JEE Main 2023 30 Jan Shift 1 Mathematics Question Paper with

Solutions

Time Allowed :180 minutes | Maximum Marks :300 | Total questions :90

General Instructions

Read the following instructions very carefully and strictly follow them:
1. The test is of 3 hours duration.

2. The question paper consists of 90 questions, out of which 75 are to attempted.

The maximum marks are 300.

3. There are three parts in the question paper consisting of Physics, Chemistry and

Mathematics having 30 questions in each part of equal weightage.

4. Each part (subject) has two sections.
(i) Section-A: This section contains 20 multiple choice questions which have only
one correct answer. Each question carries 4 marks for correct answer and —1 mark
for wrong answer.
(i1) Section-B: This section contains 10 questions. In Section-B, attempt any five
questions out of 10. The answer to each of the questions is a numerical value.
Each question carries 4 marks for correct answer and —1 mark for wrong answer.

For Section-B, the answer should be rounded off to the nearest integer




Mathematics

Section A

1. Let
m n
A= ,d=1A] #0, and |A — d(AdjA)| = 0.
p q
Then:
(D) (1+d)* = (m +q)?
2)1+d>=(m+q)?
(3) (14 d)? =m? + ¢?
@) 1+d*=m?+¢°
Correct Answer: (1) (14 d)? = (m + q)?
Solution:

The matrix provided is:

The determinant of A is:

|Al=m-q—n-p=d.
The adjugate of A, denoted as AdjA, is:

adja=| T "

We are given the condition:

|A —d(AdjA)| = 0.
Substituting A and AdjA into the equation:

m n q —n

A —d(AdjA) = —d
P g -p m
This simplifies to:
m—dg n+dn

A—d(AdjA) =
p+dp q—dm



The determinant of A — d(AdjA) is:

m—dqg n-+dn
1A — d(AdjA)| = 1 .
p+dp qg—dm

Expanding the determinant:
|A = d(AdjA)| = (m — dq)(q — dm) — (n+ dn)(p + dp).
Simplifying the expression:
|A — d(AdjA)| =mq—m-dm —dq-q+d>-qmn— (np+n-dp+dn-p+d®-np).
Substituting d = mq — np, we obtain:
(1+d)* = (m+q)*.

Thus, the final result is:
(1+d)* = (m+q)*.

Always simplify determinant expressions step-by-step and use given conditions to elim-

inate redundant terms. Pay close attention to matrix operations to avoid calculation er-

rors.

2. The line /; passes through the point (2,6, 2) and is perpendicular to the plane
2x + y — 2z = 10. Then the shortest distance between the line /; and the line

r+1 y+4 =z

2 -3 2

is:

(7

2) %

(3) Y

@9

Correct Answer: (4) 9

Solution:



We are given that the line ¢ passes through the point A(2, 6, 2) and is perpendicular to the

plane 2x + y — 2z = 10. The equation of the line L; is given as:

r—2 y—6 z-2
2 1 =2

We are also given the second line Ly with the following equation:

r+1 y+4 =z

2 -3 2°
To find the shortest distance between these two skew lines, we use the formula for the

distance between two skew lines:

4B - (MN)
[MN|
where @ 1s the vector from point A on line L; to point B on line Ly, and M N is the vector
perpendicular to both lines.
Step 1: solve the vectors AB and MN
The coordinates of point A are (2, 6,2), and the coordinates of point B are (—1, —4,0). Thus,

the vector @ 1s solved as:
AB=B—A=(-1-2)i+ (—4—6)] +(0—2)k = —3i — 10] — 2k.

The direction ratios of line L; are 2i + 1j — 2k, and for line Lo, they are 2i — 3 + 2k. The

vector M N is the cross product of the direction ratios of the two lines:

— 1 =2 |2 =21 .12 1
MN = '

2 .
-3 2 2 2 2 =3
2

Expanding the determinant:

~

MN = 1(1-2—(=3)-(=2)) = 7(2:2—(=2)-2)+ k(2-(=3) = 1-2) = i(2—6) — j(4+4) + k(—6—2).

Thus,

— “ “ ~
MN = —4i — 8j — 8k.

Step 2: solve the magnitude of MN

The magnitude of the vector MN is solved as:
MN| = /(—4)2 + (—8)% + (—8)2 = /16 + 64 1 64 = 12.
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Step 3: solve the dot product AB - MN
Next, we solve the dot product AB - MN. Using the values of the components of the vectors

AD = —3i — 107 — 2k and M N = —4; — 8j — 8k, we have:
AB - MN = (—3)(—4) + (—10)(=8) + (~2)(—8) = 12 + 80 + 16 = 108.

Step 4: solve the shortest distance

Finally, the shortest distance d between the two skew lines is given by:

g |108] 108
12 12

Thus, the shortest distance between the two lines is 9.

To find the shortest distance between two skew lines, use the formula involving the

cross product of their direction vectors. This will give you the perpendicular distance

between the lines.

3. If an unbiased die, marked with —2, —1,0, 1, 2, 3 on its faces, is thrown five times, then
the probability that the product of the outcomes is positive, is:

(1) 355

2) 355

(3) 3508

4) 55

Correct Answer: (2) 221

Solution:

The die is marked with the numbers —2, —1,0, 1,2, 3. We are tasked with finding the
probability that the product of the outcomes is positive when the die is thrown five times.
First, we observe that the product of the outcomes will be positive if one of the following
conditions is met: - All outcomes are positive, or - Exactly two outcomes are negative, since
the product of two negative numbers is positive.

Let p represent the probability of a positive outcome, and ¢ represent the probability of a

negative outcome.



The probabilities for each outcome are:

1 2 1

PS5y 17573

Now, we solve the required probability by considering the following two cases: 1. All five
outcomes are positive. 2. Exactly two outcomes are negative, and the remaining three
outcomes are positive.

To solve this, we can apply the binomial expansion for each case.

Thus, the total probability is given by:
riosione) = () (3) + (3) (5) (5) + (1) (5) &)
PosTVe) =15 ) \2 2)\3) \2 4)\3) \3) -
Simplifying the expression:
. 5\ (1N /5 /1N\®  [/5) 1\ /1!
P(positive) = (5) (5) +(2) (5) +<4> (5) (5) '

Now, we compute the values of the binomial coefficients and probabilities:

521
2592
521

Thus, the correct probability is 5z55, which corresponds to option (2).

P(positive) =

For problems involving probabilities and outcomes, consider the possible cases and use

binomial coefficients to account for different combinations of events.

4. Let the system of linear equations

Xx+y+kz=2
2x+3y-z=1
3x+4y+2z=k

have infinitely many solutions. Then the system
(k+1)x + 2k-1)y =7

2k+Dx + (k+5)y =10

has:

(1) infinitely many solutions



(2) unique solution satisfying x —y = 1
(3) no solution
(4) unique solution satisfying z +y = 1

Correct Answer: (4) unique solution satisfying z +y = 1

Solution:

We are given the system of equations:
r4+y+kz=2x+3y—z=138x+4y+2z2=%k

To find the value of k for which the system has infinitely many solutions, we first find the

determinant of the coefficient matrix. The coefficient matrix is:

11 k
2 3 —1
3 4 2
The determinant is:
11 k

Determinant = |2 3 —1|.
3 4 2

Expanding the determinant:

3 —1 2 —1 2 3
1 x —1x + k x .
4 2 3 2 3 4

Calculating each 2x2 determinant:

3 -1
= (3)(2) = (4)(=1) =6 +4 =10,
4 2
2 -1
=)@ -B)(-)=4+3=7,
3 2
2 3
=(2)4)-B)B)=8-9=-1.
3 4

Now, we will Substituting these into the determinant expression:
Determinant = 1(10) — 1(7) + k(-1) =10 -7 -k =3 — k.
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For infinitely many solutions, the determinant must be zero:
3—k=0 = k=3
For k = 3, the second system becomes:
dr+5y=17 (1),

Tr+8y =10 (2).

Subtract equation (1) from equation (2):
(Tx +8y) — (dx +5y) =10 -7,

Jx+3y=3 = z+y=1L

Thus, the system has a unique solution satisfying x + y = 1.

When solving systems of linear equations, solve the determinant of the coefficient ma-

trix to check for infinite solutions (determinant equals zero). For a unique solution,

ensure the determinant is non-zero.

S. If

tan 15° + + tan 105° + tan 195° = 2a,

tan 75°
then the value of « + 1 is:

()4
(2)4—-2V3
(3)2
(4)5—3V3

Correct Answer: (1) 4

Solution:

Here is the equation

tan 15° + + tan 105° 4+ tan 195° = 2a.

tan 75°



First, now simplify the individual terms.
We know that:
tan 15° = 2 — /3,

= cot 75° =2 — /3,

tan 75°
tan 105° = cot 75° = — cot 75° = —2 + /3,

tan 195° = tan(180° + 15°) = tan 15° = 2 — V/3.
Now, we subsitute the values into equation:
(2—=V3)+ (2= V3)+ (—2+V3) + (2— V3) = 2a.
Simplifying the left-hand side:
24+42-2+42-V3-V3+V3-V3=2a,

4 —2V3 = 2a.
Dividing both sides by 2:
2—V3=a.

Now, we solve a + 1:
1

23

a—l—%:(?—\/g)-i—

Simplifying ﬁg’ rationalize the denominator:

1 2+v3 2+/3 243
2 V3 21v3 (2-vV3)2+v3) 4-3 AR

Thus:
a+%:(2—\/§)+(2+\/§)=4.

Therefore, the value of a + % is 4.

When dealing with trigonometric identities, it’s helpful to recognize common angle
identities and use the properties of cotangent and tangent functions Simplifying the
problem. Rationalizing denominators is often useful for fractions involving trigono-

metric functions.




6. Suppose f : R — (0,0) be a differentiable function such that

5f(+y) = f(z)- f(y), Yo,y € R.If f(3) = 320, then " _ f(n) is equal to:
(1) 6875

(2) 6575

(3) 6825

(4) 6528

Correct Answer: (3) 6825

Solution:

Step 1: Analyzing the Given Functional Equation

The functional equation is:
Sfx+y)=fz) fy)
Substituting y = 0
5f(x+0) = f(z)- f(0) = 5f(x) = f(z) - f(0).
Divide by f(z) (since f(z) > 0):
f(0) =5.

Step 2: Derive the Recursive Relation

Substituting y = 1:
5f(x+1) = fz)- f(1).
Divide by f(z):

fl@ 5
This shows f(x + 1) = f(z) - ¢, where ¢ = %
Step 3: Generalize f(n)

—

Using the recursive relation, we get:

Step 4: Determine f(1)
From f(3) = 320:

320=5-¢ = A =64 — c=4.

10



Thus, f(1) =5c=5-4 = 20.
Step 5: Compute Zi:o f(n)

f(n) =5-4".
5
> fn)=5-(40 44" 447 443 44t 4 45,
n=0

The summation inside the parentheses is a geometric series:
451 4096 —1 4095
4-1 3 3

5

> f(n) =5-1365 = 6825.

Sum = = 1365.

Conclusion: The value of Zi:o f(n) is 6825. Therefore, the final answer is (3).

For functional equations, Substituting specific values (e.g., y = 0, 1) to derive key prop-

erties. In geometric progressions, always simplify the summation formula for efficient

calculations.

-2
= h i 1 to:
Un = 5 len 15 hem aitay+---+aslsequalto

(1) £

(2) 15§

(3) £

4) &

Correct Answer: (3) 2
Solution:

We are given that:
-2
An? — 16n 4+ 15
We need to find the sum a; + a2 + - - - + as. So, we evaluate the following:

QAp =

First, express the denominator of a,,:
4n? — 16n + 15 = 2(2n* — 8n + 7.5).

11



Now, we compute the sum:

—2
An? —16n + 15
n=1

al+ag+---+as

Simplifying the expression:
5 5 5

1 50
Z4n2—16n+15 Z22n2—3 =27

Thus, the sum is 1 41 , which corresponds to option (3).

When solving such sums, it’s helpful Simplifying the expressions using algebraic factor-

ing techniques, such as grouping terms and factoring the denominators when possible.

8. If the coefficient of 2'° in the expansion of

is equal to the coefficient of z~'° in the expansion of

a 11\ 15
(F-m)

where a and b are positive real numbers, then for each such ordered pair (a,b):

(Da=0b

2)ab=1

(3)a=3b

(4) ab=3

Correct Answer: (2) ab=1

Solution:

Step 1: Coefficient of +'% in (az® + ;)"

The general term in the expansion of (az3 + ;15) ' is given by:

15 15—r 1\"
= (1) @) ()

15
Toiq = (T >a15—rb—rx3(15—r)—3rl

12

Simplify the powers of x:



The exponent of x is:

45 — 3r — 3r = 45 — 6r.
For the coefficient of #1°, set 45 — 6r = 15:
45 —-15=6r — r=09.

Thus, the coefficient of x1° is:

Step 2: Coefficient of 215 in (% — %)15

The general term in the expansion of (7

15
r
Simplify the powers of x:

15
Ty = <r )a15—rb—r(_1)7':1:—3(15—7“)—37’.

The exponent of x is:

—45 4+ 3r — 3r = —45 + 6r.
For the coefficient of 2715, set —45 + 6r = —15:

6r=30 — r =6.

—15 §s:

15\ 15-6,-6 _ (19) 9,-6
<6>a b™° = 6 a’b".

Step 3: Equating the Coefficients

Thus, the coefficient of =

Equate the coefficients of #'° and z~19:

15 15
( 9 )a6b_9 = ( 6 )agb_G.
Since (195) = (165), cancel these terms:
e

Rearranging gives:



Cross-multiply:

21550 — p15 49,
Divide both sides by a”b°:

616 — T=1 = ab=1,

“ b

Conclusion: The correct ordered pair satisfies ab = 1. Therefore, the final answer is (2).

Quick Tip

When solving binomial expansions involving exponents, carefully match the powers of
x to determine the required coefficients. Simplify using properties of combinations and

equations.

9. If a, b, c are three non-zero vectors and 7 is a unit vector perpendicular to c such that
a=ab—-n, (a#0)

and
?-?:12, then ?x(?x?

)

is equal to:

(1) 15

2)9

(3) 12

4) 6

Correct Answer: (3) 12
Solution:

We are given that:

‘We need to find:
lc X (a x b)|.

First, expand a x b:

axb=(ab—n)xb.

14



Using the distributive property:
axb=abxb)— (2 xb).

Since b x b = 0, we have:

axb=—(nxb).

Now, solve ¢ x (a x b):

c X (axb)=cx(—nxb).
Using the vector triple product identity:
c X (nxb)=(c-b)a—(c-n)b.

Substituting the values:

cx(nxb)=(c-b)n—0-b.

Thus, we get:
cx (axb)=—(c-b)n.

Given that b - ¢ = 12, we Substituting this value:
cx (axb)=—12n.

Now, compute the magnitude:

lc x (ax b)|=12|n|.
Since 7 is a unit vector, |n| = 1, so:
lc x (ax b)| =12.

Thus, the final answer is 12.

When solving vector triple products, use the identity a x (b x ¢) = (a-c)b — (a- b)c

Simplifying the calculations.

10. The number of points on the curve
y = bda® — 1352% — 7027 + 18022 + 210z

15



at which the normal lines are parallel to
2490y +2=0

is:

(1)2

(2)3

(3)4

40

Correct Answer: (3) 4

Solution:

Solution:

The normal of the line is parallel to the line x + 90y + 2 = 0, so the slope of the normal m is

given by:
_ 1
90

We can express this relationship for the normal slope as:

1
B (?) - = (Z—y) — 90.
Y7 (@) T/ (@)

Now, we are given the equation for g—z:

d
d—y = 2702* — 5402°% — 21022 + 3602 + 210 = 90.
X

my =

Simplifying, we get:
270x* — 5402% — 21022 + 3602 + 210 = 90.

Solving this equation gives us the values for z:

Thus, the normals occur at these 4 values of .

Quick Tip

When solving problems involving normal lines, use the relationship between the slope
of the normal and the derivative of the function. Also, be prepared to solve polynomial

equations to find the points of interest.

16



11. Let
y=x+2, 4y=3r+6, and 3y=4xr+1

be three tangent lines to the circle
(x— W2+ (y— k)2 =12

Then / + £ is equal to:

()5

(2) 5(1+v72)

(3)6

(4) 5v2

Correct Answer: (1) 5

Solution:

We are given three tangent lines to the circle, and we need to find the center of the circle,
which is denoted by (A, k).

The three lines are:
Ly:y=x+4+2, Ly:4y=3x+6, L3:3y=4xr+1.

To find the center of the circle, we need to find the point of intersection of the angle bisectors
of the lines.

First, simplify the equations of the lines:

3 3 4 1
Li:y=x2+4+2, Lo:y=-x+—-, L3:y=-x+—.
1:Yy=2 ) 2:Y 4$ 9 3:Y 3$ 3

The center of the circle lies on the angle bisector of lines L; and Lo, and also on the angle
bisector of lines Ly and L3. To find the angle bisector, we use the formula for the bisector of

two lines:

dr — 3y + 1 _in—4y+6
5 B 5 '
We now consider the positive case:
dr—3y+1 3x—4y+6
5 B 5 ‘

Simplifying:
dr — 3y + 1 =3z — 4y + 6,

17



T +y=05.

Thus, the center lies on the line x + y = 5, which is the angle bisector of lines L; and Ls.
We also know that the center lies on the line 3z — 4y + 6 = 0, which is the bisector of lines Lo

and L3. Solving this system:
r+y=5 and 3xr—4y+6=0,

solving for z and y:

3r—4y+6=0 = 3r=4y—6 = 1=

Substituting into x + y = 5:

4y — 6
3

+y=5 = 4y-6+3y=15 = Ty=21 = y=3.
Substituting y = 3 into x + y = 5:
r+3=5 = x=2
Thus, the center of the circle is (h, k) = (2, 3), and therefore:
h+k=2+3=5.

Thus, the final answer is 5.

To find the center of the circle when given tangent lines, use the concept of angle bisec-

tors. The intersection of these bisectors gives the center of the circle.

12. Let the solution curve y = y(x) of the differential equation

dy 327 tan~!(2?)

=2
de (1 tadypz YT
23 — tan—1 23
erp———
(1+ )6

pass through the origin. Then y(1) is equal to:
4—7

(1) exp (m)
m—4

(2) exp <m)

18



(3) exp (lzﬂ)

Jr
@ exp (15)
. 4—7
Correct Answer: (1) exp (4_\/5)

NN
EE )

Solution:
Step 1: Standard Form of the Differential Equation

The given differential equation is:

dy 325 tan~!(2?)
dir (142030

Here, the integrating factor (I.F.) is given by:

325 tan—1 (L'S) dx

LE = ¢/ ~amom

Step 2: Compute the Integrating Factor

—32° tan~!(23) 1,3 3
/ 1+ 2075 dx = tan (x)m

Thus:
tan—1 (13)-13

ILE =¢ vi+sf |

Step 3: Solve the Differential Equation

The general solution of the differential equation is:

ylF:/%IEm+G

Substituting the I.F.:
tan— 1! (23)-23
y-e Vit = [ 2xdr+4C.
Simplify:

tan—1 (13)413

y-e Vit =221 (.

Step 4: Apply the Condition (Passes Through the Origin)
Atz =0, y = 0. Substituting:

tan_1(0)40

0.c Vitod =024+ (C = C=0.

Thus, the solution becomes:

tan—1 (z3)~z3

y-e Vital = 2.

19



Step 5: Evaluate y(1)
Atx =1:

tan71(13)~13

y(1) - e Vet =12

Simplify the exponent further:

Conclusion: The value of y(1) is exp <jj:7%). Therefore, the final answer is (1).

For first-order linear differential equations, always compute the integrating factor care-

fully and apply initial conditions to find the constant of integration.

13. Let a unit vector ﬁ make angles «, 5, v with the positive directions of the
coordinate axes O X, OY, OZ respectively, where 3 € (0, %), and 075 is perpendicular to
the plane through points (1,2, 3), (2,3,4), and (1,5, 7). Then which one of the following is

true?

Solution:

We are given three points (1,2,3), (2,3,4), and (1,5,7), and we need to find the angle that the
unit vector O? makes with the coordinate axes.

Step 1: Equation of the Plane We can determined the equation of the plane using the
determinant of a matrix formed from the coordinates of the points.

The matrix for the equation of the plane is:

20



Expanding this determinant:

[t—1]-4—[y—2]-34+[z—3]-2=0,
r—4y+ 3z =2

Thus, the equation of the plane is:

r—4y+ 3z =2,

Step 2: Direction Ratios of the Normal to the Plane
The direction ratios of the normal to the plane are (1, —4, 3).
Step 3: Direction Cosines of the Normal Vector

The direction cosines of the normal vector are given by:

—1 -3
cosff = —, cosa=—, COsY=——.
P V26 V26 K V26

Step 4: Finding the Angles
The angles «, 3, and ~ correspond to the direction cosines:
-cosf3 = %, SO 3 € (0,%).
-cosa = \;—2%, SO o € (%,7‘(‘).
- cosy = \;—2%, SOy € (%,7?).

Thus, the final answer is 1.

Quick Tip

When dealing with directional cosines and normals, always verify the values of the
direction ratios and use them to determine the angles with the coordinate axes. These

can often be found by solving for the cosines using the Pythagorean identity.
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14. If [t] denotes the greatest integer < 1, then the value of

2 2
3e-1° / 2 lal ) g
1

e

is:

(e’ —e
2)e® —e
3)e’ —1
4)ed -1

Correct Answer: (2) ¢ —¢
Solution:

Step 1: Substitution in the Integral

2
/ 22ela %] gy
1

Substituting ¢ = 3, so 3z2dx = dt. The limits change as:

-Whenz=1,t=1%=1.

Given:

-Whenz =2,¢t=23=28.

Thus, the integral becomes:

2 , 1 [®
/ el gy — 1 / oy,
1 3 1

Step 2: Break the Integral Based on Greatest Integer Function

8 2 3 8
/ ellgt = / eldt + / e2dt 4+ -+ / e dt.
1 1 2 7

Each integral evaluates to:
k+1
/ eFdt =¥ (k+1—k) =k
k
Thus, the summation becomes:
8
/ gt =e' + 24>+ 4 ¢
1

Step 3: Sum of Exponentials

The sum of exponentials is:
v+ tef=e-(1+e+e?+.--+€b).

22



This is a geometric progression with first term 1, common ratio e, and 7 terms:

el —1
e—1"

8 7T
/e[t]dt:f.e L

Step 4: Multiply by the Given Coefficient

ltete?+ - +eb =

Thus:

Now, Substituting back into the given expression:

3e—1)2 1 e-(e"—1)
e 3 e—1

Simplify:

Expand:
(e—1)-(e" —=1)=€® —e.

Conclusion: The correct solution of the given expression is e® — e. Therefore, the final

answer is (2).

Quick Tip
For integrals involving the greatest integer function, split the integral into ranges where

the greatest integer function is constant. Use substitution and properties of geometric

progressions for simplifications.

15. If P(h, k) be a point on the parabola = = 4y, which is nearest to the point (0, 33),
then the distance of P from the directrix of the parabola y?> = 4(z + y) is equal to:
(12

(2)4

3)8

4)6

Correct Answer: (4) 6

Solution:
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The given equation of the parabola is z = 432, and we need to find the distance from the
point P(h, k) on the parabola to the directrix of another parabola y?> = 4(z + y). The point P
is the closest point to Q(0, 33).

Step 1: Equation of the Normal

The equation of the normal to the parabola x = 4y is given by:
y = —tx + 2at + at2,

where ¢ is the parameter, and a = 1—16.

Thus, the equation of the normal becomes:
2

T
S TR T

Step 2: It passes through (0, 33) Substituting = = 0 and y = 33 into the normal equation:

33 = —(0) + v b Ly
B 16 16
This simplifies to:
23
Multiply through by 16:
528 =t + ¢°.

Rearranging gives:
t+2t — 528 = 0.
Solving this cubic equation, we find ¢ = 8.

Step 3: Parametric Coordinates of P

Now Substituting ¢ = 8 into the parametric equations for P (point on the parabola):

1 1
P(8, 2at) = (E X 64,2 % — 8) — (4,1).

Step 4: Parabola Equation The equation of the given parabola is:

y? = 4(z +y).

Rearranging:

y2 — 4y = 4x.
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This simplifies to:
(y —2)% = 4(x +1).

Step 5: Equation of the Directrix The equation of the directrix is:
r+1=-1,

which gives x = —2.
Step 6: Distance from Point P to Directrix The distance of the point P(4, 1) from the

directrix x = —2 is given by the horizontal distance:
Distance = |4 — (—2)| = 6.

Thus, the distance from P to the directrix is 6.

Therefore, the final answer is 6.

Quick Tip

When solving problems involving parabolas and tangents, remember to use the para-
metric form of the equation for normals, and solve the distance from the point to the

directrix using simple geometric principles.

16. A straight line cuts off the intercepts OA = a and OB = b on the positive directions
of the z-axis and y-axis, respectively. If the perpendicular from the origin O to this line
makes an angle of & with the positive direction of the y-axis and the area of AOAB is
%3, then o® — b? is equal to:

(1) 222

(2) 196

(3) 196

(4) 98

Correct Answer: (1) 222
Solution:

Solution:

: : C e y
The equation of the straight line is given in intercept form as £ 4 ¢ =

Alternatively, the equation of the line in perpendicular form is given as z cos § + ysin 5 = p.
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T . W3
Simplifying this gives § + 5= = p.
Rearranging the terms, we get 3% + 2% = 1.

Comparing the two forms of the equation of the line, we can identify « = 2p and b = j—%.

The area of AOAB, where A and B are the intercepts on the x and y axes respectively, is
given by %ab. We are given that this area is %\/3. Substituting the values of a and b, we have:
sep) (%) ==,

Simplifying, we find p? = 49.

We are asked to find a? — v?. Using the values of a and b in terms of p, we get:

2 2 2

a2—b2:(2p)2—(\2/%) — g8
Sutine n2 — 2 12 _ 8 _ 392
Substituting p* = 49, we find a® — b° = 5 - 49 = ==,

Therefore, a? — b = 32

Conclusion: The value of a2 — V2 is 3%2.

To solve such problems, use the normal form of the line equation and compare coeffi-

cients. Ensure proper handling of intercepts and areas for precise calculations.

17. The coefficient of 23! in
(14+2)° 4 2(1 + )1 + 221 + 2)198 ... 4 2500

is:

(1) 21 C302

(2) *Cs01

(3) 2%Cs309

(4) 22 Coo9

Correct Answer: (4) °1 0y
Solution:

We are given the following expression:

(1 + LL’)5OO + ZC(l + 113)499 + 12(1 + 56)498 NS 55500.
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This can be rewritten as:
(1+2)°0 42 ((1 + )M L (14 2)198 4 . ) .
We can express this sum as:

:(1+x>500 (1_ 1—T—x> (1—f1—$)

Next, simplifying the expression:

4 (W)

(1+ )0

Simplifying further:

— (14 2)P0 — 501,
Now, the coefficient of 3! in (1 + 2)%°! — 271 is given by:
501\ /501
301)  \200)°
Quick Tip

When dealing with series and expansions, pay attention to how the powers of z in each
term combine. Using binomial expansions and summing the appropriate terms will help

you find the required coefficient.

18. Among the statements:

SD ((pVag) =r) = (p=r7)

(82) (pvag)=r) = ((p=r)Vig=r))

Which of the following is true?

(1) Only (S1) is a tautology

(2) Neither (S1) nor (S2) is a tautology

(3) Only (S2) is a tautology

(4) Both (S1) and (S2) are tautologies

Correct Answer: (2) Neither (S1) nor (S2) is a tautology
Solution:

We will now check the truth values of the given statements (S1) and (S2) for different truth

values of p, ¢, and r.
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We have the following truth table for the logical expressions involved:

plag|r|pVa| (Vg =r|p=>r|(pVe=re(p=r)
TIT|T| T T T T
T|T|F| T ja ja T
TIF|T| T T T T
T|F|F| T F F T
FIT|T| T T T T
FIT|F| T F T T
FIF|T| F T T T
F|F|F| F T T T

- For statement (S1), the truth table shows that (p V ¢) = r < p = r is not true for all cases
(it is false when p = T',q = T',r = F). - For statement (S2), (pVq) =r < (p=r)V (¢=71)
1s also not a tautology because it is not true in all cases.

Thus, neither (S1) nor (S2) is a tautology, so the final answer is 2.

When checking if a logical expression is a tautology, construct the truth table for all

possible truth values of the variables. A tautology must evaluate to true in all cases.

19. The minimum number of elements that must be added to the relation

R = {(a’ b)> (ba C)}

on the set

{a,b,c}
so that it becomes symmetric and transitive is:
()4
2)7
3)5
4)3

Correct Answer: (2) 7
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Solution:

We are given the relation R = {(a,b), (b,c)} on the set {a, b, c}, and we need to determine the
minimum number of elements to add to the relation so that it becomes both symmetric and
transitive.

Step 1: Symmetric Property

For a relation to be symmetric, if (a,b) € R, then (b,a) € R. Similarly, if (b, c) € R, then
(¢,b) € R.

Thus, to make the relation symmetric, we must add the elements (b, a) and (¢, b) to the

relation. Now the relation becomes:

R ={(a,b), (b,c),(b,a),(c,b)}.

Step 2: Transitive Property
For a relation to be transitive, if (a,b) € R and (b, c) € R, then (a, c) must also be in R.
Therefore, we must add the element (a, ¢) to the relation to satisfy the transitive property.

Now the relation becomes:

R = {(a,b), (b,c),(b,a),(c,b), (a,c)}.

Step 3: Ensuring Transitivity and Symmetry

Now, check for other transitive pairs: - (a,b) and (b, a) imply that (a, a) should be added to
the relation.

- (b,¢) and (¢, b) imply that (b, b) should be added to the relation.

- (a,c) and (¢, b) imply that (a, b) should be added to the relation, but it is already in the
relation.

Thus, the relation now becomes:

R ={(a,b), (b,c),(b,a),(c,Db), (a,c), (a,a),(b,b)}.

Step 4: Conclusion
We have added 7 elements in total to make the relation symmetric and transitive. Therefore,

the minimum number of elements to add is 7.
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To make a relation symmetric, add the reverse of each ordered pair. To make it transitive,

ensure that if pairs (a,b) and (b, ¢) exist, then (a, ¢) must also exist in the relation.

20. If the solution of the equation

log.os, cotx +4logg, ,tanx =1, z € (0, g) ,

is

sin ™! <a + ﬁ)

2
where o, 5 are integers, then « + [ is equal to:
(13
(2)5
3)6
(4) 4

Correct Answer: (4) 4
Solution:
The given equation is:
log.os - cot © + 4logg;, , tanx = 1.
Step 1: Simplify the Logarithms
Using the change of base formula:

Incosz — Insinzx Insinxz — Incosz
. logg, ,tanz =

log .o COt T =

Incosz Insinx

Substituting these into the equation:

Incosz — Insinz Insinz — Incosx

Incoszx Insin z
Step 2: Simplify the Terms
Combine the terms:

(Incosx)? — (Insinz)(Incosz) + 4 - ((ln sinz)? — (In cos x)(In sin x))

(In cos z)(In sin x)

Factorize:

(Insinz)? — 4(Insin z)(In cos ) + 4(In cos 2)* = (In cos x)(In sin z).
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Simplify further:

Insinz = 21ncos x.

Step 3: Relate Sine and Cosine

Exponentiate both sides:

sin? z = 2T — (cos ),

Thus:

2

sin“x +sinx —1=0.

Step 4: Solve the Quadratic Equation

Solve the quadratic equation sin? z 4 sin z — 1 = 0 using the quadratic formula:

Step 5: Find o + 3
Comparing with sin™! (0‘+2‘/B), we identify:

Thus:
a+B=—-1+5=A4.

Conclusion: The value of o + 3 is 4. Therefore, the final answer is (4).

To solve logarithmic equations involving trigonometric terms, simplify using logarith-

mic properties and convert into polynomial or trigonometric equations for easier solu-

tions.
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Section B

21. Let S = {1,2,3,4,5,6}. Then the number of one-one functions f : S — P(S), where
P(S) denotes the power set of S, such that f(n) C f(m) where n < m,is ____.

Correct Answer: (3240)

Solution:

Let S ={1,2,3,4,5,6}. The number of elements in S is:
n(S) = 6.
The power set P(.S) contains all subsets of S, including the empty set, and has:
|P(S)| = 2° = 64 elements.

Case Analysis for the One-One Functions:
We need to count the one-one functions f : S — P(S) such that f(n) C f(m) for n < m. Let

us consider each case:

Case 1:
f(6) =S (1 option).

f(5) = any 5-element subset of S (6 options).
f(4) = any 4-element subset of f(5) (5 options).
f(3) = any 3-element subset of f(4) (4 options).
f(2) = any 2-element subset of f(3) (3 options).
f(1) = any 1-element subset of f(2) or empty subset (3 options).

Total functions:

1-6-5-4-3-3=1080.

Case 2:
f(6) = any 5-element subset of S (6 options).

f(5) = any 4-element subset of f(6) (5 options).
f(4) = any 3-element subset of f(5) (4 options).

f(3) = any 2-element subset of f(4) (3 options).
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f(2) = any 1-element subset of f(3) (2 options).
f(1) = empty subset (1 option).

Total functions:

6-5-4-3-2-1="720.

Case 3:
f(6) =S (1 option).

f(5) = any 4-element subset of S (15 options).

f(4) = any 3-element subset of f(5) (4 options).

f(3) = any 2-element subset of f(4) (3 options).

f(2) = any 1-element subset of f(3) (2 options).

f(1) = empty subset (1 option).
Total functions:
1-15-4-3-2-1=360.

Cases 4, 5, and 6: Similarly, other configurations of the subsets give 360 functions each.
Total Number of Functions: Add the functions from all cases:

1080 + 720 4+ 360 + 360 + 360 + 360 = 3240.

Conclusion: The total number of such functions is 3240.

Quick Tip

When dealing with functions to the power set, remember that the number of ways to
select subsets follows the rules of combinations, especially when constraints like subset

inclusion are present.

22. Let « be the area of the larger region bounded by the curve
y2 =8z

and the lines

y=x and z =2,
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which lies in the first quadrant. Then the value of 3« is equal to:
Correct Answer: 22
Solution:

We are given the following equations:
y=z and y%=8uz.

Solving this, we get:

=8 = z(x—8)=0.

Thus, z =0orz = 8.

The corresponding values of y are:
y=0 or y=28.

Next, the intersection will occur when 2 = 2 and we substitute it into the equation y? = 16,
which gives:

y = +4.

Now, we calculate the area of the shaded region:

8 8
Area of shaded region = / (vV8x — z)dx = / (2v2vz — ) d.
2 2

Simplifying the expression:

3/2 2

= <4—\/§-23—32)—<%-22—2>
3 3

=128—-32—-16—-32=A = 22.

B Fﬁ,x?ﬂ 332]8
0

Evaluating the integral:

Thus, the final answer is:

3A = 22.

When finding areas between curves, set up the integral based on the difference between

the upper and lower functions, and always carefully evaluate the bounds and integrals.
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23. A1 < )\ are two values of \ such that the angle between the planes
P 7 (3i—5)+k) =7

and
Py:7-(Ni+7—3k)=9

is sin ™! (%6) , then the square of the length of the perpendicular from the point

(38X, 10),2) to the plane P is .

Correct Answer: 315

Solution:

We are solving for various parameters involving two planes and points in three-dimensional

space.

Step 1: Representation of Planes

The two planes are given as:

P (3i—5j+k) =7

Py:7-(Ni+j—3k)=9

Step 2: Angle Between the Planes

The angle # between the planes is given by:

sinf = w
i |2
where 1] = (3, —5,1) and na = (A, 1, —3).
The magnitude of the cross product is:
i j k
N xnp=13 -5 1|=-i+T7j+11k
A1 =3
From this:
2v/6
sinf = —| \5/_‘



Step 3: Evaluate cos 6

cosf = j 'nf
i |[n3]
(3A—18)
cosf =
V35 -vA2 410
Given cosf = 1:
33X —28 1

V35 VAZr10 5
Square both sides and simplify:
BA-=8* 1
35(\2+10) 25

1902 — 120\ + 125 = 0

Step 4: Solve the Quadratic Equation

Factorize:
1902 — 95\ — 250\ + 125 = 0
25
A _

A=5H = —
’ 19

Step 5: Perpendicular Distance of a Point from Plane

The point 77 = (38, 10, 2) is Substitutingd into plane P;. For A = 5, the coordinates become
(50,50, 2).
The perpendicular distance from P is:

3-50—5-50+2—7] 105
V35 V35

2
(ﬁ) 315
V35

Quick Tip

For calculating the perpendicular distance from a point to a plane, use the formula that

Square the result:

involves the coefficients of the plane equation and the coordinates of the point. Always

ensure that the magnitude of the normal vector is included in the denominator.
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24. Letz=1+iand z; = z(11j;)2+1' Then 2 arg(z;) is equal to ____.

Correct Answer: 9
Solution:
Step 1: Substituting » = 1 + i into the Given Expression for z;

The expression for z; is:
141z
=7
Z(1—2)+
Substituting z =1+14,s0 2 =1 —
1+4(1—4)
(1—i)(1 = (1+14)) + 1

Step 2: Simplify the Numerator and Denominator

21 =

Simplify the numerator:
1+i(l—i)=1+i—i*=1+i+1=2+i.

Simplify the denominator:

1 1
1—i)(1—(1+i = (1—4)(—i .
(=)= U+ D)+ = = (L= (i) + 7
1 1
=it —— =i 14—
141 1414
Simplify 1
| (R A
T+i  (1+i)(1—4) 2
Thus, the denominator becomes:
. 1+1—z —21—241—1 -3 —1
—7 — g = .
2 2 2

Step 3: Expression for z;

Substituting the simplified numerator and denominator:

240 22+1)
S TS SV
2

Multiply numerator and denominator by the conjugate of the denominator:

(2 +1)(=3i — 1)
(—3i—1)(-3i+ 1)

1 =

Step 4: Simplify the Numerator and Denominator
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Numerator:
(240)(—=3i—1) = 2(=3i — 1) +i(—3i — 1) = —6i — 2 — 3i> —i.
=—6i—2+3—i=1-Ti.
Denominator:
(=3i—1)(=3i+1)=(=3)2-12=9(-1)—1=-9—1=—10.

Thus:

1—7i L, T
2] = =——+ —.
1™ "0 10 ' 10

Step 5: Argument of =,

The argument of z; is:

; 7
et (YY) ()

Real part 15
1 3T
arg(z;) = tan™ " (=7) = e
Step 6: Final Calculation
The required value is:
Earg(zl) _ 2 em 9.
s T 4

Conclusion: The value of 12 arg(z;) is 9.

Quick Tip
To compute the argument of a complex number, always simplify it to standard form

a + bi. The argument is determined by tan~! (g) and adjusted based on the quadrant of

the complex number.

25.
48 [T 3
Iim —

dtisequal to _____.
2—0 x4 0 156—|—1 q

Correct Answer: 12
Solution:

We are tasked to evaluate the limit:

T 43 d
= dt
. G
48 lim %
x—0 xT
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Step 1: Check the Indeterminate Form Substituting « = 0:

dt=0 and z*=0
o 1041

This results in the indeterminate form 8.
Step 2: Apply L’Hopital’s Rule

Using L’Hopital’s Rule, differentiate the numerator and denominator:

. oI R
lim % = lim +31
z—0 x z—0 4x

Step 3: Simplify the Expression Simplify the limit:
L L
2502041 423 2504(28 + 1)
Step 4: Evaluate the Limit As 2 — 0, 2% — 0, so:

1 1 1

WS+ 0) X0+l 4
Step 5: Multiply by 48 Finally:

1
48 - — =12
4

Quick Tip

When dealing with indeterminate forms like %, apply L’Hopital’s Rule by differentiating
the numerator and denominator. This can often simplify the expression and make the

limit easier to compute.

26. The mean and variance of 7 observations are 8 and 16, respectively. If one
observation 14 is omitted and « and b are respectively the mean and variance of the
remaining 6 observations, then « + 3b — 5 is equal to:

Correct Answer: 37

Solution:
Let the observations be z1, x9, . .., z7. The mean of these 7 observations is:
r1+x2+ -+ a7
= 8.
7
This gives:

T1+x0+---+x7=8x%7=>50.
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Next, one observation 14 is omitted. Let the sum of the remaining 6 observations be

1 + w9 + -+ - + x¢. We have:
r1+ao+--+aeg+14=42 = x1+w30+ -+ 26 =42

Thus, the mean of the remaining 6 observations is:

r1+2x92 4+ -+ xg 42
a= = —=1.
6 6

Step 1: Variance of the 7 observations The variance of the 7 observations is 16. The formula

ST a2 (Y i
=11 _ =171 :16

for the variance is:

7 7

Substituting the known values:

7
21_71 7} _ 82— 16,

7 2
—Zi—; 5 64— 16,

7
D1
= = 80,

7
> a7 =80 x 7=560.
=1

Step 2: Variance of the remaining 6 observations Now, let the variance of the remaining 6
observations be b. The formula for the variance of the remaining 6 observations is:

2
Z§:1 77 _ (Z?l xl) 0

6 6

Substituting the known values:
6 2
D1 i 2 _p

6
6 2
Dim1Ti 49 = b,
6
6 2
21 _ b+ 49.
6
Also, we know:
7 6
D al = af+ 147 =560,
i=1 i=1
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6
> a7 +196 = 560,
=1

6
> @ =560 — 196 = 364,
=1

Now Substituting 2?21 z? = 364 into the variance formula:

364

2 b+ 49

¢ "t
po 304 o304 204 70
6 6 6 6

Step 3: Find a + 3b — 5 Now, we compute:
70
a+3b—-5=7+3x E—5.

First, simplify:
0210

3_
“% " 6

a+3b—-5=74+35-5=3T.

35,

Thus, the final answer is 37.

Quick Tip

When calculating variance, always use the formula for variance and carefully handle
summations and square terms. Use the formula for the sum of squares of observations

to solve for missing values.

27. If the equation of the plane passing through the point (1,1, 2) and perpendicular to
the line

r—3y+22—1=0, 4dr—y+2=0 18 Ax+By+Cz=1,

then 140(C — B + A) is equal to:
Correct Answer: 15
Solution:

We are given the equations of two planes:
r—3y+22—1=0
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dr —y+2=0

Step 1: Find the Direction Ratios of the Normal to the Plane The direction ratios of the

normals to the planes are:
ny =(1,-3,2), mna=(4,-1,1)

The cross product n] x nj gives the direction ratios of the normal to the required plane:

i j k

i xmp =11 -3 2|=-i+T7j+11k

4 -1 1

Thus, the direction ratios of the normal to the plane are:
(=1,7,11)

Step 2: Find the Equation of the Plane The equation of the plane passing through the point
(1,1,2) and having normal direction ratios —1,7, 11 is:
—(z—-1)+7y—1)+11(x—2)=0
Simplifying:
—x+ Ty + 11z =28

Step 3: Normalize the Equation Divide through by 28 to express the equation in the form
Az + By+Cz = 1:

LIS S
28" T ogY T g* T
Here:
1 11
YR B S
28 28 28

Step 4: Verify the Given Expression We are asked to compute:
140(C — B+ A)

Substituting the values of A, B, and C"

Final Answer:
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Quick Tip
When dealing with problems involving the normal vector to a plane, remember that the

direction ratios of the line are used to determine the normal vector. This allows you to

write the equation of the plane and solve for unknowns.

28. Let \
= n3((2n)!) + (2n — 1)(n!
she(En) sy e
— (n!)(2n)! e
where a,b,c € Z and ¢ = Z;’O 0 n, Then o> — b+ cisequal to ______.
Correct Answer: 26
Solution:
We are given the summation:
i n (2n — D!(n!)
2n) )
Step 1: Split the Summation
_Z(n_3)1+2(n_2)!+2 n—1)! +Z Qn_1 +Z Z
n=0 n=0 n=0 n:O n:()
Step 2: Simplify Each Term Using the known expansions of e and its series:
1
>
n!
n=0

we can evaluate the terms:

1 1 1
:e+36~|—e+—(e——)——(e~l——)
2 e 2 e

Step 3: Combine Terms Simplify further:

1
=5e — —
€
Final Step: Relation with > — b + ¢ Given the result 5¢ — £, we know:
a>—b+c=26
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Quick Tip

For series involving factorials and sums, break down the problem by splitting the terms

into parts and use known summation formulas. Always pay attention to the relationship

between each term Simplifying.

29. Number of 4-digit numbers (the repetition of digits is allowed) which are made
using the digits 1, 2, 3, and 5 and are divisible by 15 is equal to:

Correct Answer: 21

Solution:

To determine numbers divisible by 15:
* The last digit must be 5 (a condition for divisibility by 5).
* The sum of the digits must be divisible by 3 (a condition for divisibility by 3).

Possible Combinations:

Combination | Numbers Formed

1215 3
2235
3115
1155
2355
3555

w o W w w

Explanation:

* For each combination of digits, the number of possible arrangements (permutations)

that satisfy the conditions is determined.

* For example, the combination 1215 has 3 valid numbers since the arrangement must

end with 5 and satisfy divisibility by 3.
* Similar calculations are performed for all other combinations.

Total Numbers:

Total Numbers =3+3+3+3+6+3 =21
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Quick Tip

When working with divisibility conditions, break down the problem into manageable
parts (e.g., divisibility by 5 and divisibility by 3). Ensure all valid combinations of

digits are considered for both divisibility conditions.

30. Let

3xr + 2 3
1 _ S
f(x)_2x+3’ z€R, R ( 2)'

For n > 2, define " (x) = 10" !(z) and if

b .
fo(x) = Zjia, ged(a,b) =1, then a+ bisequal to:

Correct Answer: 3125
Solution:

The function f!(z) is given as:
3r + 2
1 =
(@) 20+ 3

Here, f!(z) represents the first iteration of the function.

Second Iteration:

13z + 12
)= 1 (fl(2) = Tr T 13

Notice how the numerator and denominator coefficients evolve as the function is iterated.

Third Iteration:

3.8 el g2 ~ 63z +62
£a) = 1) = o

The pattern becomes clearer as we proceed further. Observe the symmetry in the coefficients.

Fifth Iteration:
1563z + 1562

5
P@) = {5620 + 1563

This results from applying the function iteratively, maintaining the structure of coefficients in
the numerator and denominator.
Given Condition:

a+b=3125

Here, a and b are the coefficients of x and the constant term in the numerator of f°(z),

respectively.
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Conclusion:

a=1563, b=1562 = a4+ b= 1563+ 1562 = 3125

Thus, the given condition is satisfied.

Quick Tip

When iterating functions, carefully apply the given function to the results of previous
iterations and simplify the expressions at each step. Always check the values of the

coefficients and simplify the terms to determine the final values of a and b.
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