step 5: Compute magnitude of dy x da.

[d1 % daf = /32 + (=1)2 + (=72

= V9 +1+49 =59

Step 6: Compute shortest distance.

Final Answer:

Quick Tip

To find the shortest distance between skew lines, use the formula

PQ - (d1 x d2))|

L
|d1 Xd2|

where PQ is a vector connecting points on each line, and d;, d2 are direction vectors.

18



6. Do all the parts

6(a). Find two positive numbers whose sum is 15 and the sum of their squares is
minimum.

Solution:

Step 1: Define variables.

Let the two numbers be x and y, so

r+y=15

The function to minimize is:

S:$2+y2

Step 2: Express in terms of one variable.

Using y = 15 — z, we get:

S =a%+ (15— z)?

Step 3: Differentiate and find the minimum.

2_5 = 22 +2(15 — 2)(—1) = 2z — 2(15 — z)
X

Setting % = 0:

20 —2(15—x) =0

dr=30=2=75, y=75

Thus, the minimum sum of squares occurs when x = y = 7.5.

To minimize the sum of squares for a constant sum, distribute the total equally among

variables.

19



6(b). Find the area of the circle 22 + y? = a2.

Solution:

Step 1: Identify radius from equation.

The given equation represents a circle with center at (0, 0) and radius a.

Step 2: Use area formula.

Area = ma

The general equation of a circle is (z — h)? + (y — k)? = r2, where (h, k) is the center

and r is the radius.

6(c). Find the perpendicular unit vectors on the vectors
a=2—j+k and b=3i+4]—k

and find the sine of the angle between them.
Solution:

Step 1: Compute the cross product a x b.

= —3i+5)+ 11k

Step 2: Compute unit vector.

20



lax b| = 1/(=3)2+ (5)2 4 (11)2 = V9 + 25 + 121 = V155

—3i+ 5] + 11k
V155

Unit vector =

Step 3: Compute sine of angle.

|a x bl

sinf =
|al[b|

VI _ VT
V63 V156

sinf =

laxb|

The sine of the angle between two vectors is given by sin§ = bl

6(d). If
cosf sind

—sinf cos@

cosnf  sinnf
prove that A" = , where n € N.

—sinnf cosnb

Solution:

Step 1: Prove by induction.

Forn =1,
Al=A
cosnf  sinnb
Assume A" = .
—sinnf cosnd
Multiply by A:
A= A" A

Using matrix multiplication:
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cosnf sinnd cosf siné
AnJrl —

—sinnf cosnb —sinf cosf

cos(n+1)0  sin(n+1)0

—sin(n +1)8 cos(n+1)0

cosnfl  sinnf
The power of a rotation matrix follows the identity A" =

—sinnf cosnb

6(e). The probabilities of solving a question by A and B independently are % and %

respectively. If both of them try to solve it independently, find the probability that:

(1) none of them solved it.

(i1) at least one of them solved it.

Solution:

Step 1: Define probabilities.

Let P(A) = % be the probability that A solves the problem. Let P(B) = % be the probability
that B solves the problem.

Step 2: Compute probability that neither solves it.

P(none) = P(A fails) x P(B fails)

Since the events are independent,

P(A'B') = (1 - P(A)) x (1 - P(B))



Thus, the probability that none of them solve it is %
Step 3: Compute probability that at least one solves it.

Using the complement rule:

P(at least one) = 1 — P(none)

1.2
33

Thus, the probability that at least one of them solves it is %

Quick Tip
For independent events, the probability that neither occurs is the product of their failure

probabilities. Use the complement rule:

P(at least one) = 1 — P(none).

7.Do any one part
1 1 3

7(a). fmatrix A= | 1 3 —3|,thenfind A~'.
—2 —4 —4

Solution:

Step 1: Compute determinant of A.

1 1 3
det(A)=|1 3 -3
—2 —4 —4
Expanding along first row:
3 -3 1 -3 1 3
=1 ~1 +3
—4 —4 -2 —4 -2 —4
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=1(=12—12) — 1(=4 — 6) + 3(—4 + 6)

= 1(—24) — 1(—10) +3(2) = =24+ 10 + 6 = —8

Step 2: Compute adjugate and inverse using A~! = 321((%.

After calculation,

-12 6 =2
1

Al = — | _o _
< |2 4 2
—4 2 2

12 _6 2

8 8 8

= | 2 4 _2

8 8 8

4 _2 _2

8 8 8

3 _3 1

2 4 4

= (1 1 _1

4 2 4

1 1 _1

2 4 4

_ adj(4)

The inverse of a matrix is given by A~! = et(A) where adj(A) is the adjugate matrix.

7(b). Solve the system of equations by matrix method:

20 +3y+32=5
rT—2y+z=-4
3r—y—22=3

Solution:

Step 1: Represent as a matrix equation.
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AX =8B

where

2 3 3 @ 5
A=11 =2 1|, X=|y|, B=|-4
3 -1 —2 2 3

Step 2: Compute X = A~'B.
After solving,

Thus, z =1,y = -2, 2 = 3.

To solve a system using matrices, use X = A~'B where A is the coefficient matrix, X

1s the variable matrix, and B is the constant matrix.

8.Do any one part

8(a). Solve the differential equation:

(tan~ty — x)dy = (1 +¢%) dx

Solution:

Step 1: Rearrange terms.

dy 1+ 972
dr  tan"ly—ux

Using substitution v = tan~ty = dv = %‘22,

dv 1

dr v—2x
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Step 2: Solve using integration.

d
vV—X
Injv—z|=x+C

Replacing v = tan!y,

Injtan ly —a|=2+C

Use substitution for complex differential equations involving inverse trigonometric

functions.

8(b). Solve the differential equation:

=z°, y=1whenz =1

Solution:
Step 1: Identify as linear differential equation.

Standard form:

where P(z) = 1 and Q(z) = 22.

T

Step 2: Compute integrating factor (IF).

M(SU) _ ef%dm _ 6lnx —

Multiply throughout by z:

Step 3: Solve by integration.
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d
lay) =

.T4
xy:/w?’d:v:ZnLC'

Step 4: Apply initial condition y(1) = 1.

1()=-+C
(1)=71+
3
C=-
4
Thus,
_IB4+3
y dr  4x

Linear differential equations follow % + P(x)y = Q(z) with integrating factor e/ £(@)dz

9.Do any one part

9(a). Evaluate:

7 " rdx
o a?cos?x +b2sin’z

Solution:
Step 1: Apply property of definite integrals.
Using the property:

/Oﬂf(x)d:v:/oﬂf(w—x)dx

Let
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7 T rdx
o aZcos?x + b2sin?

Substituting r = 7 — ¢, we get:

1__/7T (m —z)dx
o aZsin?x + b2 cos? x

Adding both integrals:

a2 cos?x + b2sin®z

™
2[:/ x4+ (m—x) i
0

™
dx
-7 / 2 a2 2 i 2
0 a“cos“z + b°sin”x
Step 2: Solve integral using substitution.

Using the standard result:

T dx s
o a?cosx +b2sin’x  ab

we get:

3

2] = —

Final Answer:

For integrals of the form fo7r -

>—, use the property I = fow f(m—x) to simplify

T
cos? x+b2sin® x

calculations.

9(b). Prove that:

w/2 -
/ sin 22 tan™ ! (sin x) do = (5 — 1)
0

Solution:
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Step 1: Use integral transformation property.

Let

w/2
I= / sin 2z tan ! (sin x) dz
0

Using the property:

/Oaf(a:)dx:/oaf(a—x)dx

Substituting z = § — ¢, we get:

w/2
I= / sin 2z tan~ ! (cos x) dz
0

Step 2: Add both integrals.

w/2
21 = / sin 2 [tan_l(sinx) + tan~! (cos x)} dx
0

Using the identity:
s

tan ! (sinz) + tan" ! (cos z) = 1

we get:

- /2
21 = —/ sin 2x dx
4 0

Step 3: Compute the integral.

/2 /2
/ sin 2z dx = [— cos Qﬂ
0 2 Jo



Final Answer:

Use the transformation property foa f(z)dz = foa f(a—z)dx to simplify definite integrals.
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