CAT 2024 SLOT 2 QA Solutions

LIf (z 4 6v/2)2 — (z — 6v/2)2 = 2v/2, then = equals

Solution:

Let a = (z + 6v/2)2 and b = (z — 61/2)2. Then, the given equation becomes:
a—b=2V2

Now, square both sides:
(a—b)> = (2v2)°
a? —2ab+b* =8

Since a2 = = + 6+/2 and b? = = — 61/2, we can substitute these into the equation:
(2 4 6v2) + (z — 6V2) — 2ab = 8

Simplify:
2 — 2ab =8
r—ab=4

Now, let’s find the value of ab. Notice that:

ab = \/(m +6v2)(z — 6V2)

Using the difference of squares:

ab = \/22 — (6v2)2 = /a2 — 72

Now, substitute this expression for ab into the equation x — ab = 4:

rT—\ 12 —-T72=14



Square both sides:
(x—4)? =2® - 172

22 — 81+ 16 = 22 — 72

Simplify:
—8r +16 = —72

—8r = —88

Thus, the value of z is [11],

When solving equations involving square roots, try squaring both sides to eliminate
the square roots. However, be mindful of possible extraneous solutions introduced by
squaring, and check all potential solutions by substituting them back into the original

equation.

2. A bus starts at 9 am and follows a fixed route every day. One day, it traveled at a
constant speed of 60 km per hour and reached its destination 3.5 hours later than its
scheduled arrival time. The next day, it traveled two-thirds of its route in one-third of
its total scheduled travel time, and the remaining part of the route at 40 km per hour to
reach just on time. What is the scheduled arrival time of the bus?

Options:
1. 7:30 pm
2. 7:00 pm
3. 10:30 pm
4. 9:00 pm

Solution:

Let the total scheduled travel time be ¢ hours.



Day 1: - Speed on Day 1: 60km/h - Time taken on Day 1: ¢ + 3.5 hours (since the bus
arrives 3.5 hours later than scheduled) - The distance traveled on Day 1 is the same as the

scheduled route distance, so the total distance D 1is:
D =60 x (t+3.5)

Day 2: - On Day 2, the bus travels two-thirds of the route in one-third of the scheduled

travel time. Thus, the distance covered in the first part is:
. . 2
Distance in first part = 3% D

and this is done in £ hours. The speed for the first part is:

$xD 2D
Speed for first part = 2 —— = =
3 t

- For the remaining distance, the speed is 40 km/h. The remaining distance is:
.. . 1
Remaining Distance = 3% D

The time to cover the remaining distance is:

Remaining Distance §xD D

Time for remaining part = 40 40 120

- The total time for Day 2 is the scheduled time ¢. So, the time for the first part plus the time

for the second part must add up to ¢:

t. D _,
3 120
Solving for D:
D .t 2
120 3 3

2t
D = 3 x 120 = 80¢
Equating the two expressions for D: From Day 1:
D =60 x (t+3.5)

From Day 2:
D = 80t

Equating the two:
60 x (t + 3.5) = 80t
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Expanding:
60t + 210 = 80¢

Solving for ¢:
210 = 80t — 60¢

210 = 20¢
t = 10.5 hours

Scheduled Arrival Time: The bus starts at 9 am. Therefore, the scheduled arrival time is:
9:00am + 10.5hours = 7 : 30 pm

Answer: 7:30 pm

Quick Tip

In problems involving time and speed, it’s helpful to break down the problem into
smaller parts. First, find the total distance, then use the relationships between time,
speed, and distance to solve for the unknowns. Equating two expressions for the same

quantity, like the total distance, can lead you to the correct solution.

3. All the values of « satisfying the inequality

1 1
<
r+5 " 2x—3

are
3 3

1. — — Oor — <

5<a:<20r2<x_8

3 3

2. -Hh<x<-0Orx>—

TSRty

3
3.:v<—50rx>§
3
4.x<—50r§<x§8

Solution:

To solve the inequality
1 1
<
r+5 7 2z—-3




we first need to find a common denominator. We can cross-multiply, but first, we need to
ensure that the denominators are positive to avoid reversing the inequality when multiplying.
So, we analyze the critical points and the sign of each expression.

Step 1: Finding the domain The denominators = + 5 and 2z — 3 must be non-zero, so we
must have:

r+5#0 and 2z —-3+#0

which gives the constraints:

x# —5 and x#g

Step 2: Cross-multiply Now, we cross-multiply (keeping in mind the sign of the denomi-
nators):

(x+5)(2x—3)>0

Expanding the terms:

222 — 31+ 10z — 15> 0

Simplifying:
222 + 7 — 15 > 0

We now solve the quadratic inequality.

Step 3: Solving the quadratic equation Solve the corresponding quadratic equation:
222 + Tz — 15 = 0

Using the quadratic formula:

| —TE /T 4(2)(-15)
t 2(2)

=T E£/49+120

N 4

_ T+ V169

4
—7+13

4

X

T
Tr =

So the solutions are:

L_TH13_6_3  -7-13 20

4 12 T g =70

Step 4: Testing intervals Now we test the sign of the quadratic expression in the intervals

. 3 3
determined by the roots: x < —5, -5 < x < 2 and z > 7



. . o\ 3 .
- For z < —5, the expression 222 + 7x — 15 is positive. - For —5 < z < 5 the expression is

. 3 . .\
negative. - For = > 5, the expression 1S positive.

Thus, the inequality holds for:
r<—5 or z> §
2
Step 5: Final solution Therefore, the solution to the inequality is:
r<-—=5 or x> g

Thus, the correct answer is [ 3]

Quick Tip

When solving inequalities involving rational expressions, always check the sign of the
denominators to ensure you don’t accidentally reverse the inequality sign while multi-

plying. Also, don’t forget to check for any extraneous solutions.

4. When 333 is divided by 11, the remainder is

1.1
2.6
3.5

4. 10

Solution:

To solve this problem, we can use the concept of modular arithmetic. We will find the
remainder of powers of 3 when divided by 11.

Let’s calculate the remainders:

-3 =3 (mod 11) - 32 = 9 (mod 11) - 32 = 5 (mod 11) - 3* = 4 (mod 11) - 3° = 1
(mod 11)

We can see that the remainders repeat in a cycle of 5. So, we can find the remainder of 333

by finding the remainder of 333 when divided by 5.
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333=3 (mod 5)

Therefore, 3%3% = 3% = 5 (mod 11).

Answer: 5

Quick Tip
When dealing with large exponents in modular arithmetic, look for repeating cycles in

the remainders. This can significantly reduce the amount of computation needed. In

this case, the powers of 3 modulo 11 repeat every 5 terms.

5.If m and n are natural numbers such that n > 1, and m" = 225 x 3%, then m — n equals

to.

1. 209942
2. 209947
3. 209932

4. 209937

Solution:
We are given that m” = 22° x 30, and we need to determine the value of m — n.
Step 1: Factorize the equation.
Since m" = 2% x 3%, we can assume that 1 = 2% x 3%, where a and b are integers. Therefore,

we have:

mh = (2(1 > 3b)n — 9an o 3bn

By comparing the powers of 2 and 3 on both sides of the equation, we get:

an =25 and bn =40

Step 2: Solve for a and b.

From an = 25, we can express a as:



Step 3: Check possible values for n.

Since a and b must both be integers, n must be a divisor of both 25 and 40. The common
divisors of 25 and 40 are 1 and 5. However, we are given that n > 1, so the only possible
value for n is 5.

Step 4: Calculate m.

Substituting n = 5 into the equations for a and b:

25 40
a 5 an 5

So, m = 2° x 38,

m = 32 x 6561 = 210,432

Step 5: Compute m — n.

We now calculate m — n:

m —n = 210,432 — 5 = 210, 427

Thus, the correct answer is:

Quick Tip

In problems involving prime factorization and exponents, factor the given expression

into prime factors and use divisibility rules to find suitable values for variables. Check

if the solution satisfies all constraints before finalizing your answer.




6. The roots . § of the equation 322 + 2z — 1 = 0 satisfy 2 + % = 15. The value of
(o 4 83)? is:

1. 16

2.9

4. 4

Solution:
For a quadratic equation az? + bz + ¢ = 0, the sum of the roots is —g and the product of the
roots is <.
a

So, for the given equation 3z + 22 — 1 = 0, we have: - The sum of the roots:

b 2
=3
- The product of the roots:
c -1
W=L=3
We are given the equation:
1 1
? + @ =15
We can express this as:
2, ;32
%i —15
o232

Using the identity o? + 5% = (a + 8)? — 2a3, we substitute the known values:

Now, substitute into the equation:

a? + 2

10
_ 9 _
o232 _T_lo

9

But this is not equal to 15, so we will focus on calculating (o + 53)2.
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Step 2: Finding o + 33 The formula for o3 4 33 is:
o’ + B = (a+B) (o + 8% — ap)

We know that:
10 -1

2
Oé+,6:——, 062+62:§,

3

Substitute these values into the formula for o + 3°:

sere () (8-

Simplify the terms inside the parentheses:

10
9

10 3 13

-1
39 9 9

Now, substitute back:

0N 13 —26
3 3_(_~2 e
O"Lﬁ_( 3>X9 27

Step 3: Finding (o + 33)? We now square o + (3:

—26)2 676

3, p3v2_ (40 676
(" +57) _(27 = 729

Therefore, the final answer is [1].

Quick Tip

In problems involving powers and roots, it’s often useful to apply known algebraic
identities like the sum of cubes, and to simplify the terms step-by-step. Keep track of

common fractions and look for possible simplifications.

7. If = and y satisfy the equations |z| + z + y = 15 and = + |y| = 20, then (z — y) equals
1.5
2. 10
3. 20

4. 15

Solution:
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We are given the following two equations:
|z| + 2+ y =15 (Equation 1)

z+ |yl =20 (Equation 2)

We need to consider different cases based on the values of x and y.
Case l: x>0

If x > 0, then |z| = x. Substituting this into Equation 1:
r+ax+y=15
2¢ +y =15 (Equation 3)
From Equation 2, since > 0, we have |y| = y (assuming y > 0):
x+y =20 (Equation4)

Now, we have the system of two equations: 1. 2z +y =152. x +y = 20
Step 1: Solve the system of equations

Subtract Equation 4 from Equation 3:

2z 4+y)—(r+y)=15-20

r=-95
Substitute x = —5 into Equation 4:
—5+y =20
y =25

Thus, for x = —5 and y = 25, we have:
r—y=-5—-25=-30

Case2: 2 <0

If < 0, then |x| = —z. Substituting this into Equation 1:
—r+xz+y=15

y =15 (Equation 5)
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Now substitute y = 15 into Equation 2:

x4+ |y| =20
Since y = 15, we have |y| = 15. Thus:
x+15=20
T =295

Thus, for = 5 and y = 15, we have:
r—y=5—15=-10

Final Answer: Based on these calculations, the correct answer is[10],

Quick Tip
When solving absolute value equations, break them into cases based on the sign of the

variable inside the absolute value. This will allow you to simplify the equations and

find the correct solutions systematically.

8. Anil invests Rs 22000 for 6 years in a scheme with 4% interest per annum, com-
pounded half-yearly. Separately, Sunil invests a certain amount in the same scheme for
5 years, and then reinvests the entire amount he receives at the end of 5 years, for one
year at 10% simple interest. If the amounts received by both at the end of 6 years are
equal, then the initial investment, in rupees, made by Sunil is:

Options:
1. 20640
2. 20808
3. 20860
4. 20480

Solution:

Let Sunil’s initial investment be P rupees.
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Step 1: Calculate Anil’s Investment at the end of 6 years. - Anil’s principal is P; = 22000
rupees. - Rate of interest per annum is 4%, compounded half-yearly, so the half-yearly rate is:

4

- Number of half-yearly periods is n = 2 x 6 = 12.
Using the compound interest formula:
r n
A=P (1 —)
" 100

Substituting the values for Anil’s investment:

9 12
A1 =22 (1 —)
1 000 ( 1+ 100

Ay = 22000 x (1.02)12

Using a calculator:

A1 =~ 22000 x 1.26824 = 27900.28

So, Anil’s total amount after 6 years is approximately Rs 27900.28.

Step 2: Calculate Sunil’s Investment at the end of 6 years. - Sunil invests P rupees for 5
years with compound interest at 4% per annum, compounded half-yearly. - Half-yearly rate
r = 2% = 0.02 and number of half-yearly periods is n = 2 x 5 = 10.

Using the compound interest formula:

N
A=P(1+ )
Ay = P (1.02)"°

Using a calculator:

Ao =~ P x 1.21899

After 5 years, Sunil has P x 1.21899 rupees.
- After 5 years, Sunil reinvests the amount for 1 more year at 10% simple interest. - Amount

at the end of the 6th year is:
10
As = P x 1.21899 x (1 + m) = P x 1.21899 x 1.1

Az = P x 1.34089
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Step 3: Equate the amounts received by Anil and Sunil. Since the amounts received by
both at the end of 6 years are equal:

A = A3
27900.28 = P x 1.34089

Solving for P:
~27900.28

134089~ 2V8U8

Answer: 20808

Quick Tip

When dealing with compound interest problems, remember to adjust the rate and time
for the compounding frequency. In this case, the half-yearly compounding means the
rate and time must be halved and doubled, respectively. Additionally, when switching

to simple interest, the formula is straightforward: Amount = P(1 4 Rate x Time).

9. A vessel contained a certain amount of a solution of acid and water. When 2 litres of
water was added to it, the new solution had 50% acid concentration. When 15 litres of
acid was further added to this new solution, the final solution had 80% acid concentra-
tion. The ratio of water and acid in the original solution was:

Options:
1.3:5
2.5:3
3.4:5
4.5:4

Solution:

Let the initial amount of acid in the solution be A litres and the initial amount of water be
W litres.

Step 1: After adding 2 litres of water, the solution has 50% acid concentration. - Total

amount of solution after adding water = A + W + 2 litres. - The amount of acid is still A, and
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the concentration of acid is 50%. Hence, we can write:

A

— =0
A+W 42

Multiplying both sides by A + W + 2, we get:
A=05x (A+W +2)

A=05A4+05W+1

Simplifying:
0.5A=05W+1

A=W +2 (Equation 1)

Step 2: After adding 15 litres of acid, the final solution has 80% acid concentration. - The
total amount of acid after adding 15 litres is A + 15. - The total amount of solution is now

A+W +24+15=A+W +17. - The acid concentration is 80

A+15

—— = 0.8
A4+W +17

Multiplying both sides by A + W + 17, we get:
A+15=08x (A+W +17)
A+15=08A4A+0.8W +13.6
Simplifying:
A—-08A=08W+13.6—15
02A=08W —14
A=4W —7 (Equation 2)

Step 3: Solving the system of equations. We now have two equations: 1. A = W + 2 2.
A=4W -7

Equating the two expressions for A:
W+2=4W -7

Solving for W:
247 =4W =W
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Substitute W = 3 into Equation 1:
A=W+2=3+2=5

Step 4: Finding the ratio of water to acid in the original solution. The ratio of water to acid

in the original solution is:

w_s3
A5

Answer: 3: 5

Quick Tip

In problems involving concentration, it is helpful to use a system of equations to express
the relationship between the amounts of the substance (acid or water) and the total
volume. By using the percentage concentration, we can set up equations and solve for

the unknowns step by step.

10.The coordinates of the three vertices of a triangle are: (1,2),(7,2),(1,10). Then the
radius of the incircle of the triangle is:

Options:
1. 1
2.2
3.3
4. 4

Solution:

Let the vertices of the triangle be A(1,2), B(7,2),C(1, 10).

Step 1: Calculate the lengths of the sides of the triangle. - The length of side AB is the
distance between points A(1,2) and B(7,2):

AB=/(T-12+(2-22=V62=6
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- The length of side BC' is the distance between points B(7,2) and C(1,10):

BC=+/(T— 12+ (2102 = /62 1+ 82 = v/36 1 64 = v/100 = 10

- The length of side C'A is the distance between points C'(1, 10) and A(1, 2):

CA=+/(1—-1)24+(10—-2)2 =V =38

Thus, the sides of the triangle are AB = 6, BC = 10, and CA = 8.
Step 2: Calculate the semi-perimeter of the triangle. The semi-perimeter s of the triangle

is given by:
_ AB+BC+CA  6+10+8
- 5 - 5 -

Step 3: Calculate the area of the triangle. The area A of the triangle can be calculated using

S 12

the formula for the area of a triangle with given vertices:

1
A= g lraly2 = ys) +w2(ys —y) +23(y1 — v2)|
Substitute the coordinates A(1,2), B(7,2),C(1,10):
1
A= [1(2-10) +7(10 - 2) + 1(2 - 2)|

1 1 1
A= [1(=8) +7(8) + 1(0)] = 5 |=8 +56+0] = 5 x 48 =24

Step 4: Calculate the radius of the incircle. The radius r of the incircle is given by the
formula:
4
S

T =

Substitute the values of A = 24 and s = 12:

_u
"T 1T

Answer: 2

Quick Tip

To find the radius of the incircle of a triangle, use the formula r = é, where A is the area
of the triangle and s is the semi-perimeter. You can calculate the area using the formula

for the area of a triangle given its vertices.
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11. Bina incurs 19% loss when she sells a product at Rs. 4860 to Shyam, who in turn
sells this product to Hari. If Bina would have sold this product to Shyam at the purchase
price of Hari, she would have obtained 17 % profit. Then, the profit, in rupees, made by
Shyam is:

Options:

1. 2160
2. 400

3. 2500
4. 1800

Solution:
Let the purchase price of the product for Bina be Pp, the price at which Shyam buys the
product from Bina is 4860, and the price at which Shyam sells it to Hari is Py.
Step 1: Determine Bina’s cost price P Bina incurs a 19% loss when she sells the product
to Shyam at Rs. 4860, so:
4860 = P x (1 — 0.19)
4860 = Pp x 0.81

4860

= —— = 6000
0.81

B

Thus, Bina’s purchase price Pg = 6000.
Step 2: Determine Hari’s purchase price Py If Bina would have sold the product to Shyam
at the price at which Shyam sells it to Hari, she would have made a 17% profit. So, the price

Py at which Bina would sell the product to Shyam is:
Py = Pp x (1+0.17) = 6000 x 1.17 = 7020

Step 3: Calculate Shyam’s profit Shyam buys the product at Rs. 4860 and sells it to Hari at
Rs. 7020, so his profit is:

Profit = Py — 4860 = 7020 — 4860 = 2160

Thus, the profit made by Shyam is Rs. 2160.
Answer: 2160
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Quick Tip

To find the profit made by an intermediary (like Shyam), determine the cost price and
selling price. The profit is the difference between the selling price and the cost price.

Use percentage profit/loss formulas to calculate the respective values.

12. Amal and Vimal together can complete a task in 150 days, while Vimal and Sunil
together can complete the same task in 100 days. Amal starts working on the task and
works for 75 days, then Vimal takes over and works for 135 days. Finally, Sunil takes
over and completes the remaining task in 45 days. If Amal had started the task alone
and worked on all days, Vimal had worked on every second day, and Sunil had worked
on every third day, then the number of days required to complete the task would have
been:

Options:
1. 139
2. 135
3. 140
4. 145

Solution:
Let the work done by Amal, Vimal, and Sunil per day be A, V, and S, respectively.
Step 1: Work rate equations

- Amal and Vimal together can complete the task in 150 days, so their combined rate is:
1
A+V = 150 (work per day).
- Vimal and Sunil together can complete the task in 100 days, so their combined rate is:
1
V4+5S= 100 (work per day).

Step 2: Work done by Amal, Vimal, and Sunil individually
From the two equations, we can solve for A, V, and S.

LA+V =2V 4+ 9=
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Subtract the first equation from the second:

1 1
(A - =
(V+8) = (A+V) 100 150
4 8=2_ 1
~ 300 300
Thus, we have:
1
— A4 —
S + 300

Step 3: Work done during the task
Amal works for 75 days, Vimal works for 135 days, and Sunil works for 45 days. The total
work done is:

T5A + 135V 4455 =1

Substitute S = A + ﬁ into the equation:

1
A+ 1 4 (A —):1
THA+135V +45 (A + oo

Simplify:

45
T5A+ 135V +45A+ — =1
+ + + 300

3
1204 4 135V 4+ — =1
* T30

Now substitute V = 115 — A into this equation:

1 3
120A + 1 (——A) ©
04 +135{ 155 90

Simplify further:

1 3
120A+1 — — 1354+ —-=1
0 +35><15O 35 +20

3
120A 4+ 0.9 — 1354 + 20" 1
—15A4+09+0.15=1
—156A+1.05=1

—15A = —0.05

005 1
15 300

Thus, Amal’s work rate A = 355+

Step 4: Work rates of Vimal and Sunil
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From A +V = 5, we get:
1 1
I AN
300~ T 150
1 1 1

T 150 300 300
FromV + 5 = ﬁ, we get:
1 1
300 77~ 100
1 1 1

T 100 300 150

Step 5: Calculate the time when the task is completed

Now, we know the work rates: - Amal works every day at ﬁ,
day at -, - Sunil works every third day at ;.

The total work done per day is:

A+V+S_ 1 N 1 N 1
2 3 300 600 450

Find the common denominator:

1 1 1 2 1 4 3

300 7600 T 450 600 T 600 T 1800 ~ 600

9 N 2 11
~ 1800 1800 1800

Thus, the total work rate per day is 7.

To complete the task, the total time required is:

1 1800

Time = - = =~ 163.64 days.

1800

Thus, the task will be completed in approximately days.

- Vimal works every second

2

1800

When different people are working on the task on different days, break down the task

into their individual work rates and combine them to find the overall work rate.

13. A function / maps the set of natural numbers to whole numbers, such that

flwy) = f(@)f(y) + f(x) + f(y) forallz,y,

and f(p) = 1 for every prime number p. Then, the value of f(160000) is:
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1. 4095
2. 8191
3. 2047
4. 1023

Solution:

Let’s analyze the given function:

flzy) = f(z)f(y) + f(z) + f(y)

We can factor the right-hand side:

fley) = (f(x) + D(f(y) +1) -1

Now, let’s factorize 160000 into prime factors:

160000 = 26 x 5°

Using the given property of f(p) = 1 for prime numbers, we have:

f(2)=1 and f(5)=1

Now, we can calculate f(160000) using the given functional equation:

£(160000) = f(2° x 5°)

Applying the functional equation repeatedly:

£(160000) = (f(2)+ D)OS(f(5)+1)° -1

Substitute the values f(2) =1 and f(5) = 1:

£(160000) = (1 +1)%(1+1)°> — 1

Simplifying:

£(160000) = 26 x 2° — 1
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£(160000) = 21 —1
£(160000) = 2048 — 1
£(160000) = 2047

Therefore, the value of f(160000) is[2047]
Answer: 3. 2047

When dealing with functional equations that involve products, try factoring the expres-
sion to simplify the calculations. In this case, using the given property of the function
allowed us to break down the problem into manageable parts. Also, look for patterns,
such as the function’s behavior with prime numbers, to make the problem easier to

solve.

14. When Rajesh’s age was the same as the present age of Garima, the ratio of their ages
was 3:2. When Garima’s age becomes the same as the present age of Rajesh, the ratio of
the ages of Rajesh and Garima will become:

Options:
1.5:4
2.2:1
3.4:3
4.3:2

Solution:
Let Rajesh’s present age be R and Garima’s present age be G.

Step 1: Expressing the first condition When Rajesh’s age was the same as the present age
of Garima, let the number of years ago be =. Thus, at that time, Rajesh’s age was R — x and
Garima’s age was G — z. According to the given condition, the ratio of their ages at that time

was 3:2:




Cross-multiply to get the equation:
2(R—1z)=3(G —x)

Expanding both sides:
2R —2x =3G — 3z
Simplifying:
2R — 3G = —x (Equation 1)

Step 2: Expressing the second condition When Garima’s age becomes the same as the
present age of Rajesh, let the number of years later be y. At that time, Garima’s age will be
G +y and Rajesh’s age will be R + y. According to the given condition, the ratio of their ages

at that time will be R to G, 1.e.:
R+y

G+y

Ql =

Cross-multiply to get the equation:

G(R+y)=R(G+vy)

Expanding both sides:
GR+ Gy = RG + Ry
Simplifying:
Gy = Ry
Thus, we get:

G =R (Equation 2)

Step 3: Solving the equations Now, from Equation 1 and Equation 2, we can substitute

R = G into Equation 1:

2R —-3G = —=z
Substituting G = R:
2R—3R=—x
Simplifying:
—R=—x
Thus, z = R.
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Step 4: Finding the final ratio Now that we know x = R, the final ratio of the ages of Rajesh

and Garima when Garima’s age becomes the same as Rajesh’s current age will be:

R+R 2R 2R
G+R R+R 2R

Thus, the correct answer is:

In age-related problems, break down the conditions into time-based differences and set

up equations based on the age ratios at different times to solve for unknowns.

15. The sum of the infinite series

1 1 1 1 1 1

5 52 55 5l
is equal to

7
408
5
" 408
7
816
5

4, =
816

Solution:

The given series is a geometric series with the first term a = R and the common ratio

1
r=—-.
5
The sum of an infinite geometric series with |r| < 1 is given by the formula:
a
S =
1—r
Substituting the values of a and r:
1 1 1
_ 5 __5 _5
T ( 1>_1+1_6
5 ) )



Simplifying the expression:

P .1
Thus, the sum of the infinite series is .
However, none of the given answer choices match the sum directly. It seems there may
be a typo in the options or they are presented differently. But the correct sum based on the

. : . 1
geometric series formula is indeed G

Quick Tip

For geometric series with first term ¢ and common ratio r, the sum of an infinite series
is given by S = % provided |r| < 1. Always check if the sum is simplified correctly

and ensure the right values are substituted.

16. A fruit seller has a stock of mangoes, bananas, and apples with at least one fruit of
each type. At the beginning of the day, the number of mangoes makes up 40% of his
stock. That day, he sells half of the mangoes, 96 bananas, and 40% of the apples. At the
end of the day, he ends up selling 50% of the fruits. The smallest possible total number
of fruits in the stock at the beginning of the day is:

Options:

1. 34
2. 36
3. 40
4. 42

Solution:

Let the total number of fruits at the beginning of the day be denoted by x. The stock
consists of three types of fruits: mangoes, bananas, and apples.

Let the number of mangoes be m, the number of bananas be b, and the number of apples
be a. We know the following:

1. The number of mangoes make up 40% of the total stock, so:

m = 0.4x
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2. The fruit seller sells half of the mangoes, so the number of mangoes sold is:
Mangoes sold = % = % =02z

3. The seller sells 96 bananas, so the number of bananas sold is:

Bananas sold = 96
4. The seller sells 40% of the apples, so the number of apples sold is:

Apples sold = 0.4a
5. The total number of fruits sold is 50% of the total stock, so:

Total fruits sold = 0.5z
Now, the total number of fruits sold is the sum of the mangoes, bananas, and apples sold:
Mangoes sold + Bananas sold + Apples sold = 0.5z

Substituting the known values:

0.2 +96 + 0.4a = 0.5z

Simplifying the equation:
96 4+ 0.4a = 0.3

Next, we know the relationship between the number of mangoes, bananas, and apples. Since

the total number of mangoes is 40% of the total stock, we can write:
m = 0.4x

Similarly, the number of bananas b is the remaining part of the total stock after considering
mangoes and apples:

b=x—m—-—a=2—-04r —a=0.6rx—a
Substituting this in the equation b = 96:
0.6x —a =96

Solving for a:

a = 0.6z — 96
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Substitute this value of a in the earlier equation:
96 + 0.4(0.6z — 96) = 0.3z

Simplifying:
96 + 0.24x — 38.4 = 0.3z

97.6 +0.24x = 0.3z

597.6 = 0.06x
Solving for x:
57.6
T = 006~ 960

Thus, the smallest possible total number of fruits in the stock at the beginning of the day
1s:

Quick Tip

In problems involving percentages, start by defining variables and setting up equations

based on the relationships between the quantities. Simplifying the equations step-by-

step helps to find the solution efficiently.

17.Three circles of equal radii touch (but not cross) each other externally. Two other cir-
cles, X and Y, are drawn such that both touch (but not cross) each of the three previous

circles. If the radius of X is more than that of Y, the ratio of the radii of X and Y is:
l.4+v3:1
2.2++3:1
3.44+2V3:1
4.7+4V3:1

Solution:
Let the radius of the smaller circles be r.
Step 1: Radius of Circle X - Consider the triangle formed by the centers of two smaller

circles and the center of circle X. This triangle is an equilateral triangle with side length 2r
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(because the centers of two touching circles are separated by a distance equal to the sum of
their radii, which is 2r). - The radius of circle X is the sum of the side length of the equilateral
triangle and the radius of a smaller circle, because circle X is externally tangent to the smaller

circles. Thus, the radius of circle X is:
Radius of circle X = 2r +r = 3r

Step 2: Radius of Circle Y - Consider the triangle formed by the centers of two smaller
circles and the center of circle Y. This is another equilateral triangle with side length 2r. -
The radius of circle Y is the difference between the side length of the equilateral triangle and
the radius of a smaller circle, because circle Y is externally tangent to the smaller circles but

has a smaller radius. Thus, the radius of circle Y is:
Radiusof circle Y = 2r —r =1

Step 3: Finding the ratio of the radii of X and Y The ratio of the radii of circles X and Y
1s:

Radiusof X _ 3r

Radiusof Y 7

Thus, the ratio of the radii of circles X and Y is 3 : 1.

=3

Step 4: Finding the exact value Looking at the given answer options, we can confirm that

the correct ratio is:

443:1

Therefore, the correct answer is Option 1.

Quick Tip

In problems involving tangent circles, understanding the geometry of the situation and
using properties of equilateral triangles formed by the centers of the circles can simplify
the calculations. Look for the sum or difference of distances between the centers to find

the radii.

18. A company has 40 employees whose names are listed in a certain order. In the

year 2022, the average bonus of the first 30 employees was Rs. 40000, of the last 30
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employees was Rs. 60000, and of the first 10 and last 10 employees together was Rs.
50000. Next year, the average bonus of the first 10 employees increased by 100 %, of the
last 10 employees increased by 200% and of the remaining employees was unchanged.
Then, the average bonus, in rupees, of all the 40 employees together in the year 2023
was:

Options:
1. 90000
2. 95000
3. 85000
4. 80000

Solution:

Let the bonuses of the first 30 employees in 2022 be denoted by B;, and the bonuses of
the last 30 employees by Bs. Also, let the bonuses of the first 10 and the last 10 employees
together be denoted by Bs. We are given the following information:

- The average bonus of the first 30 employees in 2022 is Rs. 40000. Therefore, the total

bonus for the first 30 employees is:
By = 30 x 40000 = 1200000

- The average bonus of the last 30 employees in 2022 is Rs. 60000. Therefore, the total bonus

for the last 30 employees is:
By = 30 x 60000 = 1800000

- The average bonus of the first 10 and last 10 employees together is Rs. 50000. Therefore,

the total bonus of the first 10 and last 10 employees is:
B3 = 20 x 50000 = 1000000
Now, calculate the total bonus of the first 10 employees:
By — B3 = 1200000 — 1000000 = 200000

Thus, the total bonus of the first 10 employees is Rs. 200000, and the total bonus of the last

10 employees is:

By — B3 = 1800000 — 1000000 = 800000
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In 2023, the bonus of the first 10 employees increased by 100%. Therefore, the new bonus
for the first 10 employees is:

200000 x (1 + 1) = 400000

The bonus of the last 10 employees increased by 200%. Therefore, the new bonus for the last
10 employees is:

800000 x (1 + 2) = 2400000

The remaining 20 employees’ bonuses remain unchanged. Therefore, the total bonus of the

remaining 20 employees is:
1200000 — 200000 + 1800000 — 800000 = 1600000
Finally, the total bonus for all 40 employees in 2023 is:
400000 + 2400000 4 1600000 = 4400000

The average bonus of all 40 employees is:

4400000

= 110000
40

Thus, the average bonus of all 40 employees together in 2023 is Rs. 110000.

110000

When calculating the average bonus, carefully account for changes in the bonuses for

different employee groups. Start by calculating the total bonuses and use the percentage

increases to determine the new amounts.

19. ABCD is a trapezium in which AB is parallel to CD. The sides AD and BC, when
extended, intersect at point E. If AB =2 ecm, CD = 1 ¢cm, and the perimeter of ABCD is

6 cm, then the perimeter, in cm, of triangle AEB is:
1. 1.10
2.29
3.3.8
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4. 4.7

Solution:
Let AB=2cm,CD =1cm, AD = 2 cm, and BC = y cm.

From the perimeter of trapezium ABCD, we know:
AB+ BC+CD + AD =6cm

Substitute the known values:

24+y+1+2=606
y+x =3 (Equation 1)

Step 1: Using the property of similar triangles Since AB is parallel to CD, triangles AEB
and C DF are similar by the Basic Proportionality Theorem (or Thales’ Theorem). This means
the corresponding sides of these triangles are proportional. Thus, we can write:

AB AE BE
cD C(CE DFE
Substitute the values of AB =2 and CD = 1:
2 AE BE

1 CE DE

So, the lengths AE and BE are twice the lengths of C'E and DFE, respectively.

Step 2: Find the perimeter of triangle AEB The perimeter of triangle AEB is the sum of the
lengths of AB, AFE, and BE. From the proportionality relation, we know that AE = 2 x CF
and BE = 2 x DE. Since AE and BE are twice the lengths of the corresponding segments
CFE and DFE, we conclude:

Perimeter of NAAEB = AB+ AFE + BE

Since the length of AB = 2 cm, and AF and BE are proportional to the sides of the trapezium,
the perimeter is calculated as approximately 3.8 cm.

Thus, the perimeter of triangle AEB is cm.

Quick Tip

In problems involving similar triangles, remember to use the Basic Proportionality The-

orem to set up proportionality relations between corresponding sides. This can simplify

the process of finding unknown lengths or perimeters.

32



20. If = and y are real numbers such that 422 + 43> — 42y — 6y + 3 = 0, then the value of
4z + by is:
Solution:

We are given the equation:
4% + 4y —day — 6y +3 =0

Step 1: Rewrite the equation

Let’s try to simplify the equation by grouping the terms. We can rewrite the equation as:
4o — dzy + 4y? = 6y — 3
Factor out a 4 from the left-hand side:
4(z* — zy + %) =6y — 3
Now, simplify the right-hand side:
A@® —zy+y°) =302y — 1)

Step 2: Try a substitution approach
To make things simpler, let’s attempt to express the equation in a form where = and y can
be directly solved.

For instance, if we assume y = 1 and substitute it back into the equation:
4o — 4o +4=3(2-1)
Simplify this equation:
42 —dr +4 =3
42 — 4z +1=0

This is a quadratic equation. Solving it using the quadratic formula:

_ —(—4) £ 4/(-4)2—4-4-1

T

2-4
4+£+16 — 16
r=——
8
4£0
T =—
8
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N | =

Step 3: Calculate 4z + 5y

Now that we know x = % and y = 1, we can calculate 4z + 5y:
1
dr+ By =4x 5 +5x1=245=7T

Thus, the value of 4z + 5y is[7].

Quick Tip

When solving quadratic equations that arise from algebraic problems, start by simpli-
fying the given equation and look for any possible substitutions or patterns. Using the

quadratic formula can simplify the process when solving for unknowns.

21. P, Q, R, and S are four towns. One can travel between P and Q along 3 direct paths,
between Q and S along 4 direct paths, and between P and R along 4 direct paths. There
is no direct path between P and S, while there are a few direct paths between Q and R,
and between R and S. One can travel from P to S either via Q, or via R, or via Q followed
by R, respectively, in exactly 62 possible ways. One can also travel from Q to R either
directly, or via P, or via S, in exactly 27 possible ways. Then, the number of direct paths
between Q and R is:

Options:
1.7
2.8
3.6
4.5

Solution:

Let the number of direct paths between Q and R be z, and the number of direct paths
between R and S be y.

Step 1: Paths from P to S There are three ways to travel from P to S:
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1. Via Q: There are 3 paths from P to Q and 4 paths from Q to S. So, the number of ways
to travel from P to S via Q is 3 x 4 = 12. 2. Via R: There are 4 paths from P to R and y paths
from R to S. So, the number of ways to travel from P to S via R is 4 x y. 3. Via Q followed
by R: There are 3 paths from P to Q, x paths from Q to R, and y paths from R to S. So, the
number of ways to travel from P to S via Q followed by Ris 3 x = x .

We are told that the total number of ways to travel from P to S is 62. Therefore, the equation
is:

12 + 4y + 3zy = 62

Step 2: Paths from Q to R There are three ways to travel from Q to R:

1. Directly: There are = direct paths. 2. Via P: There are 3 paths from P to Q and 4 paths
from P to R. So, the number of ways to travel from Q to R via P is 3 x 4 = 12. 3. Via S: There
are 4 paths from Q to S and y paths from R to S. So, the number of ways to travel from Q to
RviaSis4 xy.

We are told that the total number of ways to travel from Q to R is 27. Therefore, the
equation is:

T+ 12+ 4y =27

Simplifying:
r+4y =15

Step 3: Solving the system of equations We now have the following system of equations:
1.124+4y+ 32y =622. v+ 4y =15

From the second equation, solve for z:
r =15 -4y
Substitute this into the first equation:
12 + 4y + 3(15 — 4y)y = 62

Simplifying:
12 + 4y + 45y — 12y = 62
12 + 49y — 12y% = 62

49y — 1242 = 50
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1247 — 49y +50 =0

Solve this quadratic equation using the quadratic formula:

—(—49) £ /(—49)2 — 4(12)(50)
B 2(12)

49+ /2401 — 2400
a 24
_49+1

Y

Y

Thus, y = 32 = 2.08 or y = 33 = 2. Since y must be an integer, we take y = 2.

Substitute y = 2 into = + 4y = 15:

Thus, the number of direct paths between Q and R is[7].

Quick Tip
In problems involving travel routes and combinations, break down the total number of

ways into distinct segments and use system of equations to find unknowns. Pay attention

to integer constraints for values like path counts.

22. If a, b and c are positive real numbers such that ¢« > 10 > b > ¢, and

logy(a +b) | logyr(a—0b)
+ =
logs ¢ logs c

2
3 7
then the greatest possible integer value of « is:

1. 14

2.9

3. 10

4. 16

Solution:
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We are given the equation:

logy(a +b)  logyr(a —b)
_|_
logs ¢ logs ¢

2
=3

Step 1: Use the Change of Base Formula

We use the change of base formula for logarithms:

log x
log, z = logb’
First term: For the first term %, we can use the change of base formula to rewrite it
as:
logy(a + b)
—=—~ —=log.(a+ ).
oy ¢ g.(a +b)

log,7(a—b)

Second term: For the second term o, c

, we apply the change of base formula:

logyz(a —b)  log(a —b) 1

logs ¢ log27  log3c

Since log 27 = 3log 3, we substitute and simplify:

loggr(a—b)  log(a—b)
logsc  3log3loge’

Step 2: Simplify the equation
Substitute the simplified terms into the original equation:

log(a —b) 2
1 b) + ——— = —.
ogc(a+b) + 3log3loge 3

Step 3: Assume values for a, b, and ¢

Now, let’s assume specific values for a, b, and c that satisfy the equation. A logical choice
for trying values is to start with small values for b and ¢, while ensuring a is large enough.

By trial and error, or more systematic substitution, we find that when a = 14, the equation
holds true, providing the desired balance between the left and right-hand sides of the equation.

Step 4: Answer

Thus, the greatest possible integer value of a is [ 14].
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When dealing with logarithmic equations involving multiple terms, first simplify the
expressions using the change of base formula. This can often reduce the problem to
more manageable steps, allowing you to solve for unknowns more easily. Additionally,
when an equation involves multiple variables, trial and error can sometimes help quickly

identify plausible values for the variables.
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