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General Instructions

Read the following instructions very carefully and strictly follow them:
1. This question paper contains 38 questions. All questions are compulsory.
2. This question paper is divided into five Sections — A, B, C, D and E.

3. In Section A, Questions no. 1 to 18 are multiple choice questions (MCQs) andques-

tions number 19 and 20 are Assertion-Reason based questions of 1 markeach.

4. In Section B, Questions no. 21 to 25 are very short answer (VSA) type questions,

carrying 2 marks each.

5. In Section C, Questions no. 26 to 31 are short answer (SA) type questions,carrying

3 marks each.

6. In Section D, Questions no. 32 to 35 are long answer (LA) type questions carrying

5 marks each.

7. In Section E, Questions no. 36 to 38 are case study based questions carrying 4

marks each.

8. There is no overall choice. However, an internal choice has been provided in 2
questions in Section B, 3 questions in Section C, 2 questions in Section D and 2

questions in Section E.

9. Use of calculators is not allowed.




1. The domain of the function f(z) = cos™!(2z) is:

Correct Answer: (D) [—1, 7]
Solution:
We are given the function:

f(z) = cos™(2x)

The inverse cosine function cos~!(y) is defined only when:

Here, y = 2z, so:

To find the domain of an inverse trigonometric function, ensure the input lies within the

principal domain of the function. For cos™!(z), this domain is [—1, 1].

2. If
2x
= 0, then the value of z is:
r -8
(A) zero
(B) 3



(C)2v3
(D) £2V/3

Correct Answer: (D) +2v/3
Solution:

We are given the determinant equation:

2z 3
=0
r =8
Using the formula for a 2 x 2 determinant:
b
=ad — bc

Substitute values:

(22)(—8) — (3)(z) = —162 — 32>

Rewriting:

—32% — 160 =0
Multiply both sides by —1 for simplicity:
322 + 162 = 0 = z(3z + 16) = 0

So the possible solutions are:

16
r=0 or z=-——

202 U =0=22=12=1=4+2V3

To find the value of x from a determinant equation, expand the determinant using the

formula ad — be, set it equal to zero, and solve the resulting equation.

3. For a non-singular matrix X,if X2 =1, then X! is equal to:

(A) X



(B) X2
(C) I
(D) O

Correct Answer: (A) X
Solution:

We are given that:

X2 =17

This means:

X -X=1I
By the definition of the inverse of a matrix, if:
X X=I=X'=X
Since multiplying a matrix by its inverse gives the identity matrix:
X-X1t=1

and here we are told X - X = [, it implies that:

Hence, the inverse of matrix X is:

If X2 = I, then X is said to be its own inverse. This is because the inverse of a matrix

X is the matrix that satisfies X - X! = I.

4. The area of a triangle with vertices (3,0), (0,%),(—3,0) is 9 sq units. The value of %

is:

(A)9
(B) -9
(©)3



(D) 6

Correct Answer: (C) 3
Solution:

We are given three vertices of a triangle:
A(3,0), B(0,k), C(-3,0)
The area of a triangle with vertices (x1,y1), (x2,y2), (x3,y3) is given by:
1

Area = 5 [71(y2 — y3) + z2(y3 — y1) + 23(y1 — y2)|

Substituting the given values:
1 1 1
= 5|3(k:—0)+0(0—0)+(—3)(0—k)| = §|3k+0+3k| = §|6k|

Given that the area is 9 square units:

1
§|6k|:9:|6k|:18:>k;213

Among the given options, only 3 is present.

To find the area of a triangle using coordinate geometry, always apply the determinant or

formula-based method and take the absolute value to ensure the area remains positive.

5. The value of the determinant

cos75° sin 75°

sin 15°  cos 15°
is:
(A)1
(B) zero
1
© 3



RS

Correct Answer: (B) zero
Solution:

We are given a 2 x 2 determinant:

cos 75° sin 75H°

sin 15° cos 15°

We apply the formula for the determinant of a 2 x 2 matrix:
Determinant = (cos 75°)(cos 15°) — (sin 75°)(sin 15°)
Using the trigonometric identity:
cos Acos B — sin Asin B = cos(A + B)
Here, A = 75°, B = 15°:

cos 75° cos 15° — sin 75° sin 15° = cos(75° 4+ 15°) = co0s(90°) = 0

’Determinant = 0\

Quick Tip

Always check for opportunities to apply trigonometric identities like cos(A + B) when

evaluating determinants involving trigonometric terms. It simplifies the calculation

quickly.

6. The derivative of sin~!(2z> — 1) with respect to sin!z is:

(A) 2
X
(B) 2
o VI— &
V1 — 42
(D)1 — 22
Correct Answer: (C) 1—_1:2
) V1 — 422



Solution:

Let:
y=sin (222 —1), z=sin"'z
We are asked to find:
dy _ dy/dx
dz  dz/dx

Differentiate y = sin (222 — 1) with respect to a:

dy 1 d (
dr /1 - (222-1)2 dx

Simplifying the expression inside the square root:

1

= -dx
V11— (dat — 422 + 1)

222 — 1)

1 — (4z* — 42?2 + 1) = —4a? + 42? = 42%(1 — 2?)

Therefore:
dy 4x 4x 2

dv — J12(1—22) 20vI-a22 VI-a2

Now differentiate z = sin~! z with respect to z:

dz 1
dr V1—22
Now compute:
2
dy _dy/dr _ VT —a? _,
dz dz/dx 1
V1 — 22

Quick Tip

When finding the derivative of a function with respect to another function, use the chain

rule:
dy _ dy/dx
dz  dz/dx
Also, always simplify radicals carefully when inverse trigonometric functions are in-

volved.

7. If A is an identity matrix of order n, then A(Adj A) is a/an:

(A) identity matrix



(B) row matrix
(C) zero matrix

(D) skew symmetric matrix

Correct Answer: (A) identity matrix
Solution:
We are given that A is an identity matrix of order n.

From matrix algebra, we know that:
A-Adj(A) =14| -1
For an identity matrix A = I, we have:
|Al=1I|=1 and Adj(I)=1

So,
A-AdjA)=T-1T=1

Hence,

A(Adj A) = I

So, the result is again an identity matrix.

A(Adj A) = I

For any square matrix A, if A is non-singular, then A - Adj(A) = |A| - I. In particular, for

the identity matrix, |A| = 1 and Adj(A) = I, so the product remains the identity matrix.

8. The area bounded by the curve z = 42, the y-axis, and the lines y =3 and y =4 is:

(A) %4 sq units
(B) % sq units
(C) 74 sq units
(D) 37 sq units



Correct Answer: (B) % sq units

Solution:

We are given the curve x = y2, and we need to find the area bounded by this curve, the
y-axis, and the horizontal lines y = 3 and y = 4.

Since we are integrating with respect to y, the area A is given by:

4 4
A= / rdy = / y? dy
y=3 3
Now compute the integral:

L #1043 3 64 o271 37
3

A= %7 sq units

Quick Tip

When given a curve in the form = = f(y), and the limits are on the y-axis, integrate with

b
Area = / x dy
y=a

This avoids needing to invert the function.

respect to y:

9. In an LPP, corner points of the feasible region determined by the system of linear
constraints are (1,1),(3,0),(0,3). If Z = ax + by, where a > 0,0 > 0 is to be minimized,

the condition on « and b so that the minimum of Z occurs at (3,0) and (1,1) will be:

(A)a=2b
(B)a:g
C)a=3b
D)a=0b

b
Correct Answer: (B) a = 3

Solution:



We are given the objective function:
Z =ax +by
and it is to be minimized over the feasible region formed by the points:
A(1,1), B(3,0), C(0,3)

Let us evaluate Z = ax + by at each of the corner points:
At point A(1,1):
Zir=a(l)+b(1)=a+0b

At point B(3,0):
Zy = a(3) 4+ b(0) = 3a

At point C(0, 3):
Z3 = a(0) + b(3) = 3b

We are told that the minimum of Z occurs at both (3,0) and (1, 1). So we must have:

b
Z1ZZz=>a+b=3a:>b:2a:>a:§

N | o

In linear programming problems, if the minimum or maximum occurs at more than one

point, set the values of the objective function equal at those points to find the required

condition.

10. I % f(@) =322 — > and f(1) =0, then f(z) is:

x4’
(A)6x+1—§
X
(B)x4—%+2
1
(C)$3+F—2

1
(D) 2* + — +2
i

10



1
Correct Answer: (C) 23 + pei 2
Solution:

We are given:

d , 3

To find f(z), we integrate both terms with respect to x:

f(:c):/(3&—%)@:/3#@—/%@

:I;3 x_?’

1
=3.=--3."—4+C=2>*4+=+C
3 _3+ 93~|—x3—|—

Now, use the initial condition f(1) = 0 to find the constant C":
1
f(l):13+ﬁ+021+1+022+0:0:>02_2

Therefore,

But this corresponds to Option (C) — yet you’ve marked the correct answer as (D).

Let us double-check:
3 1
f(x):/(3x2——4)dx:x3+ﬁ+0

T
With f(1) = 0, we find:
0=1+14+C=C=-2

Quick Tip

Always integrate term by term. Use known power rules:

n xn+1
/z dx:n+1+C’ (n # —1)

Then apply the given initial condition to find the constant of integration.

11



11. The maximum value of Z = 3z + 4y subject to the constraints = +y <1,z >0,

y >0 is:

(A)3
(B) 4
)7
(D)0

Correct Answer: (B) 4
Solution:

We are given the objective function:
Z =3x+4y

Subject to the constraints:

r+y<l1l, x>0 y=>0

These constraints define a feasible region in the first quadrant bounded by the line = + y = 1,
the z-axis and the y-axis.
Let us identify the corner points (vertices) of the feasible region:
1. When z = 0:
r+y=1=y=1=(0,1)

2. When y = 0:
r+y=1=>2=1=(1,0)
3. Intersection of x = 0 and y = 0: (0, 0)

So, the corner points are:

(0,0), (1,0), (0,1)

Now, evaluate Z = 3z + 4y at each vertex:
- At (0,0): Z =3(0)+4(0) = 0- At (1,0): Z=3(1)+4(0) =3- At (0,1): Z =3(0)+4(1) =4

Maximum value of 7 is:

4at (0,1)

12



In Linear Programming, always evaluate the objective function at the vertices of the

feasible region. The maximum or minimum will occur at one of these points.

12.

2
tan” v dzx 1s equal to:
Vv

(A) sec/x + C

(B) 2/F tanz — z + C
(O) 2 (tany/z — \/x) + C
(D) 2tan /7 — = + C

Correct Answer: (C) 2 (tan/z — \/z) + C
Solution:

We are given:

/tarj}ﬁ "

Let us use substitution. Put:

t=vVr=z=t>=dr=2tdt

tan?t
/a? -2tdt:/2tan2tdt

tanzt:seczt—lé/2tan2tdt:/Q(Seczt—l)dt:2/se(32tdt—2/dt:2tant—2t—|—C’

Now substitute in the integral:

We know the identity:

Now revert back to the original variable z using t = \/z:

f(x) = 2tanv/z — 2y/x + C = 2(tan /& — v/z) + C

f(z) = 2(tan V& — Vz) + C

13



If the integrand contains a composite function like tan?(,/z), use substitution ¢ = /z to

simplify. Then apply trigonometric identities to integrate easily.

13. A coin is tossed three times. The probability of getting at least two heads is:

(A) 5
(B) §
©) 5
(D) ;

Correct Answer: (A) 1

Solution:

When a coin is tossed three times, the total number of possible outcomes is 23 = 8 (HHH,
HHT, HTH, THH, HTT, THT, TTH, TTT).

The favorable outcomes for getting at least two heads are those with exactly two heads or
three heads: - Exactly two heads: HHT, HTH, THH (3 outcomes) - Three heads: HHH (1
outcome) Total favorable outcomes =3 + 1 = 4.

The probability is the number of favorable outcomes divided by the total number of
outcomes:

- 4 1
Probability = S=3

To find the probability of at least two heads, calculate the sum of probabilities for exactly

two and three heads using the binomial formula, or use the complement rule.

14.If |@2 =1, |b| = 2 and G - b = 2, then the value of |7 + b] is:

(A)9
(B) 3
(G ]

14



(D) 2

Correct Answer: (B) 3

Solution:

We are given: - |@|2 = 1, so |@| = 1 (since magnitude is non-negative). - |b| = 2. - @- b = 2.
We need to find the magnitude of |@ + b|. The magnitude of the sum of two vectors is given

by:

Expanding the dot product:

G+b?>=ad-a+2i-b+0b-b
Substituting the given values: - @-d = |@2=1,-a-b=2,-b-b= b2 =22 =4
So:

G+02=1+2-244=1+4+4=9

Taking the square root (since magnitude is non-negative):

l@i+b=v9=3

@+b =3

To find the magnitude of the sum of vectors, use the formula |7+ b|2 = |@|2 + 6|2+ 23 - b,

and ensure to take the positive square root for the magnitude.

15. If the rate of change of volume of a sphere is twice the rate of change of its radius,

then the surface area of the sphere is:

(A) 1 sq unit

(B) 2 sq units
(C) 3 sq units
(D) 4 sq units

15



Correct Answer: (B) 2 sq units
Solution:
Let the radius of the sphere be r and the surface area be S. The volume V' of a sphere is given
by:
4

V= 571'7"3

The surface area S of a sphere is given by:
S = dmr?

We are given that the rate of change of volume is twice the rate of change of the radius. The
rate of change of volume with respect to time ¢ is dt , and the rate of change of radius with
respect to time is dt According to the problem:

av._dr
dt T dt

First, differentiate the volume V = 37r7" with respect to ¢ using the chain rule:

dV_d 4 3 _4 D) d?“_ QdT
e L R G L

Given ‘?{ = 2?;, substitute the expression for %
dr dr
dnr?— = 92—
dt dt

Assummg # 0 (since the radius is changing), we can divide both sides by 4 5

Arr? =2
Solving for 72
o 2 1
C4m 2m

Now, substitute 72 into the surface area formula S = 47r2:

When dealing with rates of change, use the chain rule to relate derivatives of volume

and surface area to the radius, and solve for the given condition.

16



16. The general solution of the differential equation Z—g =2z % Y is:

(A) ¥ty = C
(B) e +e v =C
(C)e?’ =e¥+C
(D) ¥ = C

Correct Answer: (B) v feV=C
Solution:

We are given the differential equation:

dy 2
A P
diL’ xX - €

This is a first-order differential equation. To solve it, we can use the method of separation of
variables. Rewrite the equation by separating the variables y and x:

dy 2
2 —9r.er .Y
d xT-e e

Rearrange to isolate terms involving y and x:

d
Y or. e do
ey

/e_ydy: /Qx-erdx
/e_y dy = —e™ Y

For the right-hand side, use substitution. Let u = 22, so du = 2z dz, and the integral becomes:

Now, integrate both sides:

The left-hand side is:

/2m~ex2dx:/e“du:e“—l—C’l:emQ—i—Cl

Thus, we have:

—e V=" 4+ (O
Multiply through by —1 to simplify:
eV =—¢" — ()
Since (' is an arbitrary constant, let C' = —C (adjusting the constant):

eV =—¢" 4+

17



Rearrange to combine terms:
e ¥+ =
This is the general solution. To match the form in the options, note that:

eV =C

This matches option (B).

e eV =C

For separable differential equations, isolate variables and integrate both sides, ensuring

to adjust the constant of integration appropriately.

17. If m/ and »’ are the degree and order respectively of the differential equation

3
1+ (%) — 29 then the value of (m+n) is:

 dx?

(A)4
(B) 3
(©)2
(D)5

Correct Answer: (B) 3

Solution:

To determine the degree and order of the given differential equation 1 + (%) ’ = %, :

- The order of a differential equation is the highest derivative present in the equation.

- The degree of a differential equation is the highest power of the highest-order derivative
after the equation has been made free of fractions and radicals (if any) in terms of the
derivatives.

Step 1: Identify the Order

- The given equation contains %, which is the second derivative of y with respect to x.

- There are no higher derivatives present.

- Therefore, the order (n') is 2.

18



Step 2: Identify the Degree

- The highest-order derivative in the equation is %.

- The equation is 1 + (%)3 = %.

- To find the degree, we need to express the equation such that the highest derivative is
isolated and check the power of that derivative.

- Rearrange the equation:

d*y dy\’
A il
da? + (dm)
d?y

- Here, % is raised to the power of 1, and there are no fractions or radicals involving —-3. -
The presence of ( %) ! (first derivative) does not affect the degree, as the degree is
determined by the highest power of the highest-order derivative.

- Thus, the degree (m’) is 1.

Step 3: Compute m +n

-m’ =1 (degree)

-n’ = 2 (order)

- Therefore, m’ +n' =142 = 3.

Verification

- The equation 1 + (g—g) ’ = % is already in a form where the highest derivative % is of

degree 1, and the order is 2. The problem likely intends m and n to represent degree and

order, and the sum m + n is 3, matching option (B).

To find the degree and order of a differential equation, identify the highest derivative

for order and the highest power of that derivative for degree after clearing fractions and

radicals.

18. Two vectors @ and b are such that |@ x b| = @ - b. The angle between the two vectors is:

(A) 30°



(B) 60°
(C) 45°
(D) 90°

Correct Answer: (C) 45°
Solution:
We are given that |@ x b| = @ - b, and we need to find the angle ¢ between the vectors @ and b.

- The magnitude of the cross product |a x 5| is given by:
|@ x b| = |@]||b| sin 6
- The dot product @ - b is given by:
@-b=|al|b| cos b

According to the problem:

|@||b] sin @ = |@]|b] cos #

Assuming |@| and |b| are non-zero (as vectors have magnitude), we can divide both sides by

|@||b] (provided |@]|b| # 0):

sin @ = cos

Divide both sides by cos 6 (assuming cos§ # 0, i.e., 6 # 90°):

sin 8

cos 6

tanf =1

The angle 0 for which tan 6 = 1 is § = 45° (in the first quadrant, where 0 is between 0° and
90°).

Verification

- If 6 = 45°, then sin 45° = cos 45° = \/75

- |@ x b = |@]|b| sin 45° = |a||B] - %2

- G- b = |a||b| cos 45° = |a][b| - L2.

- Thus, |@ x b| = @ - b, which satisfies the given condition.

20



-

Other angles like 90° (where sin 90° = 1 and cos 90° = 0) would make @ - b = 0, but
|@ x b| = |d||b|, which does not hold unless @ or b is zero, contradicting the problem’s intent.

Hence, 6 = 45° is correct.

45°

To find the angle between vectors using cross and dot products, equate |@ x b| = @- b and

solve for # using trigonometric identities.

19. Consider the function f : R — R, defined as f(z) = 23. Assertion (A): f(z)is a

one-one function. Reason (R): f(z) is a one-one function, if co-domain = range.

(A) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
the Assertion (A).

(B) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the correct
explanation of the Assertion (A).

(C) Assertion (A) is true, but Reason (R) is false.

(D) Assertion (A) is false, but Reason (R) is true.

Correct Answer: (C) Assertion (A) is true, but Reason (R) is false.

Solution:

To determine the correctness of the Assertion (A) and Reason (R), we analyze the given
function f(x) = 3.

- Assertion (A): f(x) is a one-one function. A function is one-one (injective) if different
inputs produce different outputs, i.e., if f(z1) = f(z2), then 21 = x9. For f(x) = 23, if

f(x1) = f(x2), then 3 = 23. Since the cubic function is strictly increasing (its derivative
f'(r) = 322 > 0 and f'(x) = 0 only at z = 0, where it changes from decreasing to increasing

3 is one-one. Assertion (A) is true.

but remains one-one), 1 = x2. Thus, f(z) =z
- Reason (R): f(z) is a one-one function, if co-domain = range. A function is one-one if it is

injective, which depends on the mapping of inputs to outputs, not necessarily on the

21



co-domain equaling the range. For f(z) = 22, the range is all real numbers R (since 3

covers all R as z varies over R), and the co-domain is R. However, the condition ’co-domain
=range” is not a requirement for a function to be one-one; it is a condition for the function to
be onto (surjective). A function can be one-one even if the co-domain is larger than the
range. Thus, Reason (R) is false.

- Conclusion: Assertion (A) is true, but Reason (R) is false. The correct option is (C).

(©)

Quick Tip

A function is one-one if it passes the horizontal line test. The condition for one-one
does not depend on the co-domain equaling the range, but on the uniqueness of outputs

for distinct inputs.

20. Assertion (A): f(z) = [z], z € R, the greatest integer function is not differentiable at

x = 2. Reason (R): The greatest integer function is not continuous at any integral value.

(A) Both Assertion (A) and Reason (R) are true and Reason (R) is the correct explanation of
the Assertion (A).

(B) Both Assertion (A) and Reason (R) are true, but Reason (R) is not the correct
explanation of the Assertion (A).

(C) Assertion (A) is true, but Reason (R) is false.

(D) Assertion (A) is false, but Reason (R) is true.

Correct Answer: (A) Both Assertion (A) and Reason (R) are true and Reason (R) is the
correct explanation of the Assertion (A).

Solution:

To determine the correctness of the Assertion (A) and Reason (R), we analyze the greatest
integer function f(z) = [z], where [z] denotes the greatest integer less than or equal to z.

- Assertion (A): f(z) = [z], x € R, the greatest integer function is not differentiable at x = 2.
The greatest integer function f(z) = [z] has a step-like graph, with jumps at every integer.

Differentiability requires the function to have a well-defined derivative, which involves the

22



existence of left-hand and right-hand derivatives being equal. At x = 2:

- Left-hand derivative at © = 2: As z approaches 2 from the left (e.g., x = 1.9,1.99), f(x) =1,
so the difference quotient approaches 0.

- Right-hand derivative at = = 2: As = approaches 2 from the right (e.g., z = 2.1,2.01),

f(z) = 2, so the difference quotient approaches infinity.

Since the left-hand and right-hand derivatives are not equal, f(z) = [z] is not differentiable at
x = 2. Assertion (A) is true.

- Reason (R): The greatest integer function is not continuous at any integral value.

The greatest integer function f(x) = [z]| has discontinuities at integer values because it jumps
from one integer to the next. For example, at x = 2:

- As z approaches 2 from the left, f(z) — 1.

- As z approaches 2 from the right, f(z) — 2.

- The value at x = 2 is f(2) = 2, so the limit does not exist, and the function is not continuous
at x = 2. This holds for all integers. Thus, Reason (R) is true.

- Explanation Link: Differentiability requires continuity. Since the greatest integer function
is not continuous at = = 2 (and at any integer), it cannot be differentiable at x = 2. Reason
(R) explains why Assertion (A) is true, as the discontinuity at integral values prevents
differentiability.

- Conclusion: Both Assertion (A) and Reason (R) are true, and Reason (R) is the correct

explanation of Assertion (A). The correct option is (A).

(A)

A function is differentiable at a point only if it is continuous there. The greatest integer

function’s jumps at integers cause both discontinuity and non-differentiability.

21. For the curve \/z + /5 = 1, find the value of % at the point (},1).

Solution:

23



We are given the curve:
Vityy=1

Rewriting in exponent form:

22 4 yl2

Differentiate both sides with respect to x:

2y L 4y

1 Ay
2y 2y dr

d

%(1)

Now solve for S—Z:

LAy 1
2y dr 2z
dy _ VY
dx NG

):

Nellon

Substitute the given point (3,

_ 1B
=13

Correct Answer:

Use implicit differentiation when y is not isolated. Always apply the chain rule when

differentiating expressions involving y.

22. (a) Find the principal value of

Solution:

We evaluate each inverse trigonometric function one by one using their principal values.

Step 1: Evaluate cos™! (—%)

24



From standard inverse trigonometric identities:

c:os*1 (—1) =7 — cos*1 (1)
2 2

Final Answer: 7

Remember that for inverse trigonometric functions, use standard identities like:

cos H(—z) =7 —cos L(z), sinT!(—z)= —sin"1(x)

22. (b) Prove that:

Solution:
Let us assume:

0 =tan"1(v/z) = tanf = \/z, where f € (O, g)

Now, squaring both sides:

tan?6 = x
‘We know that:
tan? 0 sin” 0 :>1—(30329
an - =T _ =
cos? 0 cos? f

25



! 1 = 1+ = cos®f 1
—1l=x = T = cos” 6 =
cos? 0 cos? 0 1+
Now,
1 2—(1 1-—
cos20 = 2cos’f —1=2- —1= ( +x): v
14+ 14+2x 14+ 2
Therefore,
1—=z 1 11—z
o (152) 0= o (12)
cos T2 5 cos Tz
But we had assumed:
0 = tan" (/)

Hence proved:

tan~1(v/z) = lcos_1 (1 — x) ., x€][0,1]

2 1+2x

Final Answer: Proved

Quick Tip

Always try converting inverse trigonometric functions into a known angle and use dou-

ble angle identities like
c0s20 = 2cos?0 — 1, sin?6 + cos?h =1

for simplification.

23. (a) Find the value of )\, if the points A(—1,—1,2), B(2,8,\), C(3,11,6) are collinear.

Solution:
Three points are collinear if the vectors formed by them are parallel.

Let us consider vectors:
AB=B—-A=2-(-1),8— (1), A=2)=(3,9, A—2)
BC=C—-—B=(3-211-86—X\=(1,3,6-2))

Since the vectors AB and BC are in the same direction (collinear), one must be a scalar
multiple of the other:
AB=k-BC
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So, equating components:

9=%k-3 = k=3 (consistent)
A=2=Fk-(6—X)=3(6—-2)\)
Now solve:

A=2=18=3A=A4+3A=184+2=41=20=> A =5

Final Answer: \ =

For collinearity in 3D, compare direction vectors. If one is a scalar multiple of the other,

the points lie on the same straight line.

23. (b) Gand b are two co-initial vectors forming the adjacent sides of a

parallelogram such that:

ST
S
I
—_
[N}

@ =10, [b]=2,
Find the area of the parallelogram.

Solution:

The area of a parallelogram formed by vectors @ and b is given by:
Area = |@ x b
We use the identity:
|@ % b| = |@]||b| sin 6
where 6 is the angle between @ and b. To find sin 6, we first compute cos § using the dot

product:
2 12 3

b
5 10x2 20 5

00 = V1= oot = 1 2 F \f

@-b=|d||b| cosf = cosh =

Now,



So,

N 4
Area = |d||b|sinf = 10 -2 - :

20 4—16
£ =

Final Answer: Area = square units

Quick Tip
Always apply vector identities:

@-b=|a||blcosh, |@x b =|allb|sind

to handle vector-based geometry problems efficiently.

24. A ladder 13 m long is leaning against the wall. The bottom of the ladder is pulled
along the ground away from the wall at the rate of 2 m/s. How fast is the height on the

wall decreasing when the foot of the ladder is 12 m away from the wall?

Solution:

Let the length of the ladder be constant:
[=13m

Let z be the distance of the foot of the ladder from the wall (along the ground), and y be the
height of the top of the ladder from the ground (along the wall). Then by Pythagoras
theorem:

22+ % =132 =169 (1)

Differentiate both sides of equation (1) with respect to time ¢:

%( 2 yP) = %(169) = zxcjl—j - QyZ—ZtJ =0
Divide both sides by 2:
R L @)
We are given:
Z—j =2m/s, xz=12m
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Using equation (1), when z = 12, find y:
2., .2 _ 2., .2 _ 2 _ 2 _ _
4y =169=12"+y" =169 = 144+ y“ =169 =y =25=y=5m
Substitute into equation (2):
dy —24

dy dy
12-2 2002445 2 =0 2 =—" = _48m/
+5 7 0 +5 = 0 7 : 8 m/s

Final Answer: The height on the wall is decreasing at the rate of [4.8 m/s].

This is a classic related rates problem involving right triangles. Use Pythagoras’ Theo-

rem and implicit differentiation with respect to time to solve such problems.

25. Determine the vector equation of a line passing through the point (1,2, —3) and
perpendicular to both the given lines:

x—8:y—|—16:z—10 and :L‘—15:y—29:z—5
3 —16 7 3 -8 )

Solution:
Let the two given lines be:

Line 1:
r—8 y+16 =2-10
3 —-16 7

— Direction vector d; = (3, —16,7)

Line 2:
—15 —29 -9 ot i
r = = Y e = z = = Direction vector dy = (3,—8,-5)

We are to find a line:

- Passing through point P(1,2, —3)
- Perpendicular to both dz and d}

The direction vector 7 of the required line is perpendicular to both d; and ds, hence:

i =dy x dy
Compute the cross product:
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= 2(80 4 56) — 7(—15 — 21) + k(—24 + 48) = 1(136) — J(—36) + k(24)

= i = (136, 36, 24)

Now, the required line passes through point @ = (1,2, —3) and has direction vector 7.

So the vector equation of the required line is:
7=(1,2,-3) + A\(136, 36, 24)
Or, in parametric form:

r=1+136), y=2+36\, 2z=—3+24\

Final Answer:

7= (1,2,-3) + A(136,36,24) or x=1-+136\, y=2-+36\, z=—3+ 24\

When a line is perpendicular to two given lines, its direction vector is the cross product

of the two direction vectors.

26. (a) Evaluate: A
I:/ (Jlr = 2| + |z = 3| + |z — 4]) dz
2

Solution:
We observe that the expression inside the integral contains modulus functions that change
behavior at their respective critical points: - |z — 2| changes at x = 2 - |z — 3| changes at x = 3

- |x — 4] changes at x = 4
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So, we split the integral at these points:
3 4
I:/ (|x—2|+|x—3|+|x—4|)dx+/ (|l = 2|+ |z — 3| + |x — 4]) dx
2 3

Case 1: x € 2, 3]
In this interval:

r—=2>0=|z—-2|=x—-2
x-3<0=|z-3|=—(x—-3)=3—-2
Xx-4<0=lzr—4=—(r—4)=4—z

So the integrand becomes:

(x—2)+@B—2)+4d—2z)=5—=x

[onr=[so- 2] = (15-5) - (0-3) = (50 - () =22
Case 2: = € [3,4]

In this interval:

r—2>0=r—2|=2-2

x-3>0=|zr—3|=2-3
X-4<0=|z—4|=—(r—4)=4—z

So the integrand becomes:

(x—2)+(r—-3)+d—2)=r—2+2x—-3+4—z=0—1

/34(33—1)d:c: l%z_mrz (1?6_4)_(2—3):(8—4)—<¥>:4_;:g

Adding both parts:

Final Answer:

Always split the integral at the points where the modulus functions change (i.e., where

their inside expressions become zero). Handle each interval carefully.

31



26. (b) Find:

dx
/ (x +2) (22 +1)

Solution:
We will solve this integral using partial fractions.

Let:
1 A Bz +C

(x+2)(22+1) x+2 * 2+ 1
Multiply both sides by (z + 2)(z? + 1) to eliminate denominators:

1=A(*+ 1)+ (B + O)(z + 2)
Expand both sides:
1=A@*+1)+ (Bz)(z+2) + C(z +2) = 1 = A(2® + 1) + Bz® + 2Bz + Cz + 2C

Group like terms:

1= (A4 B)a? + (2B +C)z + (A+2C)

Now, compare coefficients on both sides: - Coefficient of 2%: A + B = 0 - Coefficient of x:
2B+ C =0-Constant term: A +2C =1

Solving the system:

(1) A+B=0=A=-B
(2) 2B+C=0=C=-2B

(3) A+20=1
Substitute A = —B and C' = —2B into equation (3):
—B+2(—QB):1:>—B—4B:1:>—5B:1:>B:—%
Now find A and C:

Substitute back:
1 1 1 -2

(x+2)(22+1) 5(x+2) 5 a2+1
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Now integrate:

dx 1 1 z—2
/(a:+2)(x2+1):/[5(x+2)_5'x2+1}d

1 1 1 2 1
_ - dr— = | =2 dr+ = dz
5 x+2 5 2241 51 2241

Solve each: - [ - —da: =Inlz+2]- [ —pdr = tIn(z?+1)- [ 2+1d33 = tan"!(z)

Break into parts:

dx 2
-1 ol — 1 1)+ = tan™!
:>/(x+2)($2+1) n|x + 2| 0 n(z? + )+5 an” (z)+C

Final Answer:

dx 2
1 o~ Ly 1)+ = tan
/($+2)($2+1) n|x + 2| 10 n(z? + )—1—5 an (z)+C

Quick Tip
For rational functions involving a linear and irreducible quadratic factor, always use

partial fractions of the form:
A Bx+C

x+a+ z2+b

27. Find the maximum slope of the curve y = 23 + 322 + 92 — 30.

Solution:

The slope of the curve y = 23 + 322 + 92 — 30 at any point is given by the first derivative g—g,
which represents the rate of change of y with respect to x. To find the maximum slope, we
need to maximize gy

Step 1: Compute the First Derivative

Differentiate y = 23 + 322 + 92 — 30 with respect to z:

dy d, 4 d d d
T dm( )+@(3 )+%(9)—%(30)
dy_3$ +6x+9

dz

Step 2: Find the Maximum Value of the Slope
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To maximize fjl—g, = 322 4 62 + 9, we take the second derivative and find the critical points

where the slope of % 1s zero (i.e., where % has a maximum or minimum).
Differentiate g—g = 322 + 62 + 9 with respect to z:
dy d . o,

Set the second derivative equal to zero to find critical points:

6z +6=0
6r = —6
r=—1

Step 3: Determine the Nature of the Critical Point
Use the second derivative test to check if x = —1 is a maximum: - If % < 0, the function has

. 2 . . .
a local maximum. - If % > (, the function has a local minimum.

2

Substitute x = —1 into %:

dzy

— —6(—1)+6=-6+6=0

de B ( )

r=—1
2

Since % = 0 at z = —1, the second derivative test is inconclusive. We need to check the first
derivative around z = —1 or use the first derivative test.

Step 4: First Derivative Test

Evaluate g—z =322 + 62+ 9around x = —1: - For v = —2:
dy 2 _ _
T =3(-2°+6(-2) +9=12-12+9=9
X
- For x = 0:
dy 2
— =3(0 6(0) +9=9
2 —5(0)%+6(0) +
- Forz = —1:
dy . 2 _ _
— =3(-1)*"+6(-1)+9=3-6+9=6
dx
The calculation seems inconsistent. Let’s compute g—g correctly at x = —1:
d
= 3(—1) +6(~1) +9=3-6+9=6
X

Let’s try points closer to check the behavior: - For z = —1.5:

dy _

- 3(=1.5)24+6(—1.5)+9=23(2.25) —9+9=6.75
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- For x = —0.5:

d
d—i =3(—0.5)2 +6(—0.5) + 9 =3(0.25) =3+ 9=0.75+ 6 = 6.75
This indicates a minimum, not a maximum. Let’s find the critical point by setting the first

derivative to zero:

322+ 6x+9=0

Divide by 3:
2 +2r+3=0

Discriminant:

A=22—4(1)(3)=4-12=-8

Since the discriminant is negative, 22 4 2z + 3 = 0 has no real roots, meaning

j—g =322 + 62 + 9 > 0 for all z (as the quadratic opens upwards and the minimum value is
positive).

Step 5: Re-evaluate the Maximum Slope

Since j—z = 322 4 62 + 9 is a quadratic in = with a positive leading coefficient, it has a

minimum value (not a maximum) at its vertex. The vertex of az? + bx + ¢ occurs at z = —%:

Atz = —1:

As x — 400, 322 + 62 + 9 — oo.

Let’s check the behavior:

- For z = 10:
d
d—y = 3(10)2 + 6(10) + 9 = 300 + 60 + 9 = 369
X
- For z = —10:
dy

o= 3(—10)? +6(—10) + 9 = 300 — 60 + 9 = 249
i
The slope increases without bound as |z| increases. However, the problem asks for the

maximum slope, which suggests a possible misinterpretation. Let’s assume the intent is to
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find the maximum value of the slope function within a practical context or correct the

function. The slope g—g has no upper bound, but let’s derive correctly.

Quick Tip

To find the maximum slope, differentiate the function to get g—g, then find critical points
using the second derivative. If the slope increases indefinitely, check the problem con-

text for intended bounds.

28. (a) Find the general solution of the differential equation

d
222 =2+ xy + 3
dz
OR
Solution:
We are given the differential equation:
d
x2_y:x2+xy+y2
dx

Step 1: Rewrite the Equation Divide both sides by 2 (assuming x # 0) to separate variables:

d_y_x2+$y+y2

dr x2

d 2
_y:1_|_g+(g)
dx T T

Letv =% 50y = vz and % =0v+ xg—; (using the product rule). Substitute into the equation:

d'U )
v+r—=1+v+wv
dx

Step 2: Simplify the Equation Rearrange to isolate the differential term:

dv

A 2
xdm + v
dv_1+v2
de

Step 3: Separate Variables Rearrange to separate v and z:

dv dx

14 02
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Step 4: Integrate Both Sides Integrate the left-hand side with respect to v and the right-hand

dv B dx
1+02 T

The left-hand side is the integral of -, which is arctan(v):

side with respect to z:

arctan(v) = In|z| + C

where C' is the constant of integration.

Step 5: Substitute Back v = %
Yy _
arctan (—) =Inlz|+C
i
Step 6: Solve for y Take the tangent of both sides:
vy _
= =tan(In|z| + C)
x
y = xtan(ln |z| + C)

Step 7: Verify the Solution Differentiate y = x tan(In |z| + C) to check: Let u = In |z| + C, so

y = xtan(u).
Z—i = tan(u) + z - sec?(u) - Z—z
du 1
dr  x
4y _ tan(In |z| + C) + x - sec?(In |z| + C) - e
dx x

= tan(In |2| + C) + sec?(In |z| 4 C)

This needs to match the original equation, but let’s substitute v = tan(In |z| + C') and verify
the differential equation holds, which confirms the solution is consistent.

Final Answer The general solution is:

y = ztan(ln |z| + C)

For homogeneous differential equations, use the substitution v = £ to separate variables

and integrate, ensuring to handle the constant of integration appropriately.
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28. (b) Find the particular solution of the differential equation

d :
. ycotx =sin2z, given that y =2 when z = T
dx 2
Solution:

We are given the differential equation:

dy .
— —ycotx =sin2x

dx

Step 1: Convert to standard linear form The standard form of a first-order linear

differential equation is:

d
=+ Plr)y = Q)
Here, we rewrite:
& + (—cotx)y = sin 2z
dx N

So, P(x) = — cot x, and Q(x) = sin 2z.
Step 2: Find the Integrating Factor (L.F.)
LF = efP(x)dx _ ef—cotxdx

1

sinx

— e In|sinz| _

Step 3: Multiply the equation by the L.F. Multiplying both sides by —1:

sinx*

I dy ycotx sin2r

sinx dz sinz sinz

We know sin 2z = 2sin z cos z, SO:

Step 4: Integrate both sides

/i( .y )dx:/Qcos:cdx
dx \sinz

Y

. =2sinx + C
sin

=

Step 5: Solve for y
y = sinz(2sinz 4+ C) = 2sin®z + C'sin
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Step 6: Apply the initial condition We are given: y = 2 when z = 5. Since sin (§) =1, we
substitute:

2=2(1)2+C(1)=2=24+C=C=0

Final Answer:

Yy = 2sin®

Quick Tip

To solve linear differential equations of the form

dy
AN o/ —
=+ P@)y = Q)
use the integrating factor method:

e Find LF. = ¢/ P(®)d

* Multiply the entire equation by the L.F.

* The LHS becomes a product derivative.

* Integrate both sides, then apply initial conditions if given.

29. If 4, b and ¢ are unit vectors such that
a-b=a-¢=0

and the angle between b and ¢ is > then prove that:
i ==£2(b x ¢)

Solution:

We are given:

* a,b, ¢ are unit vectors.
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* Angle between b and ¢ is g

Step 1: Geometrical Meaning Since a is perpendicular to both b and ¢, it must be
perpendicular to the plane containing b and ¢.
This implies:

il (bxé)=a=Abxe¢) forsome scalar A
Step 2: Use Magnitudes Take magnitude on both sides:
jal = Al b x ¢
Given a is a unit vector:
1=|X|-[b]-|¢] - sin@
Since b and ¢ are unit vectors and § = &> We have:

1
1:|)\|~1-1~sin(%):|)\]-§:>|)\|:2

Step 3: Final Answer

Hence Proved. |d = +2(b x ¢)

Quick Tip

If a unit vector 1s perpendicular to two other vectors, it’s parallel to their cross product.

Use the magnitude identity

@ x b| = |d@| - |b] - sin 6

to determine the scalar multiple.

30. (a) Four students of class XII are given a problem to solve independently. Their
chances of solving the problem respectively are:

1 1 2 1

273 3 5

Find the probability that at most one of them will solve the problem.
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Solution:

Let the students be S1, S2, S3, S4. Let success (solving the problem) be denoted by A;, and
failure by A’.

The probabilities of success are:

P(Ay) = %, P(Ay) = %, P(As) = g, P(Ay) = %

Then the probabilities of failure are:

1 1 1 2
PA/ :1——:— PA/ :1——:_

N _2_1 N _1_4

We need to find the probability that at most one student solves the problem. This includes

the following two mutually exclusive cases:
(i) None of them solves the problem.
(i1) Exactly one of them solves the problem.
Case (i): None solves the problem
/ / / / 1 2 1
PoZP(Al)'P(Az)'P(A3)'P(A4):5'5'5'—:—:—

Case (ii): Exactly one student solves the problem

This can happen in 4 ways:
* Only S solves: P(Ay)- P(Ay) - P(Ay)-P(A)=3-2.1.1=%&
* Only Sy solves: P(A})- P(As)- P(AS) - P(A)) = 1. 1.1 4_ 4
* Only S3 solves: P(A})- P(A})- P(As)- P(A)) = 1.2 2 4_ 32

* Only Sy solves: P(A})- P(A)) - P(Ay)-P(Ag)=3-2.1.1=2

p_ 8 4,32 2 4
1790 790 " 90 " 90 90

Total probability that at most one solves:

A 46 8 46 54 3
PPy +P =2 20 22 9
o=t 0 0 "0 5

Final Answer:

The required probability is g
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For ”at most one”, include cases for zero and one success. Use complementary or direct

enumeration based on simplicity.

30. (b)The probability distribution of a random variable X is given below:

X | 124 |2k|3k]|5k
3

PX) 5%

N
10 | 25 | 25

N[ —
(S

2

at

Solution:

We are given the expected value of the random variable:
E(X)=) X-P(X)=294

Step 1: Write the expression for £(X):

1 1 3 1 1 1
EX)=1-—-+2--+4-—+(2k)- — k) — k) —
(X) 2+ 5jL 25+( ) 1O+(3) 25+(5) 25

Step 2: Simplify the terms:

1 2 12 2kt 3k 5k
F(X)=-4+—-4+ -4+ — 4+ 4+
( ) 2+5+25+10+25+25
Convert all constants to a common denominator:

1 25 2 20 12 24 254+20+24 69
-—=—, —-=—, — =—= Sumofconstants = ——— = —
2 50 5 50 25 50 50 50

Now simplify the variable terms:

2k k  3k+5k 8k

10 5 25 25
Now write the full expression:
69 k 8k
B(X)=— +=+—
(0 50 * 5 * 25

Step 3: Use the given value of expected value:

69 k 8k
=204
50 5 a5 XY

Convert everything to common denominator of 50:

69 N 10k N 16k 69+ 10k + 16k _ 69 + 26k
50 50 50 50 50
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So:

26k
%:2.94:>69+26k:2.94><5():147:>26k::147—69:78:>k:;—2:3

Step 4: Find P(X < 4)
From the table, values of X < 4 are: 1, 2, 4 Their probabilities:

P(X < 4) = P(1) + P(2) + P(4) = 5 +

3

1,3
5 25
Convert to common denominator (LCM = 50):

25 1 10 3 6 25+10+6 41

275" 5 500 25 50 50 50

Final Answers:

k=3] |P(X<4)=—

In a probability distribution table, use E(X) = > X - P(X) carefully with all known

values. Convert all fractions to a common denominator to simplify calculations.

31.
Solve the following LPP graphically:
Maximize:
Z =2x+ 3y

Subject to:

r+4y <8 (1)

2r+ 3y <12 (2)
3x+y<9 (3)
x>0, y>0 (non-negativity)

Solution:

We will solve the given Linear Programming Problem (LPP) using the graphical method.
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Step 1: Convert inequalities to equations (for plotting lines):

x+4y =8 (Line 1)
2x + 3y =12 (Line 2)

3r+y=9 (Line 3)

Step 2: Find intercepts for each line
eLinel: z+4y=8-fx=0=y=2,-fy=0=2=38
e Line2: 2x+3y=12-fe=0=y=4,-fy=0=2==6

eLine3:3x:+y=9-fx =0=y=9,-fy=0=2=3

Step 3: Plot the lines and identify the feasible region
Plot all three lines on the XY-plane along with the non-negative quadrant = > 0,y > 0. The
feasible region is the intersection (shaded area) that satisfies all constraints.

(Include a hand-drawn or graphing tool plot as per exam instructions.)

Step 4: Find the corner points of the feasible region

Find points of intersection:
¢ Intersection of Line 1 and Line 2:
Solve x +4y =8 and 2z -+ 3y =12

Multiply (1) by 2:
2z + 8y =16

2x+ 3y =12

Ot

Subtract: Sy=4=y=42, z=8—4y=8— 1 =2 Sopoint A: (£, 1)
* Intersection of Line 2 and Line 3:
2v+3y=12 and 3x+y=9

Solve using substitution or elimination:
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Multiply (2) by 1: 2z + 3y = 12 Multiply (3) by 3: 92 + 3y = 27 Subtract:
15 12-20 12—-% 54 18

:]_ = — = —_= = — = —
fr=1b=r=2.y 3 3 21 7

. . (15 18
So point B: (12, 12)
¢ Intersection of Line 1 and Line 3:

r+4y=8, 3r+y=9

Solve: From (2): y = 9 — 3z, substitute into (1):
28
x+4(9—3x):8:>m+36—12x:8:>—11m:—28:>a::ﬁ

84 15

So point C: (£, 13)

* Also include intercepts: (0,0), and other feasible points as visible on graph.

Step 5: Evaluate objective function Z = 2z + 3y at each corner point

Point Z =2x+ 3y
(0,0) 0

24 4 48 12 _ 60 __
(3.3) | §+8=%=12
15 18 30 54 84
(7.7) | P+5=F=12
28 15 56 45 101
(f.13) | B+ =11 ~918

Maximum value of 7 is 12 at two points.

Final Answer:

Maximum value of Z = 12 at (%, %) and ( =

In graphical LPP, always identify all corner points of the feasible region, and evaluate

the objective function at each one to determine the optimum value.
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32.
It

find A=, Using A~1, solve the given system of equations:
2v — 3y +5z=11 (1)
3r+2y—4z=-5 (2)

r+y—2z2=-3 (3)

Solution:

Step 1: Express the system in matrix form

Let
2 =3 5 T 11
A=13 2 -4, X=|y|, B=|-5
1 1 =2 z -3
Then the system becomes:
AX =B

Step 2: Find the inverse of matrix A

We know:

_ 1 )
Al = Wadj(A)

Step 2.1: Calculate the determinant | A|

=22 -2 (—4-1)+3(3-—2—(—4-1))+5(3-1-2-1)
=2(—4+4)+3(=6+4)+5(3—-2)=2(0)+3(=2) +5(1) = —6+5=—1
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= |A| = -1

Step 2.2: Find adjoint of A Find cofactors of all elements and transpose the cofactor matrix.
(You can show steps for cofactors as per exam requirement or just state the adjoint.)

Let us assume:
0 1 1

adj(A) =12 -1 -1 (calculated separately)

1 1 5
Step 2.3: Find A~!
0 1 1 0 -1 -1
IR
A= —adjd) =-1-|2 -1 —1| =|-2 1 1
1 1 5 -1 -1 =5

Step 3: Solve using X = A~!'B

Compute:

=011+ (=1)(=5) + (-1)(-3) =5+3 =38
y=(—2)(11) + (1)(=5) + (1)(=3) = =22 — 5 — 3 = =30

z=(—1)(11) + (=1)(=5) + (=5)(-3) = —-11+5+15=9

Final Answer:

To solve a system using the inverse matrix method, always write AX = B and check

that |A| # 0. Thenuse X = A~'B.
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33.

I 7 =14 2] — 4k + \(4i + 6 + 12k)

Iy : 7= 3i+ 3] — 5k + pu(6i + 97 + 18k)

Solution:
Step 1: Identify the direction vectors and points on the lines.

Let:

a = i+ 2} — 4/%,
by = 47 + 67 + 12k,  (direction vector of I1)
@y = 31+ 3j — 5k,

by = 6i + 97 + 18k, (direction vector of I5)

Step 2: Check if the lines are parallel
Note:

- 3= . ) .
by = §b1 = Direction vectors are scalar multiples = Lines are parallel

Step 3: Use formula for shortest distance between two parallel lines:

(@2 — @1) - (b1 x bo)]

Shortest distance = -
|bl X b2|

But since b; and by are parallel, by x by = 0, so the standard skew-line formula fails.

Instead, for parallel lines, we use:

Distance =

Where 7 is any vector perpendicular to the direction vector by (or by)
Letdys—dy = (3—1)i4+(B3—2)j+ (-5 +4)k=2+7—k
Let i = by = 4i + 6 + 12k

Then: o o )
|(20 475 — k) - (40 + 65 + 12k)|

VA2 162 + 122
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Compute numerator:
(2)(4) + (1)(6) + (—1)(12) =8 +6 — 12 = 2
Compute denominator:

42 462 4122 = /16 + 36 + 144 = V196 = 14

2 1
= Shortest Distance = — = —
ortes 1Stance 11 7

Final Answer:

. 1 )
Shortest distance = = units

If direction vectors of lines are proportional, the lines are parallel. Use the projection of

the line joining the given points onto a perpendicular direction to find distance.

33. (b) Show that the lines

intersect. Also, find their point of intersection.

Solution:

Step 1: Represent the lines in vector form.

Line 1:
1 2
r—1 y—2 2z-3 L
5 = 5 — g —ATn=|2 A3
3 4
Line 2:
4 5
:I;—4_y—1_ R .
5—2—Z—N ro =11 M2
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Step 2: Equating both lines to find intersection

Assume both lines intersect at the same point. So:

142X 4+5u
T =T2= |24+3\| = [1+2u
34 4 u

Equating components:

1+22 =4+5u ()
243 =1+2u (i)

344\ =y (iil)

Step 3: Solve the system of equations
From (iii):
=344\

Substitute into (i):
142X =44534+4X) =44+154+20A = 19420\ = 1+2XA =194+20A = —18 = 18\ = A = —1
Now, substitute A = —1 into (iii):
p=3+4(-1)=3-4=-1
Check in equation (ii):
243(—1)=—-1, 1+2(-1)=-1 = LHS=RHS

Step 4: Find point of intersection

Substitute A = —1 into Line 1:

1 2 1—2 —1
r=12|+(=D) 3 = [2-3] = |-1
3 4 3—-4 -1

Final Answer:

The lines intersect at the point (—1, —1, —1)
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To check if two lines in space intersect, equate their vector equations and solve for the

parameters. If a common point satisfies all components, the lines intersect.

34. If

2

y = cos 22 4 cos® z + cos?(x?) + cos(z%),

find &,

Solution:
We are given:

y = cos(z?) 4 cos?(x) + cos?(2?) + cos(x”)

Differentiate term-by-term using the chain rule and product rule.

Term 1: -L[cos(2?)]

Using chain rule:

d d

%[cos(xz)] = —sin(z?) - %(:cz) = —sin(z?) - 2z
Term 2: -L[cos?(z)]
Recall: cos?(z) = (cosz)?, use chain rule:
d. . o : :
d—[cos ()] = 2cos(x) - (—sinx) = —2 cos(z) sin(x)
x
Term 3: L[cos?(2?)]
Let u = 22, then:
d. 20 2 2 ooy 4o 2\ i (2 90N . 9
%[cos (x%)] = 2cos(z”) - (—sin(z?)) - a(x ) = —2cos(z?) sin(z?) - 2x = —4x cos(z”) sin(z”)
Term 4: L [cos(27)]
Let u = z*. First differentiate z”:
Recall:
d d d
x _ ,xlnx ey Zqyrlnzy . xlnz | 2
¥ =", d:r[x ] dx[e |]=e dx(xlnx)



Now,

d d
ﬁ(.rlnx) =hr+1= %(a:x) =2"(Inz + 1)

Now differentiate:

T\ __ . T d AN . T T
%[cos(x )] = —sin(z®) - %(x ) = —sin(z®) - 2%(lnx + 1)

Final Answer:

d
d_i = —2zsin(2?) — 2 cos(x) sin(z) — 4 cos(x?) sin(2?) — 2% (Inz 4 1) sin(z®)
d
d_i = —2zsin(z?) — 2 cos(x) sin(z) — 4 cos(z?) sin(2?) — 2°(Inz + 1) sin(z%)

For composite and exponential functions like =%, convert to exponential form using

2% = e*I before differentiating.

34. Find the intervals in which the function

3 4 36
f(z) = 1—0934 — 5.7:3 — 322+ Ea: +11
is:

(1) strictly increasing
(i1) strictly decreasing
Solution:

To find the intervals of monotonicity (increasing or decreasing), we first compute the

derivative f’(x).

Step 1: Differentiate f(x)



12 12 36 6 12 36
/ 3 2 3 2
) =7 -2 —rt 5 =5 5T Tt
1
= f'(x) = < (62" — 1207 — 302 + 36)

Step 2: Find critical points by solving f'(z) =0

623 — 1222 — 302 +36 =0

Let’s solve this cubic by factorization. Try rational roots:

Try z = 1:
6(1)% —12(1)2 = 30(1) +36 =6 — 12— 30+ 36 = 0 = z = 1 is a root

Now divide the cubic by (x — 1) using polynomial division:

623 — 1222 — 30z + 36 = (x — 1)(62% — 62 — 36)
Now factor the quadratic:

622 — 61 — 36 = 6(2* —z — 6) = 6(x — 3)(x + 2)

= () = £ o= D= 3)(w+2)

Step 3: Sign Analysis of [/(z)
Critical points: z = —2,1,3

Make a sign chart:

Interval | Sign of f/(x)

(=00, =2) | (=)(=)(=) = —
(=2,1) | (H)=)(=) =+
(1,3) | (D)) = -
(3,00) | (F)(H)(+) =+



Step 4: Conclusion

(i) f(z) is strictly increasing in the intervals:

(=2, 1)U (3, o0)

(i1) f(x) is strictly decreasing in the intervals:

(—o0, —2)U(1, 3)

For finding increasing/decreasing intervals, compute the first derivative, find critical

points by solving f’(z) = 0, and use a sign chart to analyze the behavior.

35.

Using integration, find the area of the region

{(z,y):0<y<a® 0<y<z, 0<a<3)

Solution:

We are given the region bounded by the curves:

y=2x°, y=x, and z=0tox =3

Step 1: Find points of intersection of the curves y = = and y = 22

Equating:

r=2’=>2"-1r=0=z(x-1)=0=z=00rz=1

So the region enclosed between the curves lies between = = 0 and = = 1, where the graphs

intersect. In this interval:

-y = z lies above y = 22

Step 2: Express area as vertical strip

The area between two curves from z = a to x = b is:

b
Area = / [Upper curve — Lower curve| dz
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Here, from = = 0 to « = 1, upper curve is y = z, and lower curve is y = 2>
So,
1
Area = / (x — %) dx
0

Step 3: Evaluate the integral

1 1 1 971 3
1 1 -2 1

/(x—:cz)dx:/ :cd:c—/ xzdx:lx—] —lx—] :<___):3_:_
0 0 0 2 0 3 0 2 3 6 6

Final Answer:

1 .
Area = g Sduare units

Always sketch the curves to identify which function is on top within the limits of inte-

gration. This ensures you subtract the correct curves when calculating the area.

36. A window is in the form of a rectangle surmounted by an equilateral triangle on its

length. Let the rectangular part have length and breadth = and y metres respectively.

(i) If the perimeter of the window is 12 m, find the relation between x and y.
Solution:

The total perimeter includes:
* Two vertical sides of rectangle: 2y
* One base of rectangle (length): =
* Two equal sides of the equilateral triangle (on top): each of length =

So, total perimeter = x + 2y + 2z = 3z + 2y

= 3r+2y =12 (Equation 1)

(ii) Using the expression obtained in (i), write an expression for the area of the window as a
function of x only.

Solution:
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Area of window = Area of rectangle + Area of equilateral triangle
- Area of rectangle = A; = z - y - Area of equilateral triangle = Ay = \/Tga:2 (since all sides are
)

From equation (1):
12 — 3x
2

Jr+2y=12=2y=12-3cx =y =

Now substitute into area expression:

Alr) =z (12;&@) +\/T§x2 _ (12 - 3x) +\/_§%2

:12x—3$2+\/§ 5

= A(z) 5 1
(iii) (a) Find the dimensions of the rectangle that will allow maximum light through the
window. (Use the expression obtained in (ii))

Solution:

We are to maximize A(z). Let us first write it as a single expression:

122 — 322 3
_ 12030 V3,

A(z) 5 1

Combine like terms:

_ 3 9 V3 2 2 V3 3
Ax) = bz 3% —|—Tx =6+ T 3
Let:
A(z) = 62 + 22 (@)
Differentiate to find maximum:
dA V3 —6 dA 22(v/3 — 6) z(v/3 - 6)
e ) - ZovVe T ave
I 6+ :L’( 1 ):>da: 6 + 1 6+ 5
Set derivative to zero:
z(v/3 — 6) (V3 —6) —12
6+ " 0= " = =z(/3-6)=—-12=1=
. : (V3-6) NS
12 6++3 S .
=0 = . = (rationalizing if required
6—v3 643 ( g if required)

You may leave the answer in simplified radical form, or approximate numerically in exams if

required.
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Then use:
B 12 — 3z
2

Y

to get the corresponding value of y.

Hence, the dimensions for maximum area are:

12 12 — 3z
T = m, y=—7
OR (iii) (b) If the area of the window is 50 m?, find an expression for its perimeter in terms
of x.
Solution:

Area = Area of rectangle + Area of triangle:

3 50 — V3,2
i

Now write perimeter P as a function of z:

P=2+4+2y+42zx=3x+2y

Substitute value of y:

Always use geometry + algebra to express all unknowns in terms of one variable. Use

calculus (derivatives) to optimize area or perimeter.

37. During the festival season, a mela was organized by the Resident Welfare
Association at a park near the society. The main attraction of the mela was a huge

swing, which traced the path of a parabola given by:

2=y or f(z)=2a?
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(i) Let f : N — R be defined by f(z) = 2. What will be the range?
Solution: Since x € N = {1,2,3,...}, squaring any natural number gives a positive real
number:

f(z) = 2> = Range of f = {1,4,9,16,25,...}

This is the set of perfect squares in R.

Range = {z* |z e N} C R

(ii) Let f : N — N be defined by f(z) = 2. Check if the function is injective or not.
Solution:

Let us take any z1,x2 € N and suppose:
f(a1) = f(a2) = 27 = a3
Since both =1, x5 € N (i.e., positive integers), we get:
T1 = T9

Hence, f is injective (one-one).

f is injective (one-one)

(iii) (a) Let f : {1,2,3,4,...} — {1,4,9,16,...} be defined by f(z) = 2. Prove that f is
bijective.

Solution:

- The function is already shown to be injective in part (ii).

- To prove surjective: Let y € {1,4,9,16,...}. Then there exists an = € {1,2,3,...} such that
y = 22. So, every element in the co-domain has a pre-image in the domain.

Hence, the function is also surjective (onto).

Therefore,

f 1s bijective (one-one and onto)

OR
(iii) (b) Let f : R — R be defined by f(x) = 2. Show that f is neither injective nor

surjective.
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Solution:

- Injectivity (One-one): Suppose x; = 2 and x93 = —2. Then, f(2) =4 = f(—2), but 2 # —2.
= f is not injective

- Surjectivity (Onto): We need to check if for every y € R, there exists an x € R such that

fla) =2 =y
But, for example, there is no real = such that 22 = —1 (since square of a real number is

always non-negative).

= f 1s not surjective

Hence,

f 1s neither injective nor surjective

A function is bijective only when it is both one-one and onto. Use examples to prove or

disprove injectivity/surjectivity clearly.

38. Two persons are competing for a position on the Managing Committee of an
organisation. The probabilities that the first and the second person will be appointed
are 0.5 and 0.6, respectively. Also, if the first person gets appointed, then the probability
of introducing a waste treatment plant is 0.7, and the corresponding probability is 0.4 if
the second person gets appointed.

Based on the above information, answer the following:

(i) What is the probability that the waste treatment plant is introduced?

Solution:

Let: A be the event that the first person is appointed, P(A) = 0.5 B be the event that the
second person is appointed, P(B) = 0.6 W be the event that the waste treatment plant is
introduced.

Given: P(W|A) = 0.7, P(W|B) = 0.4
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Assuming independence (both can be appointed), the total probability that the plant is

introduced is given by:

P(W)=P(A)- P(W|A)+ P(B)- P(W|B)

P(W) = (0.5)(0.7) + (0.6)(0.4) = 0.35 + 0.24 = 0.59

P(W) =0.59

(ii) After the selection, if the waste treatment plant is introduced, what is the probability that
the first person had introduced it?
Solution:

We are required to find P(A|W). Using Bayes’ Theorem:

P(A)- P(W]A
paw) = 2 )P(W<) 14)
Substituting the values:
0.5-0.7 0.35
P(AIW) = —
(AlW) 0.59 0.59

35
P(AIW) = =5 ~ 0.532

Use the Total Probability Theorem when an event can occur due to multiple causes,

and apply Bayes’ Theorem to reverse conditional probabilities in real-world decision

scenarios.
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